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ABSTRACT

In this essay, the Maxwell-Stefan (MS) formalism was adopted to model the removal of
cadmium(II) and mercury(II) ions from aqueous solutions using microporous titanosilicate
ETS-4. The embodied transport mechanism is surface diffusion, since the small pore diame-
ters of such zeolite-type materials imply that counter ions never escape from the force field
of the matrix co-ions, mainly owing to the strong and long range electrostatic interactions.
The parameters of the global model are the MS diffusivities of ion–ion and ion–solid pairs,
and a convective mass transfer coefficient. The average absolute relative deviations (AARD)
achieved for Cd2+/Na+/ETS-4 and Hg2+/Na+/ETS-4 systems were only 3.47 and 7.34%,
respectively. The model calculates concentration profiles and their evolution along time
under transient regime, being able to represent the initial steep branches of removal curves
and subsequent transition to equilibrium, where kinetic curves are frequently very difficult
to fit. The well-known and frequently used pseudo-first and pseudo-second-order equations
were also chosen for comparison, and provided large deviations: AARD(Cd2+) = 48.9%
and AARD(Hg2+) = 26.6 % (first order), and AARD(Cd2+) = 29.0% and AARD(Hg2+) = 54.6%
(second order).
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1. Introduction

Modelling and simulation are fundamental tools in
the prediction of the dynamic and equilibrium behav-
iour, optimisation of operating conditions and scaling
up of chemical plants. Ion exchange is one of the most
effective and commonly applied methods to uptake
ionic contaminants from waters and wastewaters, and
recovers valuable metals [1–3]. With respect to equilib-
rium, the most important and theoretically sound
models have been reviewed in detail elsewhere [4].

Summarily, they can be divided into four groups:
homogeneous mass action models, heterogeneous
adsorption models, heterogeneous mass action models
and purely empirical models [5–12]. In regard to ion
exchange kinetics, it is controlled by diffusion of the
ions either inside the exchanger or in the film
surrounding the particle. The existing rate models
correctly represent the external diffusion through
the film [13,14], but the description of the intraparticle
diffusion is by far more complex considering the
interactions between ions, co-ions and solid matrix [4].
The exchanger phase influences decisively mass
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transfer not only due to the kind and abundance of
fixed ionic charges, but also due to their spatial
distribution and to the pore size distribution of the
solid, which ultimately determines the intraparticle
transport mechanisms and so the effective diffusivities
of the participant species.

The ion exchange kinetics is frequently represented
in the literature by semi-empirical pseudo-first and
pseudo-second-order equations [15–17], though they
possess no strict theoretical background and, conse-
quently, have restricted application and extrapolation
capability [4]. Instead, the Nernst-Planck equations are
physically supported and have been successfully
applied to describe mass transport in dilute ionic
systems [4,18]. These equations take into account the
electric field generated as a result of the distinct
mobilities of counter ions. When the electrochemical
gradients are neglected, the flux of exchangeable ions
through the pellet can be described by Fick’s first law
[4,19,20], for which numerous solutions were obtained
for a variety of initial and boundary conditions, giving
rise to several single-particle methods frequently used
to evaluate the implied diffusion coefficients [4]. An
alternative approach concerns the application of the
Maxwell-Stefan (MS) equations, due to their well-
documented advantages in mass transfer: (1) they take
into account and distinguish both ion–ion and ion–
solid interactions; (2) one diffusivity coefficient is
defined for each pair of components, being dependent
on their properties only; (3) the coefficients are weakly
dependent on composition; (4) the equations are
particularly advantageous at high concentrations; and
(5) they are applicable and easily extended to multi-
component systems [4,18]. Beyond their original
application in non-ionic systems, the MS equations
were applied to resins [21,22] and found recent
relevance for electrolyte mixtures in membrane
electrolysis (e.g. [23,24]) and electrodialysis [25].

