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Tel. þ213770658646; Fax. þ21345333395; email: abbelkacem@univ-mosta.dz; belkacem.absar@laposte.net
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A B S T R A C T

A mathematical model was used to predict the performance of hollow fiber reverse osmosis
membrane. The model is based on the solution-diffusion mass transfer model and takes into
account the effect of the flow pattern of the permeate in the membrane. According to the flow
direction inside the membrane, two types of flow can be distinguished: the co-current and
counter-current flow pattern. Several studies underlined the effectiveness of the counter-
current flow pattern [1]. However, no study was carried out to demonstrate this assumption.
This work aims to answer clearly the question of the choice of the flow type. The parameters
used in this work are the overall recovery, the average concentration of the obtained product and
the final concentration of the feed rate in the closed loop processes. The resolution of the math-
ematical model developed for the counter-current flow pattern is subjected to the split boundary
value problem. To solve this problem, a robust and efficient procedure based on orthogonal col-
location on finite element method was used. Experimental data were used to verify the proposed
mathematical model and accomplish the comparative study between the two flow types. The
results obtained show clearly the better efficiency of the counter-current flow pattern especially
in the concentrating process.
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1. Introduction

In the literature, many research works refer to the
utilization of the reverse osmosis as a technique to
separate dissolved matter. It is a method of separation
and concentration in liquid phase. This process is
applied to purify water for laboratory use and is very
promising as a pre-concentration technique in trace
and environmental analysis. The major advantage of
this process is that it can be performed at ambient tem-
perature and does not require any energy for initial

heating of the feed as it is the case of the distillation
processes, and no phase change is involved [2].

The process consists in passing aqueous solution
under pressure through an appropriate membrane and
withdrawing the membrane permeate at atmospheric
pressure and ambient temperature. The product
obtained is enriched in one of the mixture components.
The others components are recovered in the retentate
with higher concentration in the high-pressure side of
the membrane. Many mathematical models were
developed to describe the behavior of this process
[2–7]. These models also predict the performances of
reverse osmosis units for a better running. However,�Corresponding author
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the majority of these studies considers only co-current
flow and do not take account counter-current flow.

This study proposes to use a simple and effective
mathematical model developed for the hollow-fiber
membrane modules. It takes account of the flow
direction in the feed and the permeate side of the
membrane. It allows the simultaneous study of the
co-current and the counter-current flow patterns.

Two main purposes of this work are: to formulate a
simplified model to predict the performance of RO unit
with co-current and counter-current flow, and to com-
pare the results for the two types of flow. The ability to
study the two types of flow allows to emphasize the
importance and the effectiveness of the counter-current
in terms of overall system recovery and purity rate.

The numerical resolution of the proposed mathema-
tical model is carried out using the orthogonal colloca-
tion on the finite element method. This technique of
resolution is powerful in the split boundary value pro-
blem in the mathematical model for a counter-current
flow. This work is organized as follows:

Section 2 gives the fundamental equations that
describe the transport phenomena in reverse osmosis
using the solution-diffusion model and the material
balance equations for the hollow fiber module.

Section 3 presents the resolution method used to
resolve the mathematical model described above with
a brief review of the orthogonal collocation on the finite
element method.

In sections 4 and 5, the results obtained by simula-
tion are compared with those of the literature, to high-
light the effect of the flow direction on the overall
system recovery.

2. Mathematical model

Many mechanistic and mathematical models have
been proposed to describe reverse osmosis membranes.
Models that adequately describe the performance of
reverse osmosis membranes are very important since
these are needed in the design of reverse osmosis units.

Among these, the solution-diffusion model is the
most used. It is based on the diffusion of the solvent
and the solute trough the membrane. This model
assumes that both solute and solvent dissolve at the
membrane surface and then diffuse across it. The
solute and solvent diffusion are separate processes
resulting from concentration and pressure differences
across the membrane.

2.1. Transport equations

The mass transfer model employed in this study is
the solution-diffusion model. The solvent mass flux,

Jw, which is generally water, can be expressed by Fick’s
law. It depends on transmembrane pressure �P and
the osmotic pressure of the solution on the feed and the
permeate side of the membrane [8–9]:

Jw ¼ Aw �P��pð Þ; ð1Þ

Aw is the water permeability constant,
�p represents the difference in osmotic pressure on
both sides of the membrane. It is expressed as:

�p ¼ pF � pP; ð2Þ

where the subscripts F refers to the feed side and the
subscript P to the permeate side.

