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ABSTRACT

Fixed-bed kinetic sorption (Bohart–Adams, Thomas, Yoon–Nelson, Clark, Wolborska, and
modified dose-response) models are commonly used to simulate breakthrough curves
(BTCs) from fixed-bed systems. However, more caution should be taken in using these
models. Some researchers misused the equation, which is a totally different type from the
original model, as a simplified model. Others used the same equation expressed in different
forms as an independent model. The aim of this study was to clarify the fixed-bed sorption
models via comparative analysis using the phosphate BTCs in slag filter media. For the
analysis, the breakthrough data for phosphate (initial phosphate concentration = 1.0 and
2.0mg/L) sorption in fixed-bed columns (inner diameter = 2.5 cm and column length = 10,
20, and 30 cm) were obtained from the experiments. The original Bohart–Adams model was
simplified in the literature to the convergent- and divergent-type models in order to be used
for the BTC analysis. However, the divergent-type model, which is equivalent to the Wol-
borska model, should not be the type of Bohart–Adams model used, because it behaves
totally different from the original model. Also, the Thomas and Yoon–Nelson models
should not be used simultaneously with the Bohart–Adams model, because they are equiva-
lent to the simplified convergent-type Bohart–Adams model, and the parameters of both of
the models (kT, q0, kYN, and τ) can easily be calculated from the Bohart–Adams model
parameters (kBA and N0). The Bohart–Adams, Clark, and modified dose-response models
could describe the BTCs relatively well with a high determination coefficient and a low chi-
square coefficient. From this study, the Bohart–Adams, Clark, and modified dose-response
models are recommended for the BTC analysis, because these models can provide useful
design parameters (kBA, N0, Z0, tb, and q0) for the fixed-bed systems.
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1. Introduction

The adsorption characteristics of a contaminant to
an adsorbent can be examined via batch sorption tests
and dynamic fixed-bed experiments. Batch tests are
usually conducted in order to determine the effective-
ness of a specific adsorbent for removing a target
adsorbate and to quantify the maximum adsorption
capacity from the sorption isotherm. Batch tests are
usually performed as a preliminary screening of the
adsorbent before continuous column experiments,
because accurate scale-up data for fixed-bed systems
cannot be provided from batch tests [1,2]. Fixed-bed
experiments are conducted under continuous flow
conditions in order to obtain the characteristic parame-
ters for fixed-bed systems. The performance of fixed-
bed columns can be described in terms of time vs.
effluent concentration (breakthrough curve (BTC)).
The breakthrough time and BTC shape are important
characteristics for determining the operation of fixed-
bed columns [3,4]. The BTCs must be predicted suc-
cessfully via quantitative models in order to design
and optimize the fixed-bed systems [5,6].

Various simple mathematical models have been
developed for this purpose (Table 1). Bohart and
Adams [7] developed a model based on the
assumption that the adsorption rate is proportional to
both the residual capacity of the adsorbent and the

concentration of the adsorbate. Although the model
was originally developed to describe the adsorption of
chlorine on charcoal in a fixed-bed column, it has been
successfully applied to the quantitative description of
other systems [4,8]. Thomas [9,10] developed a model
using the Langmuir equilibrium isotherm and second-
order reversible reaction kinetics with the assumption
of plug flow behavior (zero longitudinal dispersion) in
the fixed-bed. Yoon and Nelson [11] developed a rela-
tively simple model based on the assumption that the
rate of decrease in the probability of the adsorption of
the adsorbate molecule was proportional to the proba-
bility of the adsorbate adsorption and the adsorbate
breakthrough on the adsorbent. Clark [12] developed
a more refined model to simulate BTCs using the
mass-transfer concept and the Freundlich equilibrium
isotherm. Wolborska [13] proposed a model to
describe the concentration distribution of the adsor-
bate in the fixed-bed in the range of the low-
concentration BTCs. Yan et al. [14] presented a modi-
fied dose-response model to more adequately describe
the breakthrough data than the Bohart–Adams and
Thomas models.