In this work, the MS formalism is adopted to
model the removal of cadmium(II) and mercury(II)
ions from aqueous solutions using microporous
titanosilicate ETS-4. In the modelling section below, it
is shown that the ionic transport mechanism in ETS-4
is surface diffusion. The MS equations are adapted
and proposed with advantage to describe the rate of
ion exchange in such microporous materials.

Titanosilicates are zeolite-type materials which
have attracted increasingly attention because of their
high stability, ion exchange properties and selectivity.
They are formed by a three-dimensional combination
of tetrahedral and octahedral building blocks carrying
a �2 global charge neutralised by extra-framework
exchangeable cations which confer them a high cation
exchange capacity [26]. For example, ETS-10 has been

shown to have high selectivity for toxic metals like
Pb2+, Cu2+, Cd2+, Co2+, Mn2+, Zn2+, Cs+, Ag+, Tl+, Sr2+,
Hg2+, Sb3+ and Th4+ [2,27–31]. Lopes et al. [32–35] eval-
uated the potential of synthetic microporous (ETS-4,
ETS-10 and AM-2) and layered (AM-4) titanosilicates
for decontamination of natural waters polluted with
low mercury levels and found they have a great poten-
tial for wastewater purification. Barreira et al. [36] and
Ferreira et al. [37] investigated the capacity of ETS-4
for cadmium(II) uptake. Both studies revealed the
large ion exchange capacity of ETS-4 and their high
removal efficiencies. Later, Otero et al. [38] published
the removal of Hg2+ and Cd2+ with ETS-4, being possi-
ble to observe the high selectivity of titanosilicate for
both toxic metal ions. Recently, Cardoso et al. studied
the competitive removal of Hg2+ and Cd2+ with ETS-4
and measured the kinetic and equilibrium selectivities
of the separation [39].

The potential of these small pore zeolite-type mate-
rials leads us to study the ion exchange kinetics of
systems where they are most promising and effective.
Accordingly, in the following section, we develop the
MS based model and present the numerical solution
approach. Due to their expressive application, the
pseudo-first and pseudo-second-order equations
were adopted for comparison. After that, the data
used in calculations are discussed, along with their
experimental conditions. Then, the modelling results
are presented and analysed in detail, and the most
important conclusions are drawn at the end.

2. Modelling

In this section, the MS based model developed to
represent the experimental data is firstly described.
The MS equations are manipulated and applied to ion
exchange, and then the material balances, initial and
boundary conditions, and equilibrium isotherms are
presented, as well as the numerical solution approach.
In the last part, the pseudo-first and pseudo-second-
order rate equations adopted for comparison are
summarily presented.

2.1. Maxwell-Stefan (MS) based model

2.1.1. Maxwell-Stefan equations

Ion exchange between counter ions AzA and BzB

can be represented by a conventional chemical equi-
librium which for a solid and solution initially in B
and A forms, respectively, is written as:

zABzB þ zBA
zA $ zBAzA þ zAB

zB ð1Þ
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where zA and zB are the electrochemical valences, and
the upper bars identify the solid phase. In this essay,
the exchanger is ETS-4, counter ion AzA is Na+, and
BzB is Cd2+ or Hg2+. The crystalline nature of titanosi-
licate means it possesses a uniform distribution of
fixed ionic charges (co-ions). Moreover, its small
micropores implies that both counter ions never
escape from the force field of the matrix co-ions,
mainly owing the strong and long range nature of the
electrostatic interactions. Accordingly, surface diffu-
sion is the mass transport mechanism of counter ions
inside titanosilicate.

