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a b s t r a c t
It is a big problem that the submergence depth of impellers is optimized in an oxidation ditch (OD) 
to improve mixture flow characteristics and to reduce energy consumption. The mixture model 
along with the renormalized group κ–ε turbulence model was used to simulate the flow velocity and 
sludge concentration under different submergence depth ratios of 0.2, 0.4, 0.5, and 0.7 of impellers 
in an OD, and then the distribution of flow velocity and sludge concentration in the channels were 
analyzed. The equations for the mixture model was discretized by the finite volume method, and 
solved by the pressure-implicit with the splitting of Operators algorithm. The results show that, 
when the submergence depth ratio ranges from 0.4 to 0.5, the velocity and the sludge concentration 
distributions are more uniform, which can improve the flow field distribution and reduce sludge 
deposit in an OD; therefore, the range of 0.4–0.5 of submergence depth ratio is optimal and has 
reference value for the design of ODs.
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1. Introduction

OD, known as a “circular aeration tank” or a “continuous 
loop reactor”, originated from Holland in 20th century 50’s. 
The Carrousel OD is one of the mostly used sewage process-
ing technologies, and has advantages of stable operation, 
good outlet water-quality, and convenient management; 
therefore, most scholars have carried out numerous exper-
imental and computational studies about it [1–12,14–15]. Lei 
and Ni [1] proposed a three-dimensional (3D) three-phase 
fluid model describing water-gas, water-sludge and gas-
sludge interactions to simulate the hydrodynamics, oxygen 
mass transfer, carbon oxidation, nitrification, and denitri-
fication processes in an OD, which can provide detailed 
phase information on the liquid flow field, gas hold-up 

distribution, and sludge sedimentation. Li et al. [2] simu-
lated a full-scale OD process for treating sewage so as to 
optimize it for the minimal cost with acceptable perfor-
mance in terms of ammonium and phosphorus removal. Xie 
et al. [3] developed a two-phase (liquid–solid) CFD model 
for simulating the flow field and sludge settling in a full-
scale Carrousel OD, applied the Takács double exponential 
sedimentation velocity function to simulate the two-phase 
flow. Yang et al. [4] discussed the influence of the installa-
tion position and the submergence depth of surface aerators 
on dissolved oxygen (DO) concentration distribution. Liu et 
al. [5] performed experiments by monitoring the amount of 
sludge, the temperature of sludge, hydraulic retention time, 
and the DO at the entrance of a Carrousel OD, which found 
that the optimal DO concentration was mainly affected by 
the import volume of sewage and its temperature. Xie et 
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al. [6] carried out a numerical simulation and optimization 
of an OD to discuss the hydraulic retention time for the 
anaerobic, anoxic, and aerobic tanks. Fan et al. [7] used CFD 
methods to simulate the 3D flow fields and hydrodynamic 
characteristics of an OD driven by inverted umbrella aera-
tors, by which the velocity of liquid phase and solid volume 
fraction were obtained. The results shows that, the solid 
vertical velocity is slightly smaller than the liquid veloc-
ity, and an increase in reactor velocity leads to an increase 
in liquid velocity, and makes the solid phase distribution 
be more uniform in the OD, which are in good agreement 
with the test data by using particle dynamitic analyzer 
(PDA). Wu [8] carried out a preliminary study on the prob-
lem of sludge distribution, sludge change in an OD with 
three channels, and pointed out that the larger difference 
between the sludge concentrations in the three channels 
was caused by the operation scheme and the time distribu-
tion of operation mode, and also pointed out that the sludge 
concentration difference can be reduced by an increase in 
the denitrification time. Zeng [9] discussed the sludge 
age, concentration distribution, sludge discharge, and the 
effect of the nitrogen and phosphorus removal in triple 
OD in operation, and put forward an improvement of the 
design and operation management of triple OD. Sun et al. 
[10] tested the velocity of OD in a sewage treatment plant, 
and discussed the effect of the number of impellers and the 
channel depth on the velocity, which shows that the number 
of running impellers significantly effects the velocity dis-
tribution in space. Sludge deposition phenomenon is easily 
produced by surface aerators in straight channels; Wu et al. 
[11] discussed the much non-uniform sludge concentration 
distribution in OD of a sewage treatment plant, and pro-
posed its solution method. Wei et al. [12] studied the effect 
of submergence depth of the submerged impellers on the 
structure of flow fields in an OD by using a two-phase gas–
liquid model with 3D Realizable k–ε turbulence model, and 
obtained an optimal submergence ratio of the submerged 
depth of impellers to the total water depth, which can help 
to improve the efficiency of OD sewage treatment system.