Literature showed that these fixed-bed sorption
models have been used by many researchers for the
simulation of breakthrough data from the various
fixed-bed systems [15–19]. However, more caution

Table 1
Nonlinear and linear forms of the fixed-bed sorption models used in analysis

Model Nonlinear form Linear form Eq. no. Reference

Bohart–Adams Ct

C0
¼ ekBAC0 t

ekBAN0
Z
U�1þekBAC0 t

ln C0

Ct
� 1

� �
¼ ln exp kBAN0

Z
U

� �� 1
� �� kBAC0t (1) [7]

Ct

C0
¼ 1

ekBAN0
Z
U
�kBAC0 tþ1

ln C0

Ct
� 1

� �
¼ kBAN0

Z
U � kBAC0t (2) [7]

Ct

C0
¼ ekBAC0t�kBAN0

Z
U ln Ct

C0
¼ kBAC0t� kBAN0

Z
U (3) [24]

t ¼ N0

C0U
Z� 1

kBAC0
ln C0

Ct
� 1

� �
(4) [26]

Thomas Ct

C0
¼ 1

e
kTq0X

Q
�kTC0 tþ1

ln C0

Ct
� 1

� �
¼ kTq0X

Q � kTC0t (5) [10]

Yoon–Nelson Ct

C0
¼ 1

ekYNðs�tÞþ1
ln C0

Ct
� 1

� �
¼ kYNs� kYNt (6) [11]

Clark Ct

C0
¼ 1

Ae�rtþ1

� � 1
n�1

ln C0

Ct

� �n�1
� 1

� 	
¼ �rtþ lnA (7) [12]

Wolborska Ct

C0
¼ e

bC0
N0

t�bZ
U ln Ct

C0
¼ bC0

N0
t� bZ

U (8) [13]

Modified dose-response Ct

C0
¼ 1� 1

C0Qt

q0X

� �a

þ1

ln Ct

C0�Ct

� �
¼ a lnðtÞ þ a ln C0Q

q0X

� �
(9) [14]
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should be taken in using these models to simulate
BTCs obtained from fixed-bed experiments. Some
researchers misused the equation, which is a totally
different type from the original model, as a simplified
model. Others used the same equation expressed in
different forms as an independent model to simulate
breakthrough data [20]. Therefore, it is necessary to
clarify the models used in the fixed-bed systems.
Phosphate removal from aqueous solutions is essential
for protecting the aquatic environments from eutro-
phication [21]. Iron/steel slags, by-products of iron/
steel manufacturing, have been applied for the
removal of phosphate from aqueous solutions [22]. In
this study, six models (Bohart–Adams, Thomas, Yoon–
Nelson, Clark, Wolborska, and modified dose-
response) were compared using the breakthrough data
for phosphate sorption in fixed-bed columns contain-
ing slag filter media. The simulated BTCs and model
parameters obtained from the simulations were
presented.

2. Materials and methods

2.1. Slag filter media

Steel slag (Ecomaister Co., Incheon, Korea) was
used as filter media in the experiments. Prior to use,
the slag was prepared by mechanical sieving through
US Standard Sieves No. 30 and No. 20 (grain size:
0.59–0.84mm) and was washed twice with deionized
water in order to remove surface impurities. The wet
materials were oven-dried at 105˚C overnight. The
chemical composition and surface characteristics of
the slag were reported in our previous study [22].
Briefly, X-ray fluorescence analysis indicated that the
slag was composed of calcium (40.7%) and iron
(25.1%) as well as silica, magnesium, aluminum, and
manganese. The X-ray diffractometer pattern
demonstrated that dicalcium ferrite (Ca2Fe2O5), mag-
netite (Fe3O4), and hematite (Fe2O3) were the major
constituents [22].