Analogously to the dusty gas model [40,41], the
counter ions are the components 1; . . . ; n, and
the fixed ionic charges of the titanosilicate are the
ðnþ 1Þth component (with null velocity, unþ1 ¼ 0).
Accordingly, the MS transport equation of species i in
multicomponent isothermal ionic systems is:

�rli � Fzir/ ¼
Xn
j ¼ 1
j–i

yj<Tðui � ujÞ
–Dij

þ ys<Tui

–Dis

ð2Þ

where rli is the chemical potential gradient of i, zi is
the charge of component i, –Dij is the MS diffusivity of

pair i� j, –Dis is the MS diffusivity corresponding to
the interaction between i and the fixed ionic charges
(subscript s stands for solid), yj ¼ qj=qt is the molar

fraction of counter ion j in the solid, ys ¼ Q=qt is the
molar fraction of fixed charged groups, qj is the molar

concentration of j in the solid, qt is the total concentra-
tion of ionic species in the solid, uj is the intraparticle

velocity of j, F is Faraday constant, < is gas constant,
T is absolute temperature and finally, / is the electro-

static potential. It should be noted that
Pnþ1

i¼1 yi ¼ 1,

and qt is constant when counter ions have equal
valences. Taking into account the definition of molar
flux, Nj ¼ qtyjuj, Eq. (2) may be recast as:

� yi
<Trli � yizi

F

<Tr� ¼
Xn
j ¼ 1
j–i

yjNi � yiNj

qt–Dij

þ ysNi

qt–Dis

ð3Þ

Assuming equilibrium between exchanger and a
hypothetical solution of concentration x�i , one can
write li ¼ li;eq:sol. Hence, rli can be computed in

terms of the molar fraction gradients of counter ions
in the solid by:

yi
<Trli ¼

Xn
j¼1

�ijryj; with �ij � yi
@Lnðci;eq:solxi;eÞ

@yj
ð4Þ

where ci;eq:sol is the activity coefficient of counter ion
i in solution under equilibrium, �ij is thermodynamic

factor, xi ¼ Ci=Ct and Ci are molar fraction and

concentration of i in solution, Ct is total concentra-
tion of ionic species in bulk solution and xi;e and yi
are related by the equilibrium isotherm of the
system. In n-dimensional matrix notation, Eq. (3)
becomes:

ðNÞ ¼ �qt½B��1½��ðryÞ � qt½B��1ðrnÞ ð5Þ

where ðNÞ is the vector of molar fluxes, ðryÞ is the
vector containing the gradients of counter ions, ½�� is
the matrix of thermodynamic factors and the elements
of matrix ½B� and vector ðrnÞ are defined as:

Bii ¼ ys
–Dis

þ
Xn
j ¼ 1
j–i

yj
–Dij

; Bij ¼ � yi
–Dij

ð6Þ

rni ¼ yizi
F

<Tr/ ð7Þ

The electroneutrality and nonexistent electric cur-
rent inside exchanger implies that

Pnþ1
i¼1 qizi ¼ 0 andPnþ1

i¼1 ziNi ¼ 0, which can be combined to eliminate

r/ from the generalised MS equations, since the
following relation is adhered to:

F

<Tr/ ¼
�Pn

i¼1

zi
Pn
j¼1

Lijryj

 !

Pn
i¼1

yizi
Pn
i¼1

zjLji

� � ; where ½L� ¼ ½B��1 ð8Þ

2.1.2. Material balances, initial and boundary
conditions and equilibrium isotherms

The material balances to the spherical exchanger
particle and to the stirred reservoir are:

@qA
@t

� �
¼ �1

r2
@

@r
ðr2NAÞ ð9Þ

dCA

dt
¼ �Vs

VL

d�qA
dt

ð10Þ
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�qA ¼ 3

R3

Z R

0

r2qA dr ð11Þ

where �qA is the average loading per unit particle
volume, R is the particle radius, Vs is the volume of
exchanger and VL is the volume of fluid phase. The
initial (no B in solution, no A in solid) and boundary
conditions, and the restriction of continuity of fluxes
at particle surface are:

t ¼ 0;
qA ¼ �qA ¼ 0
CA ¼ CA;0

�
ð12Þ

r ¼ R; qA ¼ qA;R ð13Þ

r ¼ 0;
@ qA
@r

� �
¼ 0 ð14Þ

NAjr¼R¼ kfðCA � CA;RÞ ð15Þ

The equilibrium between bulk solution and
exchanger phase (titanosilicate) for the systems under
study in this work is given by the Langmuir (L)
isotherm, which involves parameters qmax and KL:

qA ¼ qmax KL CA

1þ KL CA

ð16Þ

2.1.3. Numerical solution

The MS model listed above was solved numeri-
cally using the Method of Lines [42] and integrated by
the finite-difference approach with central differences
of second order. Forward and backward differences
formulas were adopted for the first and last nodes,
respectively. The average loading per unit particle
volume (Eq. (11)) was numerically evaluated using
the 1/3 Simpson’s Rule. The MS diffusivities and the
convective mass transfer coefficient are the model
parameters to fit to the experimental data.

2.2. Pseudo-first and pseudo-second-order models

The pseudo-first-order rate equation of Lagergren
is one of the most widely used to represent the ion
exchange process. It is represented by:

d�qA
dt

¼ k1 ð�qA;e � �qAÞ ð17Þ

where k1 is the rate constant of the first-order equa-
tion and �qA;e is the sorbed cation concentration at

equilibrium. The top bars denote average concentra-
tions. After partial integration, from t ¼ 0 and �qA ¼ 0,
one obtains:

Lnð�qA;e � �qiÞ ¼ Lnð�qA;eÞ � k1 t ð18Þ

from which k1 can be determined when experimental
data is available. The unknown values of �qA;e can be

calculated from the isotherm combined with trivial
material balance.

The pseudo-second-order rate equation is also
based on the sorption capacity of the solid and
possesses one constant, k2, that can be fitted to experi-
mental data. Its differential and integrated forms are:

d�qA
dt

¼ k2ð�qA;e � �qAÞ2 ð19Þ

t

qA
¼ 1

k2�q2A;e

þ 1

�qA;e

t ð20Þ

It is worth noting that both k1 and k2 depend
on the relative amounts of solid and fluid in the
experiments used to extract them. This prevents their
further use to simulate any other units, namely
open systems or even closed systems under distinct
conditions. In this context, these models are useless.

3. Ion exchange data

The data used in the calculations refer to batch
experiments, where cadmium(II) and mercury(II) are
removed from aqueous solutions using ETS-4 initially
in Na-form (data from Otero et al. [38]). The experi-
ments were carried out at fixed temperature, pH,
volume of solution and initial solution concentration
(except one point) using different titanosilicate masses.
There are three removal curves for each system,
Hg2+/Na+/ETS-4 and Hg2+/Na+/ETS-4. In Table 1,
the conditions of these experiments are listed, and the
relevant features of ETS-4 are compiled in Table 2. In
the following, subscripts A denote Hg2+ or Cd2+, and
subscript B symbolises Na+. The isotherms of the
previous systems are:

qHg2þ ¼ 0:43� 34:14 � 10�3CHg2þ

1þ 34:14 � 10�3CHg2þ

and qCd2þ ¼ 0:24� 7:46 � 10�3CCd2þ

1þ 7:46 � 10�3CCd2þ

ð21Þ

when qA is expressed in molkg�1and CA in molm�3.

5336 P.F. Lito et al. / Desalination and Water Treatment 52 (2014) 5333–5342



4. Results and discussion

This section starts with a brief discussion of the
experimental curves selected for modelling. Then, the
calculated results are presented and analysed in
detail. The correlated kinetic curves and the predicted
concentration profiles inside the particle are given and
discussed individually. Finally, the predictive capabil-
ity of the model under research is evaluated.

4.1. Trends of the experimental kinetic curves

In Fig. 1(a) and (b), the evolution of the concentra-
tions of cadmium(II) and mercury(II), respectively,
along time are shown. The trends are very similar in
both systems. The solid load begins in zero, since
ETS-4 is initially in Na-form, and then increases
towards the equilibrium where qA remains constant.
In the case of Hg2+, one of the curves does not attain
equilibrium, as the horizontal plateau is absent. In
terms of velocity, all curves exhibit a fast initial metal
uptake, followed by the characteristic slower removal
approaching equilibrium, due to the large driving
force for ion transport at the beginning of the process.