Submerged impeller has an important effect on the flow 
structure in an OD, including the change of its diameter 
size, rotation speed, and submergence depth. A large part 
of energy dissipation of OD process comes from the sub-
merged impellers; therefore, finding an optimal submer-
gence depth of impellers with a constant rotation speed and 
a specified diameter size is very important. In the above lit-
erature [1–12], numerous experimental and computational 
studies have been carried out about the flow fields and 
sludge concentration distributions in ODs, but few of them 
are concerned with the influence of submergence depth of 
impellers. Wei et al. [12] used CFD only to study the effect of 
submergence depth of submerged impellers on the structure 
of flow field in an OD, but it does not reflect the sludge con-
centration distribution. The novelty of this paper is to study 
the effect of submergence depth of impellers by CFD not 
only on the flow field but also on the sludge concentration 
distribution in an oxidation ditch, which has a further step 
than Wei et al. [12]. This paper used a mixture model with 
RNG κ–ε model to simulate the flow velocity and sludge 
concentration under different submergence depth ratios of 
impellers in an OD with four channels, by which the optimal 

range of submergence depth of impellers was obtained. In 
the calculations, the submergence depth of impellers only 
changes, and other conditions are all fixed.

2. Mixture model

In this study, sewage is considered as a fluid–solid 
two-phase mixture, fluid (water) is the first phase (main 
phase); and pollutants are the second phase (solid phase). 
Therefore, multiphase flow model can be used to simulate 
the variation of physical parameters of each phase, includ-
ing the variation of solid volume fraction. Mixture model 
is a simplified two-phase flow model, which assumes 
that the coupling between the phases is very strong and 
uses single-fluid equations to simulate each phase with 
different velocities. By solving continuity, momentum, 
and volume fraction equation of second phase, the phys-
ical parameters of each phase such as velocity, turbulent 
kinetic energy, turbulent kinetic energy dissipation rate, 
and volume fraction of second phase (solid phase) can be 
obtained. The distribution of solid phase concentration can 
be further calculated according to the volume fraction of 
second phase (solid phase). The continuity and momentum 
equations of mixture phase and the volume fraction equa-
tion of a phase can be expressed as [13]:
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velocity vector of l phase; ṁ  is defined as the mass transfer of mass 
source; P is the pressure; 



F is the volume force vector; g is the 
acceleration vector of gravity; μm is viscosity of mixture, and 



νdr l,  
is the drifting velocity vector of l phase, defined as   

ν ν νdr l l m, = − ; 
n is the number of phases; ∇ is the Hamiltonian operator.

The formula for the computation of the mixture viscosity, 
μm, is expressed as [13]:
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where k and ε are the turbulent kinetic energy and the kinetic 
energy dissipation rate of the mixture, respectively; Cμ is an 
empirical constant with a value of 0.085.

3. Turbulence model

Compared to the turbulence models, such as the stan-
dard κ–ε model and RNG κ–ε model, the RNG κ–ε model 
takes into account the effect of turbulent anisotropy, and 
can better handle large curvature of flow streamline so as to 
effectively improve the accuracy of computation. Therefore, 
the RNG κ–ε model is usually adopted for the modeling of 
turbulence flows in ODs with large curvature of streamlines, 
the equations of which are expressed as follows [14,15]:

Turbulent kinetic energy k:
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where ui are the time-averaged velocity components in 
i-direction; and the subscripts i, j = 1, 2, 3; μ is the molecular 
dynamic viscosity, and μt is the turbulence viscosity of mix-
ture, which is also defined as μm computed from Eq. (4); Gk 

is the production term, and G u u
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; and σk, C2 and σε are 

empirical constants, and have a value of 0.7179, 1.68, and 
0.7179, respectively.