2.2. Batch sorption experiments

The stock solution of phosphate (1,000mg/L) was
prepared by dissolving reagent-grade potassium dihy-
drogen phosphate (KH2PO4) into deionized water. In
this experiment, the initial phosphate concentration
was adjusted to 2mg/L phosphorous (P) by diluting
the stock solution. Batch experiments were conducted
in order to examine the phosphate removal by the
slag. Batch experiments were performed in a 50mL
polypropylene conical tube. The experiments were

carried out with slag concentrations ranging from 0.12
to 1.5 g in 30mL of the solution. The tubes were sha-
ken at 30˚C and 100 rpm using a shaking incubator
(Daihan Science, Korea). The slag was separated from
the solution using a permanent magnet (≈1.18 Tesla)
18 h post-reaction. The phosphate was analyzed by the
ascorbic acid method [23]. The phosphate concentra-
tions were measured at a wavelength of 880 nm using
a UV–vis Spectrophotometer (GENESYS 10S, Thermo
Fisher Scientific Inc., Madison, WI, USA). The batch
experiments were performed in triplicate.

2.3. Fixed-bed sorption experiments

The fixed-bed sorption experiments were per-
formed using a Plexiglas column (inner diameter = 2.5
cm, column length = 10, 20, and 30 cm) packed with
slag (particle density = 3.53 g/cm3). The experimental
conditions are provided in Table 2. Each column
experiment employed a separate column packed with
slag by the tap-fill method. Prior to the experiments,
the packed column was flushed upward using a con-
nected peristaltic pump (QG400, Fluid Metering Inc.,
Syosset, NY, USA) for 20 pore volumes of deionized
water until steady-state flow conditions were estab-
lished. Then, the phosphate solution was introduced
downward into the packed column at the same flow
rate in a step injection mode. Portions of the effluent
were collected using an auto collector (Retriever 500,
Teledyne, City of Industry, CA, USA) at regular inter-
vals and the phosphate concentration was analyzed.
The effluent pH was measured with a pH probe
(9107BN, Thermo Scientific, Waltham, MA, USA) and
the electrical conductivity (EC) was measured with an
EC probe (815PDL, Istek, Korea).

2.4. Data analysis

All of the parameters of the models were estimated
using MS Excel 2010 with solver add-in function
incorporated into the program. The determination
coefficient (R2), chi-square coefficient (χ2), and sum of
square error (SSE) were used to analyze the data and
confirm the fit to the model. The expressions of R2, χ2,
and SSE are given below:

R2 ¼
Pm

i¼1ðyc � �yeÞ2iPm
i¼1ðyc � �yeÞ2i þ

Pm
i¼1ðyc � yeÞ2i

(10)

v2 ¼
Xm
i¼1

ðye � ycÞ2
yc

" #
i

(11)
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SSE ¼
Xm
i¼1

ðye � ycÞ2i (12)

3. Results and discussion

3.1. Phosphate BTCs

The BTCs obtained from the fixed-bed experiments
are shown in Fig. 1. With increasing column length,
i.e. the bed height from 10 cm (experiment 1) to 30 cm
(experiment 3), the BTCs became less steep and satu-
ration was achieved more slowly. The longer column
length leads to more dispersed BTCs, that is, increas-
ing the column length broadens the mass-transfer
zone, resulting in a decrease of the BTC slope [24].
Increasing the column length also decreased the con-
centration of phosphate in the effluent as a result of
an increase in the contact time for phosphate adsorp-
tion to slag filter media. Note that EBCT increased
from 3 to 9min as the column length was increased
from 10 to 30 cm. With increasing column length, the

phosphate adsorption capacity of slag increased from
1.6mg/g (experiment 1) to 20.0 mg/g (experiment 3).

In addition, with increasing flow rate from 0.0082
L/min (experiment 4) to 0.0163 L/min (experiment 2),
steeper BTCs and higher saturation concentration were
observed. As the flow rate increases, the contact time
between the phosphate and the filter medium
decreases. In our experiments, EBCT decreased from
12min (experiment 4) to 6min (experiment 2) as the
flow rate was increased (column length = 20 cm). As
the flow rate increases, the BTC becomes steeper
because the driving forces increase, leading to a
decrease in the adsorption zone length [24]. Increasing
the flow rate decreased the phosphate adsorption
capacity from 47.0 mg/g (experiment 4) to 6.5 mg/g
(experiment 2). With increasing phosphate concentra-
tion from 1.0mg/L (experiment 5) to 2.0 mg/L (experi-
ment 2), the BTCs became steeper and saturation was
achieved more quickly. As the influent concentration
increased, the phosphate adsorption capacity
decreased from 18.0 mg/g (experiment 5) to 6.5 mg/g
(experiment 2).