It is worth noting that there is a correspondence
between both sets of experiments, taking account of
the very near ratios between the molar quantity of cat-
ion and mass of titanosilicate: 0.1, 0.22 and 0.30

mol kg�1for Hg2+/Na+/ETS-4, and 0.11, 0.23 and 0.30

mol kg�1for Cd2+/Na+/ETS-4 (see Table 1). Since the
solution volume is fixed (2 L), it is possible to con-
clude that Hg2+ is sorbed more slowly than Cd2+ at
the working temperature. In fact, under these experi-
mental conditions, 48 h are sufficient for the cadmium
(II) systems equilibration, while 72 h are not enough

for mercury(II) at 0.30 and 0.22 mol kg1. It will
be shown next that the MS diffusion coefficients
corroborate these observations.

4.2. Calculated results and modelled kinetic curves

The uptake curves calculated by the MS based
model are plotted against time in Fig. 1(a) and (b),

Table 1
Experimental conditions of the data used in calculations
for Cd2+ and Hg2+ removal using ETS-4: mass of ETS-4,
initial concentration of cation solution, initial ratio of
cation moles to ETS-4 mass. Fixed variables: T ¼ 295� 1 K,

VL ¼ 2� 10�3m3, pH ¼ 4 [38]

System Variable Exp.
1

Exp.
2

Exp.
3

Hg2+/Na+/
ETS-4

mETS-4 ðmgÞ 1.639 2.223 5.055

CA;0ð10�6kg m�3Þ 50 50 50

ðnA=mETS-4Þ0ðmol kg�1Þ 0.30 0.22 0.10

Cd2+/Na+/
ETS-4

mETS-4 ðmgÞ 50.5 50.4 100.2

CA;0ð10�6kg m�3Þ 0.84 0.64 0.62

ðnA=mETS-4Þ0ðmol kg�1Þ 0.30 0.23 0.11

Fig. 1. Experimental and calculated concentrations of
sorbed metal vs. time for the (a) Hg2+/Na+/ETS-4 system
and (b) Cd2+/Na+/ETS-4 system. Lines: MS based model
of this work. Data: experimental conditions in Table 1: h
and &, Exp.1; � and 	, Exp.2; D and ▲, Exp.3.

Table 2
Features of titanosilicate ETS-4 particles used [43]

Formula [Na9Ti5Si12O38(OH).12H2O]

Density, kgm�3 2,200

Ion exchanger capacity,
eq kg�1

6.39

Particle diameter, 10�6m 0.5–0.9

Pore diameter, 10�10m 3–4
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along with experimental data. The optimised parame-
ters, namely the MS diffusivities and convective mass
transfer coefficients, are listed together with the
corresponding average absolute relative deviations
(AARD) in Table 3. Both figures exhibit excellent
agreement between model results and experimental
data, which is confirmed by the low deviations found:
AARD ¼ 7:34% for Hg2+/Na+/ETS-4 and AARD ¼
3:47% for Cd2+/Na+/ETS-4. The MS based model is
able to represent the data very well, even the initial
steep ascent branches and their transition to equilib-
rium, where kinetic curves are frequently very diffi-
cult to fit. Only the mercury(II) curve corresponding

to ðnHg2þ=mETS-4Þ0 ¼ 0:10 mol kg�1 deviates slightly

more (10.9%), causing the global AARD to reach
7.34%.