For moderate solute concentration, the osmotic
pressure is approximately a linear function of solute
concentrations [10,11]:

p ¼ � C; ð3Þ

where � is a proportionality coefficient [10–12]. By sub-
stituting Eq. (3) into Eq. (1) we obtain:

Jw ¼ Aw �P� ��Cð Þ; ð4Þ

where �C is the difference in solute concentration
across the membrane, expressed as:

�C ¼ CF � CP; ð5Þ

where CF and CP are the concentration in the feed and
the permeate side, respectively.

The volumetric flow rate can be expressed as:

Qw ¼
JwSa

rw

; ð6Þ

where Sa is the membrane surface area and rw is the
water density.

For the solute flux, it is assumed that the chemical
potential difference due to pressure is negligible and
so the driving force is almost entirely due to concen-
tration differences. From Fick’s law, the solute mass
flux is:

Js ¼ Bs �Cð Þ; ð7Þ

where Bs is the solute permeability coefficient which is
a function of the solute composition and membrane
structure.

The solute mass flow rate is expressed as:

Q
�

s ¼ J sSa ¼ BsSa CF � CPð Þ: ð8Þ
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The membrane rejection rate is defined as the frac-
tion of solute present in the solution which is stopped
by the membrane:

TR ¼
CF � CP

CF

¼ 1� CP

CF

: ð9Þ

Using the relations for solvent and solute flux, the
solute rejection rate for the solution-diffusion model
can be expressed as:

1

TR

¼ 1þ Bsrw

Aw

1

�P��p

� �
: ð10Þ

Equation (10) shows that at high pressures, the rejec-
tion rate approaches unity.

Other parameters can be defined to determine the
performances of a reverse osmosis system. The water
recovery is a production term which relates permeate
and feed flows. This factor is a function of time. It can
be expressed as:

WRt ¼
QP

QF

: ð11Þ

For the overall system, recovery can be defined as the
permeate production divided by the initial feed volume.
This is used in the closed loop batch concentrating
mode. This time independent term can be expressed by:

WRov ¼
VP

V 0
F

: ð12Þ

2.2. Hollow fiber membrane mathematical model

The most widely used membrane modules are the
spiral-wound, and hollow fiber elements. Membranes
of hollow fibers are contained in a shell and the hole
constitutes the module. The feed can be introduced
either on the shell side or on the fiber side. Permeate
is usually withdrawn in a co-current or counter-
current manner, with the latter being generally more
effective [1]. The flow patterns for both the co- and
counter-current flows are illustrated in Fig. 1.

2.2.1. Co-current flow pattern

In this flow pattern, the permeate and the feed in the
fiber side and the shell, respectively, flow co-currently.
According to the solution-diffusion model, the rate of
permeate in an elemental section length �x for water
is Qpw:

Qpw ¼
Aw

rw

pDm�xð Þ �P� � CF � CPð Þð Þ; ð13Þ

where Dm is the membrane mean diameter
The material balance for water in the shell side can

be written as:

Qsw ¼ Qsw þ
dQsw

dx
�x

� �
þ Qpw; ð14Þ

where Qsw is the water volumetric flow rate in the shell
side. The first subscript indicates the shell or the fiber
side, and the second subscript indicates the solute or
the water.

This equation can be written in the following form:

dQsw

dx
¼ �Qpw

�x
: ð15Þ

Substituting Qpw for its expression in Eq. (13) gives:

dQsw

dx
¼ �Aw

rw

pDmð Þ �P� � CF � CPð Þð Þ; ð16Þ

CF can be expressed as:

CF ¼
Qss

�

Qsw

; ð17Þ

where Qss

�
is the solute mass flow rate in the shell side

and Qsw

�
is the volumetric flow rate.