3.2. Clarification of the Bohart–Adams model

The nonlinear and linear forms of the Bohart–
Adams model are presented in Table 1. The nonlinear
form of Eq. (2) was simplified from Eq. (1) when the
second term in the denominator (=1) was entirely neg-
ligible except for very small values of both kBAN0Z/U
and kBAC0t. The original (Eq. (1)) and simplified
(Eq. (2)) versions were used in order to simulate the
BTCs of the phosphate (Fig. 1) obtained from the
fixed-bed experiments. Nonlinear regression was
performed in order to simulate the BTCs using the
nonlinear forms of the Bohart–Adams model.

The experimental BTCs along with the simulated
BTCs of Eq. (1) are presented in Fig. 2(a). The model
parameters (kBA and N0) determined from the simula-
tions are presented in Table 3. As shown in the

Table 2
Fixed-bed experimental conditions for the phosphate sorption to slag filter media

Experiment

C0

(mg/L)

U

(cm/min)

Q

(L/min)

Z

(cm)

Bed

volume

(cm3)

EBCT

(min)

Pore

volume

(cm3)

Bulk density

(g/cm3)

Mass of

adsorbent

(g)

pHeffluent

(−)

ECeffluent

(μS/cm)

1 2.0 3.33 0.0163 10 49.09 3 16.36 2.24 110 7.46 ± 0.04 44.41 ± 1.42

2 2.0 3.33 0.0163 20 98.17 6 32.72 2.24 220 7.83 ± 0.12 44.42 ± 2.02

3 2.0 3.33 0.0163 30 147.26 9 49.09 2.24 330 8.00 ± 0.20 59.07 ± 10.56

4 2.0 1.67 0.0082 20 98.17 12 32.72 2.24 220 8.14 ± 0.18 57.35 ± 10.85

5 1.0 3.33 0.0163 20 98.17 6 32.72 2.24 220 9.39 ± 0.16 52.60 ± 3.19

Notes: EBCT: empty-bed contact time; pore volume = bed volume—particle volume; particle volume =mass of adsorbent/particle density

of adsorbent; EC: electrical conductivity.

Fig. 1. BTCs of the phosphate obtained from the fixed-bed
experiments.
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example (experiment 3) in Fig. 2(b), the simulated
BTC of Eq. (2) was superimposed on the simulated
BTC of Eq. (1). In the case of kBA, the same values
were obtained from Eqs. (1) and (2). However, differ-
ent values of N0 were quantified (Table 3). Linear
regression was also conducted using the linear forms
of Eqs. (1) and (2) (Fig. 2(c)). The parameter values of
kBA and N0 of the linear regression were quite
different from the values of the nonlinear regression.
In Eq. (2), negative values of N0 were quantified by
linear regression from experiments 1, 2, and 5
(Table 3). The values of R2, χ2, and SSE indicated that
the nonlinear regression was far better at simulating
the BTCs than the linear regression.

Several researchers have used Eq. (3) (Table 1) as
the Bohart–Adams model in order to analyze the
breakthrough data [5,15,17,25,26]. Aksu and Gönen [8]
applied Eq. (3) in order to describe the initial portion
of the breakthrough data of phenol obtained from the
continuous packed-bed study. Han et al. [3] also used
Eq. (3) to simulate only the initial portion of the BTCs
of methylene blue. However, Eq. (3) is totally different

from the original (Eq. (1)) and simplified (Eq. (2)) ver-
sions of the Bohart–Adams model. Eq. (3) is a diver-
gent-type model, whereas Eqs. (1) and (2) are
convergent-type models. As shown in Fig. 2(b), Eq. (3)
was not suitable for the simulation of the entire BTC
of the phosphate and behaved differently from Eqs.
(1) and (2). Also, the model parameters (kBA and N0)
from Eq. (3) were different from those from Eqs. (1)
and (2) (Table 3). Linear regression was also con-
ducted using the linear form of Eq. (3) (Fig. 2(d)).