4. Numerical simulation of optimal submergence 
depth of the impellers

4.1. Calculation region

The test model of OD has four straight channels, labeled 
as A, B, C, and D, each of which has a width of 8.5 m, and 
a length of 83.5 m. The height of water depth is 4.5 m. The 
radius of the small bend is R1 = 8.5 m, and of the big bend 
is R2 = 17 m. The impeller consists of eight blades with a 
length of 1.8 m and a height of 0.7 m. The distance from the 
center of an impeller to the end of the middle baffle plate 
(the inner walls) on the horizontal plane is 2.25 m. The 
calculation region is shown in Fig. 1, the details of which 
are shown in Fig. 2.

4.2. Grid generation

The grid was generated by the GAMBIT software. The 
combination of structured and unstructured grids was 

adopted to generate a high quality calculation grid. The 
discs and blades were simplified to be infinitely small 
owing to their thickness being very small compared to the 
size of the calculation region. The grid with a total number 
of 265,092 elements was generated, and its independence 
was performed. Fig. 3a is the 3D grid of the OD, and Fig. 3b 
shows the 2D plane grid of the OD.

4.3. Boundary and initial conditions and solution 
method for the simulation

It has been found that the inlet and outlet conditions 
have little influence on the flow fields in ODs, so they are 
ignored in the numerical calculation. Boundary condi-
tion at the top surface of the physical model adopted the 
“rigid-lid” assumption, and at the side walls and the bot-
tom plane was given as a wall-function. The submerged 
impellers run at a rotation speed of 30 rpm (3.14 rad/s). 
The motion of the submerged impellers relative to the OD 
was described by a multiple reference frame model with 
a sliding mesh method. The initial conditions of the OD 
are that, the initial water depth was given as 4.5 m, the ini-
tial velocity was zero; and the initial sludge concentration 
was 2,500 mg/L. The calculation time step was 0.005 s, and 
the total calculation time was 300 s, and the convergence 
criterion was below 10–5. The control equations were dis-
cretized by the finite volume method, and solved by the 
pressure-implicit with splitting of Operators algorithm.

4.4. Definition of submergence depth ratio of impellers

In order to have an universal significance, the sub-
mergence depth of impellers in an OD is described with a 
dimensionless submergence depth ratio, which is defined 
as the ratio of the submergence depth, h, of the center of 
the impellers to the total water height, H, as shown in Fig. 4. 
Here, we numerically simulated the flow velocity and solid 

Fig. 1. Computational region.

Fig. 2. Details of the computational region.
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concentration distributions under the four different sub-
mergence depth ratios (labeled as h/H), 0.2, 0.4, 0.5, and 0.7, 
of impellers in the OD.

5. Analysis of the results

5.1. Flow field distributions under different submergence depths of 
impellers

The combination structure of bend and straight chan-
nels of OD easily results in the channel flow distribution 
be non-uniform, which will retain sludge and affect the 
performance efficiency of ODs. The submergence depth of 
impellers has a great influence on the distribution of flow 
fields in channels. The simulated flow streamlines at dif-
ferent submergence depths, h/H, of impellers, are plotted 
in Fig. 5.

Figs. 5a–d show the flow field streamline distributions 
in the lower horizontal plane of z = 1.225 m with differ-
ent submergence depths, h/H, of impellers; and Figs. 5e–h 
show the flow field streamline distributions in the upper 
horizontal plane of z = 3.375 m with different submergence 
depths, h/H, of impellers. Seen from Figs. 5a–h, the flow 
field distributions at submergence ratios h/H = 0.4 and 0.5 
are more uniform than those of h/H = 0.2 and 0.7. When the 
submergence ratio of impellers is h/H = 0.2, recirculation 
zones near the impellers appear at the upper horizontal 
section of z = 3.375 m in the straight channels, and when the 
submergence ratio is h/H = 0.7, recirculation zones form at 
the lower horizontal section of z = 1.225 m, shown in Fig. 
5a, which will cause retention of sludge, and is unfavorable 
for the mixing ability of flow and for the wastewater treat-
ment efficiency of OD. However, both at the upper horizon-
tal section of z = 3.375 m and the lower horizontal section of 
z = 1.225 m, no matter submergence ratio is h/H = 0.4 or 0.5, 
recirculation zone does not appear, and the streamline distri-
butions are more uniform in the straight channels of the OD, 
as shown in Figs. 5c, d, g, and h.

5.2. Concentration field distributions under different submergence 
depths of impellers

In order to analyze the effect of different submergence 
depths of impellers on the sludge concentration distribution 
in the straight channels of OD, the concentration field dis-
tributions at the horizontal section of z = 1 m, (a)–(d); and 
cross-section of x = 50 m, (e)–(h), under different submer-
gence depths of h/H = 0.2, 0.4, 0.5, and 0.7, are plotted in Fig. 6.