A similar equation is obtained for the solute concen-
tration CP in the permeate flow rate (fiber side):

Cp ¼
Q
�

fs

Qfw

;

Membrane
Shell side swQ

xΔ

x
dx

swdQ
swQ Δ+

pwQ
fwQ

x
dx

fwdQ

fwQ Δ+
Fiber side 

a) Co-current 

Membrane
Shell side swQ

xΔ

x
dx

swdQ
swQ Δ+

pwQ
fwQ

x
dx
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fwQ Δ−
Fiber side 

b) Counter-current

X (+)

Fig. 1. Flowrate change across section �x.
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where Q
�

fs and Qfw are, respectively, the solute mass
flow rate and the water volumetric flow rate in the fiber
side.

Substituting CF and Cp for their expressions in Eq.
(16) gives:

dQsw

dx
¼ �Aw

rw

pDmð Þ �P� � Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

0
@

1
A: ð18Þ

The material balance for water on the fiber side is
obtained in the same manner:

dQfw

dx
¼ Aw

rw

pDmð Þ �P� � Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

0
@

1
A: ð19Þ

Similarly, the material balance for the solute in the shell
side (Fig. 1) can be written as:

Qss

�
¼ Qss

�
þ dQss

�

dx
�x

0
@

1
Aþ Qps

�
; ð20Þ

where Qss

�
is the solute mass flow rate in the shell side,

and Qps

�
the solute mass flow rate across the membrane.

Arranging this equation and substituting Qps

�
for its

expression Eq. (8) gives:

dQss

�

dx
¼ �Bs pDmð Þ Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A: ð21Þ

A similar equation is obtained for the fiber side:

dQfs

�

dx
¼ Bs pDmð Þ Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A: ð22Þ

Finally, the mathematical model obtained is composed
of a set of four ordinary differential equations. To
determine the permeate flow rate at the end of the
module, equations (18), (19), (21) and (22) must be inte-
grated simultaneously.

2.2.2. Counter-current flow pattern

In this flow pattern, the permeate and the feed in the
fiber side and the shell side flow counter currently.

A similar set of differential equations is obtained for
the counter-current flow pattern:

dQsw

dx
¼ � pDmAw

rw

�P� � Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

0
@

1
A

dQfw

dx
¼ �pDmAw

rw

�P� � Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

0
@

1
A

dQss

�

dx
¼ �pDmBs

Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

dQfs

�

dx
¼ �pDmBs

Qss

�

Qsw

� Q
�

fs

Qfw

0
@

1
A

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:
These equations constitute the mathematical model for
a counter-current flow pattern.

The models presented in this study describe ideal
mass transfer and do not take account of the concentra-
tion polarization. Concentration polarization describes
the accumulation of rejected solute at the surface of the
membrane, and can be minimized by increasing the
feed velocity [10].

2.3. Process modeling

Fig. 2 shows a schematic of a process operating in
continuous mode. It consists of a feed tank, a product
tank and the membrane module. The retentate is
recycled to the feed tank and the permeate is collected
separately in the product tank. This process is essen-
tially used in a concentrating system [13–15].

The material balance equation applied to product
tank yields:

QP CP ¼
d Vp CPavg

� �
dt

; ð23Þ

where CPavg is the average concentration of the
obtained product and VP its volume after a defined
operating time.

Fe
ed

 C
F

 , 
Q

F

Membrane Module 

Feed Tank 
C

F 
, V

F

Retentate Q
R 

, C
R

Perm
eat C

P
 , Q

P

Product Tank 
C

Pavg
 , V

P

Fig. 2. Schematic of reverse osmosis system.
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Development of this equation gives:

QPCP ¼ Vp

dCpavg

dt
þ CPavg

dVp

dt
: ð24Þ

At the initial conditions: t ¼ 0, Vp ¼ 0, CPavg ¼ CP ¼ 0:
The change in the volume of product corresponds to
the production rate of the membrane:

dVp

dt
¼ QP: ð25Þ

Substitution into Eq. (24) gives:

dCpavg

dt
¼

QP CP � Cpavg

� �
Vp

: ð26Þ

The material balance on the membrane module yields:

QFCF ¼ QPCP þ QRCR: ð27Þ

Similar material balance equation around the feed tank
can be obtained:

QRCR � QFCF ¼
d VFtCFtð Þ

dt
: ð28Þ

Developing this equation yields:

�QPCP ¼ VFt

dCFt

dt
þ CFt

dVFt

dt
; ð29Þ

where VFt is the volume in the feed tank at a time t, with
a concentration inside the tank as CFt. The feed tank is
assumed well mixed. Thus the concentration of the
feed at the membrane module is equal at the concentra-
tion in the feed tank:

VFt ¼ VF ð30Þ

and

CFt ¼ CF: ð31Þ

The change volume in the feed tank with time corre-
sponds to the production rate:

� dVF

dt
¼ QP: ð32Þ

Integrating this equation at the initial conditions: t ¼ 0,
VF ¼ V 0

F

VF ¼ V 0
F � QPt: ð33Þ

Substituting these expressions in Eq. (29) yields:

dCF

dt
¼ QP CF � CPð Þ

V 0
F � QPtð Þ : ð34Þ

One parameter of interest is the overall recovery, WRov,
which can be obtained from Eq. (12).

Since the operating system is closed, the mass
conservation implies that the mass of the solute in
the feed tank at initial time, is equal to the sum of
the various process streams and tanks at any instant
of time. So:

VP ¼
V 0

F CF � C0
F

� �
CF � CPavg

: ð35Þ

Substituting VP for its expression in Eq. (26) gives:

dCpavg

dt
¼

QP CP � Cpavg

� �
V 0

F CF � C0
Fð Þ CF � CPavg

� �
: ð36Þ

Equations (34) and (36) are the result of material bal-
ances on the feed tank, product tank and the mem-
branes module. The resolution of this set of two
ordinary differential equations requires the values of
CP and QP. These values are obtained by integrating the
set of ordinary differential equations developed above
for co-current or counter-current flow.

Solution of Eq. (34) provides the concentration feed
as a function of the operating time. Thus, the solute
rejection rate can be determined at any time.

Solution of Eq. (36) provides the average concentra-
tion of the solute in product tank and so the water
volume by using equation (35). Eq. (12) gives the value
of the water overall recovery.

3. Methods of resolution

The method of orthogonal collocation as described
by Villadsen and Michelsen [16], can lead to the numer-
ical resolution of many problems. However, it does
not prove very effective for certain cases where the
solution is very irregular. To avoid this problem, it is
necessary to take a very great order of approximation.
It is a disadvantage which limits the application fields
of this technique. This is the reason why the orthogo-
nal collocation method is combined with the finite ele-
ment method.

In this work, the orthogonal collocation on the finite
element method as a numerical method to solve the
boundary value problems is chosen due to its efficiency
and robustness.

Tessendorf et al. [17] have used the orthogonal col-
location on finite element method to solve a set of non-
linear coupled differential equations. Gauss method
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was used to solve the nonlinear algebraic equations
system.

In our approach [18], an iterative technique was
developed to uncouple and linearize the system of the
differential equations. The nonlinear coupled system is
thus transformed to an uncoupled linear system. This
linearization allows more stability. The numerical reso-
lution of the proposed mathematical model using this
procedure has led to results with high precision (check
of material balance with high precision).

Our technique consists in giving an initial profile of
solution for each equation which verifies the boundary

conditions, yð1Þ
1 ; yð1Þ

2 ; yð1Þ
3 ; y

ð1Þ
4 . The iterative procedure

can be written as:

d yðkþ1Þ
1

dx
¼ f1 x; y

ðkÞ
1 ; yðkÞ

2 ; yðkÞ
3 ; y

ðkÞ
4

� �

d yðkþ1Þ
2

dx
¼ f2 x; y

ðkþ1Þ
1 ; yðkÞ

2 ; yðkÞ
3 ; y

ðkÞ
4

� �

d yðkþ1Þ
3

dx
¼ f3 x; y

ðkþ1Þ
1 ; yðkþ1Þ

2 ; yðkÞ
3 ; y

ðkÞ
4

� �

d yðkþ1Þ
4

dx
¼ f4 x; y

ðkþ1Þ
1 ; yðkþ1Þ

2 ; yðkþ1Þ
3 ; y

ðkÞ
4

� �

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð37Þ

where yðkþ1Þ
i and yðkÞ

i are the approximations of the solu-
tion yi at the current and the preceding iteration,
respectively.