The nonlinear form of the Bohart–Adams model
Eq. (2) was linearized and rearranged by Hutchins
[27] into Eq. (4) (Table 1). Eq. (4) can also be written
as the following equation:

tb ¼ N0

C0U
Z� 1

kBAC0
ln

C0

Cb
� 1


 �
(13)

Eq. (13) is called the bed depth service time (BDST)
model and is widely used to describe the relationship
between the breakthrough time (tb) and the bed depth
(Z) for fixed-bed systems. The breakthrough time is

Fig. 2. The Bohart–Adams model analysis: (a) nonlinear regression using Eq. (1); (b) nonlinear regression using Eqs. (1)–
(3) for experiment 3; (c) linear regression using Eqs. (1) and (2) for experiment 3; (d) linear regression using Eq. (3) for
experiment 3. Note that model fits of Eq. (2) were superimposed on the fits of Eq. (1) in (b) and (c).
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the time when the effluent concentration reaches the
value of the current legislation limit of a specific con-
taminant. At tb = 0, Eq. (13) can be rearranged in order
to calculate the critical-bed depth (Z0), which is
defined as the minimum bed depth required to obtain
a desired effluent quality at time zero, and can be
determined using the following equation [27]:

Z0 ¼ U

kBAN0
ln

C0

Cb
� 1


 �
(14)

The BDST plot for phosphate adsorption by the slag
filter media is presented in Fig. 3. In the BDST plot,
N0 can be quantified from the slope, whereas kBA can
be quantified from the intercept. At the given experi-
mental conditions (initial phosphate concentration =
2.0mg/L, linear velocity = 3.3 cm/min), the values of
kBA and N0 were 0.22980 L/min/mg and 2.521mg/L,
respectively. At Cb = 0.5mg/L, the critical-bed depth
for the slag filter media (Z0) was calculated to be
6.315 cm using Eq. (14), corresponding to the intercept
of the X-axis in Fig. 3. Eq. (4) can be further simplified
at the time for 50% breakthrough (t50%; Ct= 0.5C0),
because the second term on the right side of Eq. (4)
becomes zero:

t50% ¼ N0Z

C0U
(15)

It should be noted that Eq. (15) appears again in Eq.
(21) in a later section of this paper.

Table 3
The Bohart–Adams model parameters (Eqs. (1)–(3))

Experiment
Nonlinear analysis Linear analysis

kBA N0 R2 χ2 SSE kBA N0 R2 χ2 SSE
(L/min/mg) (mg/L) (L/min/mg) (mg/L)

Eq. (1)
1 1.00254 1.764 0.978 0.172 0.162 0.03690 3.872 0.425 1.064 0.730
2 0.38163 1.794 0.971 0.447 0.400 0.00325 19.303 0.257 2.399 1.670
3 0.00398 44.395 0.906 1.003 0.221 0.00325 64.431 0.880 1.719 0.338
4 0.00236 65.099 0.927 0.943 0.238 0.00085 189.244 0.766 2.646 0.624
5 0.00920 13.450 0.525 1.359 0.741 0.00190 56.946 0.365 1.636 0.882
Eq. (2)
1 1.00254 1.762 0.978 0.172 0.162 0.03690 −5.630 0.425 1.064 0.730
2 0.38163 1.783 0.971 0.447 0.400 0.00325 −40.052 0.257 2.399 1.670
3 0.00398 38.056 0.906 1.003 0.221 0.00325 58.816 0.880 1.719 0.338
4 0.00237 58.976 0.927 0.943 0.238 0.00085 173.778 0.766 2.646 0.624
5 0.00920 1.766 0.525 1.359 0.741 0.00190 −7.764 0.365 1.636 0.882
Eq. (3)
1 0.00407 24.439 0.233 1.194 0.909 0.01280 19.972 0.181 2.574 1.756
2 0.00040 124.614 0.158 2.511 1.878 0.00105 100.677 0.134 4.324 2.661
3 0.00091 160.342 0.632 1.907 0.888 0.00150 140.644 0.500 4.099 3.601
4 0.00027 411.714 0.591 2.533 0.991 0.00045 369.924 0.484 5.321 2.628
5 0.00033 249.999 0.266 1.657 1.021 0.00070 189.001 0.237 2.770 1.563