Figs. 6a–d show the concentration field distribution at 
horizontal sections of z = 1 m under different submergence 
depths of h/H = 0.2, 0.4, 0.5, and 0.7, respectively. With the sub-
mergence depth of h/H = 0.7, Fig. 6a shows that, in the small 
bends, the sludge concentration distributions are non-uniform, 
and the concentrations near the impellers are relatively great 
due to the effects of impellers; in addition, at the entrance of 
the big bends and in the D channel, the sludge concentration 
is relatively larger. With the submergence depth of h/H = 0.2, 
Fig. 6b shows that, near the inner wall of the big bend, the 
sludge concentration increases significantly. With the sub-
mergence depth of h/H = 0.4, Fig. 6c shows that, at the outlet 
of the big bend and in the D channel, sludge concentration 
is relatively larger. With the submerged depth of h/H = 0.5, 
Fig. 6d shows that near the outer wall of the big bend and  
in Channel C, the sludge concentration is relatively larger.

Figs. 6e–h show the concentration field distribution at 
cross-section of x = 50 m, from which we know that the sludge 
concentration distributions in Channel A–C are relatively 
much similar, they were higher at the inside than the out-
side, and with the submergence ratio of h/H = 0.2, the sludge 
concentration distribution appears a transverse annular 
phenomenon. The concentration distributions in Channel 
D are also different under different submergence depths of 
h/H = 0.2, 0.4, 0.5, and0.7, respectively. Figs. 6f and g appear 
obviously that near the water surface the concentration is 
smaller, but near the bottom is larger, the concentration 
along the vertical direction appears an obvious stratifica-
tion phenomenon; while the concentration distribution in 
Figs. 6e and h appear a transverse annular phenomenon. 
This phenomenon shows that the submergence depth has a 
great impact on the distribution of the sludge concentration 
distribution in the channels; therefore, it is very necessary to 
find an optimal submergence depth of impellers.

5.3. Distributions of flow velocity and concentration along vertical 
lines with different submergence depths of impellers

The velocity and sludge concentration distributions 
along the vertical lines 1–3 in cross-section of x = 50 m in 

        

(a) (b)

Fig. 3. Grids of the computational domain: (a) 3D grid and (b) 2D plane grid.

Fig. 4. Submergence depth h of the center point of impellers.
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Fig. 7, were compared between the four submergence depth 
ratios of h/H = 0.2, 0.4, 0.5, and 0.7 of impellers with the same 
impeller size and rotation speed, and with the same bound-
ary and initial conditions in the simulations. Fig. 7 shows the 
three points for the position of the three vertical lines in the 
section of x = 50 m (in section 2 of Fig. 7).

Figs. 8a–c show the velocity distributions along ver-
tical lines 1–3 under the four submergence depth ratios of 
h/H = 0.2, 0.4, 0.5, and 0.7 of the impellers. Fig. 8a shows 
the velocity distribution along the vertical line 1 (at Point 1) 

in section 2, it can be seen that, with the submergence ratio 
of 0.7, the total distribution of velocity is the maximum; 
while with the submergence ratio of 0.2, the velocity is lager 
at upper part, and smaller at the lower part, and the total 
distribution of velocity is much uniform, which easily cause 
sludge deposition at channel bottom; but with the submer-
gence ratios of 0.4 and 0.5, the total distributions of velocity 
are larger and more uniform, and the more uniform distri-
bution of velocity can prevent the sludge deposition at chan-
nel bottom. Fig. 8b shows the velocity distribution along the 

  

(a)                                                            (b) 

 

 

 

 

(c)                                                            (d) 

(e)                                                            (f) 

(g)                                                            (h) 

Fig. 5. Computed streamlines in two horizontal planes of z = 1.225 m and 3.375 m, at different submergence depths, h/H of 
impellers. (a–d) h/H = 0.7, 0.2, 0.4, and 0.5, z = 1.225 m; (e–h) h/H = 0.7, 0.2, 0.4, 0.5, z = 3.375 m.
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vertical line 2 (at Point 2) in section 2, it can be seen that, with 
the submergence ratios of 0.2 and 0.7, the velocity gradient 
along the vertical direction is larger, but with the submer-
gence ratios of 0.4 and 0.5 the total distributions of velocity 
are more uniform. Fig. 8c shows the velocity distribution 

along the vertical line 3 (at Point 3) in section 2 in the straight 
channel, it can be seen that, with the submergence ratios of 
0.2 and 0.7, the velocity is much larger, but with the submer-
gence ratios of 0.4 and 0.5, the total distributions of velocity 
are more uniform.