At each iteration, the orthogonal collocation on the
finite element method is applied to each linear differ-
ential equation. Thereafter we can calculate the uncou-
pling error by using the following formula:

Error ¼ Max yðkþ1Þ
1 � yðkÞ

1

��� ���
2
;

�

yðkþ1Þ
2 � yðkÞ

2

��� ���
2
; yðkþ1Þ

3 � yðkÞ
3

��� ���
2
;

yðkþ1Þ
4 � yðkÞ

4

��� ��� 2

�
;

ð38Þ

where :k k2 is the Euclidean norm.
This procedure gives the solution of the problem,

when the error is under a given small epsilon (" *
1.0e-10).

To explain the procedure, we consider the following
differential equation in the domain �:

y0 xð Þ þ aðxÞ y xð Þ ¼ f ðxÞ: ð39Þ

Figure 3 shows the discretizing of the domain �. It is
divided into n elements. After that, the orthogonal col-

location is applied in each element �ðiÞ
� �

i¼1::n
.

For the choice of the internal collocation points, we
use the roots of the Jacobi orthogonal polynomials of
degree N defined in the domain [0 1].

J
a;bð Þ

N ðxÞ ¼
XN

i¼0

�1ð ÞN�igN ;ix
i

where

gN ;i ¼
N � i þ 1

i

N þ i þ a þ b
i þ b

gN ; i � 1 :

With gN ;0 ¼ 1.
a and b are the polynomial characteristic parameters

The elementary solution of Eq. (39) in the ith
element is given by:

y ið ÞðxÞ ¼
Xnc þ1

j¼0

y
ið Þ

j lj xð Þ; ð40Þ

where nc is the number of internal collocation points
and lj(x) is the jth degree Lagrange polynomials.

Substitution of Eq. (40) into Eq. (39) generates
residual:

R xð Þ ¼ d yðiÞ xð Þ
dx

þ aðxÞ yðiÞ xð Þ � f ðxÞ: ð41Þ

The weighted functions cj are then used to reduce the
residual to a minimum value, for j¼0..ncþ1:

cj xð Þ ¼ 1 for x ¼ xc
j

0 for x 6¼ xc
j

	
ð42Þ

and

ðx
ið Þ

ncþ1

x
ið Þ

0

R xð Þ cj xð Þ dx ¼ 0: ð43Þ

x(0) = a x(n–1) x(n) = b

Ω(1) Ω(2)

Ω(i)

x(1) x(2)

x(i–1) x(i)

x
0

x
1

x
n

x
n +1

Domain Ω

Ω(n)

(i)(i)(i) (i)
c c 

Fig. 3. Finite element collocation discretizing.
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Consequently:

Rðxc
j Þ ¼ 0: ð44Þ

Substituting the expressions of d yðiÞ

dx
xc

j

� �
and yðiÞ xc

j

� �
in Eq. (44) leads to a linear system with (ncþ2) equa-
tions and (ncþ2) unknowns:

M ið Þy ið Þ ¼ b ið Þ; ð45Þ

M ið Þ and b ið Þ are the elementary matrix and its second

member in the ith element �ðiÞ

By applying the same procedure to each element

�ðiÞ
� �

i¼1::n
, n systems of algebraic linear equations are

obtained. These linear systems are assembled into a
global system expressed as follows:

MG y ¼ b
G ð46Þ

MGand bGare the global matrix and its second mem-
ber. The vector y represents the global solution of Eq.
(39) on �.

4. Model verification

The model presented in Section 2, was verified with
experimental data from literature [13–15]. The mem-
brane specifications and the operating parameters are
given in Table 1.

5. Results and discussion

Two simulations were run using the preceding
data. In the first simulation, the two types of flow
pattern were studied. This makes possible the com-
parison of the two modules performances. The mod-
ule operating in counter-current can however
operate longer than the co-current.

In the second simulation, only the counter-current
module was studied. The results obtained show that

the time of separation can be prolonged thus offering
better performances.

5.1. Co- and counter-current comparative study

For the first simulation, the operating time reached
is about 145.5 h. The co-current module cannot operate
beyond this time. The concentration in the permeate
becomes so significant and consequently the osmotic
pressure, that the transmembrane pressure cannot
overcome it.

The results obtained for both the co- and the
counter-current flow pattern are given in Table 2. Fig. 4
shows the simulation results of the feed concentration
with time for the co- and counter-current flow pattern.