Fig. 3. The BDST plot for the phosphate adsorption to slag
filter media.
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3.3. Equivalence of the Bohart–Adams model to other
models

Eq. (5) developed by Thomas in 1948 [10] is
mathematically equivalent to the simplified version of
the Bohart–Adams Eq. (2) (Table 1). Chu [20] clearly
showed that the model parameters (kT and q0) of the
Thomas model could be calculated from the
Bohart–Adams model parameters (kBA and N0) with
the following relationships:

KBAN0
Z

U
� kBAC0t ¼ kTq0X

Q
� kTC0t (16)

kT ¼ kBA (17)

q0 ¼ N0ZS

1000X
(18)

It should be noted that ZS is the volume of the fixed-
bed column and ZS/X is the reciprocal of the bulk
density of the adsorbent (ρb). Therefore, q0 is easily
calculated when N0 is divided by ρb× 103. The values
of kT and q0 determined from the fitting of the Thomas
model to the breakthrough data (Table 4) were compa-
rable with the values calculated from the Bohart–
Adams parameters (kBA and N0).

Eq. (6) was developed by Yoon and Nelson in 1984
[11]. As is the case in the Thomas model, Eq. (6) is
also mathematically equivalent to the Bohart–Adams
model Eq. (2) (Table 1). The model parameters (kYN
and τ) of the Yoon–Nelson model can easily be
calculated from the Bohart–Adams model parameters
(kBA and N0) with the following relationships:

kYNðs� tÞ ¼ kYNs� kYNt ¼ kBAN0
Z

U
� kBAC0t (19)

kYN ¼ kBAC0 (20)

s ¼ N0Z

C0U
¼ N0ZS

1000C0 Q
(21)

It should be noted that Eq. (21) is equal to Eq. (15).
The values of kYN and τ from the fitting of the Yoon–
Nelson model to the breakthrough data (Table 4) are
comparable with the values calculated from the
Bohart–Adams parameters (kBA and N0). In addition,
the Yoon–Nelson model parameters (kYN and τ) can
easily be calculated from the Thomas model parame-
ters (kT and q0), because they are also equivalent to
each other as shown in the following equations:

kYN ¼ kTC0 (22)

s ¼ q0X

C0Q
(23)

It should be noted that R2, χ2, and SSE match exactly
in Eqs. (2), (5), and (6), but the parameters for each
model represent different constants (Table 4).

Eq. (8) is the Wolborska model, which was devel-
oped in 1989 [13]. Several researchers used the
Wolborska model in order to analyze the break-
through data [2,6,17,19,28]. It should be noted that Eq.
(8) is mathematically equivalent to Eq. (3) with the fol-
lowing relationship:

Table 4
Comparison of the Thomas and Yoon–Nelson model
parameters with parameters from the Bohart–Adams
model Eq. (2) (Experiment 3)*

Bohart–Adams model Eq. (2)
kBA (L/min/mg) N0 (mg/L) R2 χ2 SSE
0.00398 38.056 0.906 1.003 0.221

Thomas model Eq. (5)
kT (L/min/mg) q0× 103 (mg/g) R2 χ2 SSE
0.00398 17.00 0.906 1.003 0.221

Yoon–Nelson model Eq. (6)
kYN (1/min) τ (min) R2 χ2 SSE
0.00796 171.416 0.906 1.003 0.221