 

  

  

 

   

   

(a)                                                            (b) 

(c)                                                            (d) 

(e)                                                            (f) 

(g)                                                            (h) 
Fig. 6. Computed concentration field distributions at horizontal section of z = 1 m, (a)–(d); and cross section of x = 50 m, (e)–(h), 
under different submergence depths of h/H = 0.2, 0.4, 0.5, and 0.7, (1 L = 10–3 m3).
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Figs. 8d–f show the sludge concentration distributions 
along the vertical lines under the four different submergence 
ratios of h/H = 0.2, 0.4, 0.5, and 0.7 of the impellers, from 
which it can be seen that the trends of the sludge concentra-
tion distributions of the four different conditions are similar, 
whether it is along the outside, the middle, or the inside ver-
tical line. They all appear smaller at upper part, and greater 
at lower part.

Whether the sludge concentration distribution is uni-
form or not has a great effect on improving the sewage treat-
ment efficiency of an OD. As can be seen from Figs. 8d–f, 
with submergence ratios of h/H = 0.4 and 0.5, the difference 
between the sludge concentrations along the outside, the 

middle, or the inside vertical lines is small, and the sludge 
concentrations are all about 2,500 mg/L. The uniform dis-
tribution of concentration is conducive to improve the sew-
age treatment efficiency of the OD; while with submergence 
ratios of h/H = 0.7 and 0.2, the difference between the sludge 
concentrations along the outside, the middle, and the inside 
vertical lines is great, and the non-uniform distribution of 
concentration is unfavorable for the removal rate of the OD.

Therefore, no matter from the distribution of the veloc-
ity or the sludge concentration, the submergence ratios of 
h/H = 0.4 and 0.5 is most conducive to improve the process-
ing ability of OD, and to reduce the channel bottom sludge 
deposition, by which h/H = 0.4–0.5 is the optimal range of 
submergence ratio of impellers.

6. Discussions and future study plan

Whether the velocity and sludge concentrations of a 
cross-section are uniform or not is a big problem worthy of 
attention, because it is directly related to the sludge deposi-
tion, DO, and velocity gradient distributions in a ditch. The 
complicated shape of an OD, action of submerged impel-
lers and surface aerators, and other conditions may result in 
the flow in straight channels very difficult to achieve a per-
fect uniformity; therefore, we used CFD method to study 
the influence of the submergence depth of impellers on the Fig. 7. Location of vertical lines.

 

(a)                          (b)                                (c) 

  
   (d)                            (e)                             (f) 

Fig. 8. (a–c) Velocity and (d–f) concentration distributions along vertical lines 1–3 under the four submergence depth ratios 
of h/H = 0.2, 0.4, 0.5, and 0.7. (1 L = 10–3 m3).
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flow field and sludge concentration distributions in an OD. 
CFD provides a useful tool to study the optimal range of 
submergence of impellers, by which the optimal range of 
submergence depth ratio, h/H = 0.4–0.5, was obtained for 
the OD. According to the actual situation of operation and 
requirement of sewage treatment, the installation height 
of impellers cannot be too close to bottom of dich and not 
too close to the water surface, which is in agreement with 
the obtained optimal range of submergence depth ratio, 
h/H = 0.4–0.5. The research result has reference value for 
reducing the sludge deposit and can improve the efficiency 
of wastewater treatment for the OD. Of course, the reliabil-
ity of the research result and the CFD method should be 
further verified by an experimental method in the future.

An experimental model for the Carrousel OD will be 
made of organic glass, according to the gravity similarity 
law (also named Froude number similarity theory) [16]. The 
different measurement sections in the OD are illustrated 
with the dashed lines in Figs. 7 and 9. The values of veloc-
ity and sludge concentration at some typical points along 
the vertical lines 1 to 3 in section 2 can be measured, and 
the measured parameters of the flows in the test model are 
changed to that of the actual Carrousel OD, and can further 
be used to compare with the simulation results so as to val-
idate the reliability of the simulation results and the CFD 
method. After the validating, the CFD method can be used 
to optimize ODs.