The MS diffusivities –DAS and –DAB are smaller in
the case of Hg2+/Na+/ETS-4 system: 2.398� 10�18 and

6.471� 10�20 m2s�1 in opposition to 2.776� 10�18 and

2.568� 10�19 m2s�1 found for Cd2+/Na+/ETS-4 (see
Table 3). These values justify the dissimilar kinetic
behaviours discussed above, as the inferior transport
coefficients of mercury(II) give undoubtedly rise to
slower ion exchange kinetics. It is interesting to check
that these results are in accordance with the effective
ionic radius of both species: 102 pm for Hg2+ and only

95 pm for Cd2+ [44]. Taking into account they possess
the same charge (+2), the larger cation will have more
limited diffusivity in the same solid matrix. With
respect to the sodium cation, the MS diffusivities
optimised from the two independent sets of experi-
ments are similar, which is a good finding since they
refer to the same exchanger material (1.785� 10�18 and

1.690� 10�18 m2s�1). Before concluding this part of the
discussion, it is important to refer that in the literature
very small diffusivities are usually found for ions
inside microporous materials, as, for instance,
1.14� 10�17 (Na+), 1.96� 10�21 (K+) and 8.27� 10�26

(Rb+) in Analcite [45]; 10�18–10�19 (Na+/K+) in
Chabazite [46]; 2.00� 10�18 (2Na+!Ca2+) and
6.53� 10�18 (2Na+!Mg2+) in Beryllophosphate-G [47];
1.8� 10�17 (Ca2+!Na+) and 8.0� 10�18 (Mg2+!Na+) in
Zeolite-NaA (semi-crystallyne) [48] and 1.082� 10�15

(Cd2+), 2.319� 10�15 (Na+) in ETS-10 [29].
The normalised concentrations of Hg2+ in the ETS-4

are plotted against time in Fig. 2 for three different par-
ticle positions: at surface ðr ¼ RÞ, half radius ðr ¼ R=2Þ
and centre ðr ¼ 0Þ. The reduction was performed with
the final equilibrium metal loading, qA,e and the

curves were calculated with the MS based model for
the experimental conditions Exp. 3 of Table 1. The
three functions are denoted by qA,rðtÞ=qA,e, where

Table 3
Calculated results obtained with the MS based model of this work, and with the pseudo-first and pseudo-second-order
correlations adopted for comparison (Consult experimental condition in Table 1)

Maxwell-Stefan based model results

System –DAs, ðm2s�1Þ –DBs ðm2s�1Þ –DAB ðm2s�1Þ kf ðm s�1Þ AARDð%Þ

Hg2+/Na+/ETS-4 2.398� 10�18 1.785� 10�18 6.471� 10�20 5.719� 10�6 7.34

Cd2+/Na+/ETS-4 2.776� 10�18 1.690� 10�18 2.568� 10�19 2.092� 10�6 3.47

Pseudo-first-order model results

ðGlobal deviations : AARDCd2þ ¼ 48:9% andAARDHg2þ ¼ 26:6%Þ; k1ðh�1Þ and AARDð%Þ
System Exp. 1 Exp. 2 Exp. 3

Hg2+/Na+/ETS-4 k1 ¼ 0:07231 k1 ¼ 0:04445 k1 ¼ 0:05435

AARD ¼ 6:9 AARD ¼ 32:3 AARD ¼ 39:6

Cd2+/Na+/ETS-4 k1 ¼ 0:06978 k1 ¼ 0:04491 k1 ¼ 0:008751

AARD ¼ 31:0 AARD ¼ 37:3 AARD ¼ 78:4

Pseudo-second-order model results

ðGlobal deviations : AARDCd2þ ¼ 29:0% and AARDHg2þ ¼ 54:6%Þ; k2ðkgmol�1h�1Þ and AARDð%Þ
System Exp. 1 Exp. 2 Exp. 3

Hg2+/Na+/ETS-4 k2 ¼ 1:231 k2 ¼ 1:088 k2 ¼ 1:017

AARD ¼ 88:1 AARD ¼ 49:1 AARD ¼ 28:5

Cd2+/Na+/ETS-4 k2 ¼ 1:005 k2 ¼ 0:9479 k2 ¼ 1:650

AARD ¼ 17:1 AARD ¼ 12:0 AARD ¼ 57:8

5338 P.F. Lito et al. / Desalination and Water Treatment 52 (2014) 5333–5342



r ¼ 0; R=2; R. Similar trends were obtained for the
remaining conditions of Hg2+/Na+/ETS-4, and for the
three experiments of the cadmium(II) system.