*The model parameters are from nonlinear regression analysis. Fig. 4. The Freundlich isotherm model analysis for the
phosphate adsorption data from the batch experiment.
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bC0t

N0
� bZ

U
¼ kBAC0t� kBAN0

Z

U
(24)

b ¼ kBAN0 (25)

It should also be noted that β is the lumped parameter
of the Bohart–Adams model. The nonlinear and linear
regressions were performed in order to simulate the

BTCs using the nonlinear and linear forms of the
Bohart–Adams model (simulated BTCs were not
shown). The value of β from the fitting of the
Wolborska model to the breakthrough data are com-
parable with the value calculated from the parameters
(kBA and N0) of Eq. (3). Also, the fitted values of N0

(data not shown) were equal to the values in Eq. (3).
As is the case in Eq. (3), the Wolborska model, which
is the divergent-type model, did not simulate the
entire BTC of phosphate very well.

Fig. 5. Nonlinear regression analysis using: (a) Clark
model Eq. (7); (b) modified dose-response model Eq. (9).

Table 5
The Clark model parameters (Eq. (7))

Experiment

Nonlinear analysis Linear analysis
A r R2 χ2 SSE A r R2 χ2 SSE
(–) (1/min) (–) (1/min)

1 44.978 1.6527 0.979 0.160 0.154 0.290 0.0677 0.427 1.070 0.754
2 15.655 0.6176 0.970 0.433 0.382 0.258 0.0061 0.259 2.384 1.694
3 1.832 0.0071 0.908 0.987 0.213 2.338 0.0058 0.890 1.500 0.290
4 2.366 0.0042 0.932 0.910 0.227 2.390 0.0015 0.790 2.226 0.543
5 0.643 0.0094 0.539 1.347 0.731 0.499 0.0017 0.368 1.591 0.874

Fig. 6. Plots for the empty-bed contact time (EBCT) vs. the
Clark model parameters of (a) A and (b) r.
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3.4. Analysis with the Clark and modified dose-response
models

Before analysis of the BTCs using the Clark model,
the Freundlich constant (1/n) was determined from
the batch sorption data, which were analyzed by the
Freundlich isotherm model as follows:

qe ¼ KF C
1=n
e (26)

As is shown in Fig. 4, the batch data were described
well by the Freundlich model (R2 = 0.978; χ2 = 0.0033;
SSE = 0.00028). The model parameters of KF and 1/n
were determined to be 0.126 and 0.607 L/g, respec-
tively. The value of (n = 1.647) determined from the
analysis was used for the Clark model. The nonlinear
and linear regressions were performed in order to
simulate the BTCs. The experimental BTCs along with
the simulated BTCs of the nonlinear form of the Clark
model are presented in Fig. 5(a). The model parame-
ters (A and r) determined from the simulations are
presented in Table 5. The parameter values of A and r
of the linear regression were quite different from the
values of the nonlinear regression. The values of R2,
χ2, and SSE indicated that the nonlinear regression
was far better at simulating the BTCs. In order to cal-
culate the breakthrough time (tb) from the Clark
model, Eq. (7) can be rearranged as follows:

tb ¼ 1

r
ln

A
Cn�1
0

Cn�1
b

� 1
� �

2
64

3
75 (27)

Based on the values of A and r determined from the
nonlinear analysis (experiments 1–4), two plots of EBCT
vs. A and EBCT vs. r were obtained (Fig. 6). By
choosing a specific EBCT, the values of A and r can be

selected through interpolation from Fig. 6 and then tb
can be calculated using Eq. (27). For example, at C0 = 2
mg/L, Cb = 0.5mg/L, EBCT = 6min, and Z = 20 cm, the
value of tb from Eq. (27) was calculated to be 15.7 min,
which was larger than that (=5.2 min) from Eq. (13).