PDA (type 58N50) produced by Dantec cooperation, 
Denmark, will be applied to measure the flow fields in the 

OD. It consists of laser, transmitting system, receiver, signal 
processor, computer, as well as a three-dimensional self- 
motion shelf, as shown in Fig. 9.

The velocity, diameter, and concentration can be got 
simultaneously without disturbing the flow field [7]. When 
two plane polarized laser beams intersect at a measurement 
point with an angle 2θ, they interfere and create fringes 
[17]. The two beams have the same intensity, wavelength λ, 
and polarization. The plane of the fringes is parallel to the 
bisector of two beams and perpendicular to the flow direc-
tion. When the particles in the fluid cross the fringe pattern, 
they scatter light. The frequency fD of the scattered light is 
directly proportional to the flow velocity U of the particle, 
as given in the equation |U| = λ/(2sinθ)·fD. Then the optical 
signal will be converted to an electrical signal by a photo 
multiplier tube. With the aid of corresponding software, the 
velocities of liquid and solid could be obtained separately. 
Details of PDA theory can be found in Fan et al. [7], Bachalo 
[18], Rashidi et al. [19], and the Dantec PDA manual.

7. Conclusions

The mixture model along with the RNG κ–ε model was 
used to simulate the flow velocity and sludge concentra-
tions under different submergence depth ratios in an OD, 
which shows that: within a range of submergence depth 
ratio of h/H = 0.4–0.5, the uniformity of velocity and sludge 
concentration are both better. Therefore, the range of 0.4–0.5 
of the submergence depth ratio is called the optimal range 

Fig. 9. Sketch of the experimental system and the principle of PDA. (1) Laser, (2) signal processor, (3) one-dimensional fiber-optic 
probe, (4) receiver, (5) two-dimensional fiber-optic probe, (6) self-motion shelf, and (7) computer.
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of submergence depth ratio of impellers. The research 
result has reference value for reducing the sludge deposit 
and can improve the efficiency of the wastewater treatment 
for an OD. Of course, the reliability of the research result 
will be verified by an experimental method in the future. 
In addition, CFD can provide a useful tool to study the 
flow fields and sludge concentration distributions in ODs.
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Symbols

C — Solid concentration, kg/m3

Cμ —  Model parameter in Eq. (4) with a value of 
0.085

C1 — Model parameter in Eq. (6)
C2 —  Model parameter in Eq. (6) with a value of 

1.68


F  — Volume force vector, N
g  — Acceleration vector of gravity, m/s2

Gk — Production term in Eqs. (5) and (6)
h — Submergence depth of impellers, m
H — Total water depth, m
k — Turbulent kinetic energy, m2/s2

ṁ — Mass transfer of mass source, kg
n — Number of phases
p — Pressure, kg/m×s2

R1, R2 — Radius of bends, m
S — Parameter for computing C1
Si,j — Parameter for computing C1
t — Time, s
ui, uj —  Velocity components in i and j directions, 

respectively, i = 1, 2, 3, m/s; i = 1, 2, 3, m/s


νdr l,  —  Drifting velocity of l phase, defined as 
  

ν ν νdr l l m, = − , m/s


νm —  Mass-averaged velocity vector of mixture, 
m/s



νl  — Mass-average velocity vector of l phase, m/s
xi, xj —  Space coordinates in i and j directions, 

respectively, i = 1,2,3, m; i = 1,2,3, m

Greek

∇ — Hamiltonian operator
αl — Volume fraction of l phase
β — A constant of 0.015 for computing C1
ε — Kinetic energy dissipation rate, m2/s3

η — Parameter for computing C1
η0 — A constant of 4.38 for computing C1
μt — Turbulent kinematic viscosity, kg/(m × s)
μm — Viscosity of mixture, kg/(m × s)
ρl — Density of l phase, kg/m3

ρm — Density of mixture, kg/m3

σk —  Model parameter in Eq. (5) with a value of 
0.7197

σε —  Model parameter in Eq. (6) with a value of 
0.7197

Subscripts

dr — Drifting velocity
i,j — Direction, i = 1, 2, and 3; j = 1, 2, and 3
l — Phase
m — Mixture
t — Turbulence
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