The normalised concentration at surface evidences
an interesting behaviour that deserves special
commentary. The initial sudden increase of qA;RðtÞ=qA;e

is so pronounced that it passes through a maximum
(even higher than 1.0) and then decreases gradually
until the equilibrium. Without external mass transfer
resistance, the initial particle concentration at surface
would suddenly increase from qA;Rðt ¼ 0�Þ ¼ 0 to

qA;Rðt ¼ 0þÞ ¼ qA;eðCA0Þ, which is the solid concentra-
tion in equilibrium with bulk solution. Then,
qA;RðtÞ would decrease monotonously until the final
equilibrium is reached, i.e. qA;RðtÞ ! qA;e ¼ qA;Rðt ¼ 1Þ.
However, the existence of the film diffusion smoothes
this initial step increase, as Fig. 2 illustrates.

In contrast, inside the particle and far from surface
the concentration increases monotonously as both
qA;R=2ðtÞ=qA;e and qA;0ðtÞ=qA;e point out in Fig. 2. These

functions have the same boundary values (start at 0.0
and end at 1.0), but inside the interval qA;0ðtÞ=qA;e is
smaller than qA;0ðtÞ=qA;e since the diffusion path to the
particle centre is the highest one. This fact delays the
increasing of the concentration.

The results obtained with the pseudo-first and
pseudo-second-order correlations adopted for compari-
son are listed in Table 3. In the whole, both expressions
provide very inaccurate results, as the global deviations
accomplished by the pseudo-first-order equations are
AARDCd2þ ¼ 48:9% and AARDHg2þ ¼ 26:6%, and by the

pseudo-second-order equations are AARDCd2þ ¼ 29:0%

Fig. 2. Normalised concentration of Hg2+ against time at
the surface, half radius, and centre of the ETS-4 particle.
Calculations accomplished with MS based model of this
work for Exp. 3 (see Table 1).

Fig. 3. Comparison between calculated and experimental
Cd2+ (black symbols) and Hg2+ (white symbols)
concentrations in the ETS-4. Models: MS, pseudo-first-order,
and pseudo-second-order. Data: experimental conditions in
Table 1: h and j, Exp.1; � and 	, Exp.2; D and ▲, Exp. 3.
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and AARDHg2þ ¼ 54:6%. It is worth noting that these

equations fit one parameter per curve which means
that each of the previous global deviations involves
three constants, k1 or k2. On the other hand, the MS
based model achieves only AARDHg2þ ¼ 7:34% and

AARDCd2þ ¼ 3:47%, which are very small values even

taking into account it embodies one additional parame-
ter (i.e. four totally). In Fig. 3, the calculated vs. experi-
mental �qAvalues are plotted and evidence the following
points: (1) the poor performance of the pseudo-first
and pseudo-second-order equations in contrast to the
good behaviour provided by the MS based model; (2)
the pseudo-first-order model underpredicts the concen-
trations; (3) the pseudo-second-order model either
underpredicts or overpredicts complete ion exchange
removal curves; and (4) the MS based model calculates
accurate and unbiased concentrations, as the experi-
mental data are well-distributed around the theoretical
line.

Finally, it should be highlighted that the pseudo-
first and pseudo-second-order equations can be used
only to correlate data. The optimised constants (k1 or
k2) cannot be applied to predict removal curves for
distinct operating conditions, which severely limits
their utilisation. Alternatively, our MS based model
can be used with this purpose since its parameters are
physical constants of fundamental transport equations,
which is an obvious advantage over the two earlier
expressions.