Eq. (9) is the modified dose-response model pre-
sented by Yan et al. [14]. The nonlinear and linear
regressions were performed in order to simulate the
BTCs. The experimental BTCs along with the simu-
lated BTCs of the nonlinear form of the modified
dose-response model are presented in Fig. 5(b). The
model parameters (a and q0) determined from the sim-
ulations are presented in Table 6. The values of a and
q0 of the linear regression were different from the val-
ues of the nonlinear regression. The values of R2, χ2,
and SSE indicated that the nonlinear regression was
better at simulating the BTCs.

4. Conclusions

In this study, fixed-bed sorption models were clari-
fied through comparative analysis using the break-
through data from phosphate adsorption to slag filter
media. In the literature, the original Bohart–Adams
model was simplified to the convergent- and diver-
gent-type models in order to be used for BTC analysis.
However, the divergent-type model, which is equiva-
lent to the Wolborska model, should not be used as
the Bohart–Adams model, because it behaved totally
different from the original model. Also, the Thomas
and Yoon–Nelson models should not be used simulta-
neously with the Bohart–Adams model, because they
are equivalent to the simplified convergent-type
Bohart–Adams model and the parameters of both
models can easily be calculated from the Bohart–
Adams model parameters. The Bohart–Adams, Clark,
and modified dose-response models could describe
the breakthrough data relatively well with a high
determination coefficient and a low chi-square coeffi-

Table 6
The modified dose-response model parameters (Eq. (9))

Experiment

Nonlinear analysis Linear analysis
a q0× 103 R2 χ2 SSE a q0 × 103 R2 χ2 SSE
(–) (mg/g) (–) (mg/g)

1 3.629 0.799 0.977 0.119 0.107 1.379 0.847 0.853 0.421 0.185
2 2.188 0.813 0.952 0.395 0.255 0.828 0.886 0.800 1.036 0.464
3 0.704 7.998 0.929 0.539 0.158 0.953 6.850 0.910 0.933 0.247
4 0.741 18.938 0.975 0.274 0.058 0.863 17.763 0.972 0.384 0.070
5 0.715 1.282 0.845 0.618 0.248 0.667 2.073 0.807 0.858 0.309
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cient. From this study, the Bohart–Adams, Clark, and
modified dose-response models are recommended for
the breakthrough data analysis, because these models
can provide useful design parameters for the fixed-
bed systems.
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Nomenclature
a — modified dose-response model

constant
(–)

A — Clark model constant (–)
β — mass-transfer coefficient of

Wolbroska model
(1/min)

C0 — concentration of adsorbate in the
influent

(mg/L)

Cb — breakthrough concentration (mg/L)
Ce — concentration of adsorbate in the

solution at equilibrium
(mg/L)

Ct — concentration of adsorbate in the
effluent

(mg/L)

EBCT — empty-bed contact time (min)
kBA — Bohart–Adams rate constant (L/min/mg)
kT — Thomas rate constant (L/min/mg)
kYN — Yoon–Nelson rate constant (/min)
KF — Freundlich constant (L/g)
n — Freundlich constant (–)
N0 — sorption capacity per unit volume

of fixed-bed
(mg/L)

m — number of experimental data
points

(–)

ρb — bulk density of adsorbent (g/cm3)
q0 — sorption capacity per unit mass of

adsorbent
(mg/g)

qe — sorption capacity per unit mass of
adsorbent at equilibrium

(mg/g)

Q — flow rate (L/min)
r — Clark model constant (1/min)
R2 — determination coefficient (–)
S — cross-sectional area of fixed-bed (cm2)
SSE — sum of square error (–)
t — time (min)
tb — breakthrough time (min)
ttotal — total flow time (min)
t50% — time for 50% adsorbate

breakthrough
(min)

τ — time for 50% adsorbate
breakthrough

(min)

U — linear flow velocity (cm/min)
χ2 — chi-square coefficient (–)

X — mass of adsorbent (g)
yc — predicted data obtained from the

model
(–)

ye — experimental data (–)
�ye — average of experimental data (–)
Z — bed depth (cm)
Z0 — critical-bed depth (cm)
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