The more rigorous treatments of ion exchange
processes show that no order can be attributed to
them, i.e. no rigorous relation of the form d�qi=dt ¼
fð�qiÞ exists. The unique exception is the isotopic
exchange controlled by film diffusion for which a sec-
ond-order reversible rate equation is obeyed. In fact, it
is impossible to provide an universal relation between
the momentary rate and the average concentrations
in the ion exchanger when intraparticle diffusion
controls the process, since it is well-established that
the momentary rate depends in this case on the shape
of the non-steady concentration profiles within the
sorbent and thus on the particle history [13].

5. Conclusions

In this work, the ion exchange kinetics in micropo-
rous materials were successfully modelled using a MS
based model, whose parameters are the MS diffusivi-
ties of the system species and a convective mass
transfer coefficient. The performance of this model
was investigated with data for Cd2+ and Hg2+

removal from aqueous solutions with microporous
titanosilicate ETS-4 in Na+ form. The ðAARDÞ

achieved for the systems Cd2+/Na+/ETS-4 and Hg2+/
Na+/ETS-4 were only 3.47 and 7.34%, respectively.
The model calculates the concentration profiles in the
exchanger phase and their evolution along time under
transient regime, being able to represent the initial
steep ascent branches of the removal curves and sub-
sequent transition to the equilibrium, where kinetic
curves are frequently very difficult to fit. The pseudo-
first and pseudo-second-order expressions adopted for
comparison provided inaccurate and significantly
biased results though they are the most applied
equations in the field. The average deviations were:
AARDCd2þ ¼ 48:9% and AARDHg2þ ¼ 26:6% (pseudo-

first-order), and AARDCd2þ ¼ 29:0% and AARDHg2þ ¼
54:6% (pseudo-second-order).
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Nomenclature

AzA ;BzB — counter ions with valences zA; zB
�AzA ; �BzB — counter ions with valences zA; zB inside the

exchanger

AARD — average absolute relative deviation

½B� — matrix with MS diffusivities

Ci — molar concentration of i in bulk solution

Ct — total concentration of ionic species in bulk
solution

–Dij — MS diffusivity of pair i�j

–Dis — MS diffusivity of pair i- solid

F — Faraday constant

k1 — rate constant of the pseudo-first-order
equation

k2 — rate constant of the pseudo-second-order
equation

kf — convective mass transfer coefficient

KL — Langmuir isotherm parameter

½L� — ¼ ½B��1 (see Eqs. 6 and 8)

n — number of counter ions

nA — moles of counter ion A in solution

ðNÞ — vector of molar fluxes

Nj — molar flux of counter ion j

qj — molar concentration of counter ion j in the
solid

qmax — Langmuir isotherm parameter

qt — total concentration of ionic species in the
solid
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�qA;e — sorbed cation concentration at equilibrium

�qj — average concentration of j in the particle

Q — ion exchanger molar capacity

r — radial position in the particle

< — gas constant

R — particle radius

t — time

T — absolute temperature

uj — intraparticle velocity of j

VL — volume of fluid phase

Vs — volume of exchanger

xi — molar fraction of i in bulk solution

xi;e — molar fraction of i in solution in equilibrium
with yi

yj — molar fraction of counter ion j in the solid

ys — molar fraction of fixed charged groups

zi — charge of component i

Greek letters

ci;eq;sol — activity coefficient of counter ion i in a solu-
tion in equilibrium with particle

/ — electrostatic potential

½�� — matrix of thermodynamic factors

�ij — thermodynamic factors

ni — related with the electrostatic potential (see
Eq. 7)

li — chemical potential of i

li;eq;sol — chemical potential of i in solution in
equilibrium

Subscripts

A — counter ion initially present in bulk solution
(Hg2+ or Cd2+)

B — counter ion initially present in particle (Na+)

e or eq — equilibrium

i or j — counter ion

s — solid or fixed charged groups of the particle

sol — solution

t — total
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