The two curves are superimposed and the behavior
is similar in both cases. As shown, the feed concen-
tration initially increases linearly with time, then
becomes exponential to reach a value of 38.916 kg/m2

after 145.5 h.
Fig. 5 shows the concentration variation of the

permeate and the product with time for the both mod-
ules. Either the permeate concentration or the product
concentration have a similar behavior in the co and
counter-current flow pattern. Initially, the permeate
concentration increases gradually, then the variation
becomes more important with time and attains a value
of 2.810 kg/m2 after 145.5 h. The product concentration
is less significant because of the dilution effect in the
product tank.

The comparison of the overall recovery for the co-
and counter-current, shows that this parameter
behaves in the same manner and reaches after the oper-
ating time a value of 95.766% in the co-courant flow,
and a value of 95.767% in the counter-courant flow
(Fig. 6). To discuss the differences between the two
types of flow pattern, an error term was used and
which consists in computing the difference between
the feed concentration in both cases, then plotting this
error term versus time. The results obtained show that
the error is very close to zero. However, after 140 h, this
value increases abruptly. This is explained by the fact
that beyond this time, the improvement of the value of
the feed concentration in the case of the counter-current

Table 1
Parameters value

Parameter Values

Initial feed concentration (C0
F) 2 0 kg/m3

Initial volume in the feed tank (V 0
F ) 0.15 m3

Membrane surface area (Sa) 0.181 m2

Water density (rw) 1000 kg/m3

Transmembrane pressure (�P) 4.02 � 1013 kg/m h2

Proportionality coefficient (a) 1.02 � 1012 m2/h2

Water permeability constant (Aw) 4.20 � 10�13 h/m
Solute permeability coefficient (Bs) 1.12 � 10�4 m/h

Table 2
Comparative results for co- and counter-current

Parameter Co-current Counter-current

Feed concentration (kg/m3) 38.916 38.920
Average product

concentration (kg/m3)
0.368 0.368

Overall recovery (%) 95.766 95.767
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flow is more significant than that of the co-current
flow, see Fig. 7.

5.2. Counter-current simulation

The module with a co-current flow can operate only
during 145.5 h. The counter-current can operate longer.
In the second simulation, only the counter-current was
performed. The time of separation reaches a value of
152.5 h which represents an additional time of 7 h of
supplementary separation compared to the first simu-
lation (Fig. 8). The results obtained are given in Table 3.

As shown in Table 3, the prolongation of the operat-
ing time enables to improve separation by increasing
the overall recovery. However the concentration of the
product increases. The feed concentration reaches
values larger than those obtained in the first simula-
tion. This is due to the recycling of the retentate which
becomes more and more concentrated. The use of the

counter-current flow pattern in the reverse osmosis
system appears more interesting in the processes of
concentration.

6. Conclusion

The purpose of this work was to develop a mathe-
matical model for reverse osmosis, to propose an
efficient and robust numerical solution procedure for
the resulting set of differential model equations, and
to highlight the importance and efficiency of the
counter-current flow pattern. The mathematical
model developed in this study takes into account two
different flow patterns: the co-current and the
counter-current pattern. The determination of the
permeate flux through the membrane was based on
the solution-diffusion model. The solution procedure
to solve the differential model combines the
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orthogonal collocation and the finite element method
to have higher precision. The overall recovery, the
feed concentration and the product concentration can
be affected by the flow pattern. It was shown that the
counter-current flow pattern is more efficient than
the co-current one. The overall recovery in the
counter-current flow pattern is more significant.
However, the improvement observed in the overall
recovery, is obtained to the detriment of the quality
of the product obtained since its concentration also
increases. Thus, the use of the counter-current mode
appears more interesting in the processes of concen-
tration. Longer operating times result in higher pro-
duct concentration.

Symbols

Aw water permeability constant, h/m,
Bs solute permeability coefficient, m/h,

b ið Þ second member of the elementary matrix in
the ith element �ðiÞ;

bG second member of the global matrix,
C concentration, kg/m3;
Dm mean diameter, m,
Js solute flux, kg/m2 h;

Jw solvent flux, kg/m2 h;
JN Jacobi polynomial of degree N,
lj(x) Lagrangian interpolation polynomial,

M ið Þ elementary matrix in the ith element �ðiÞ;

MG global matrix in the domain �;

nc number of internal collocation points,
�P transmembrane pressure, kg/m h2;
Q volumetric flow rate, m 3= h;

Q
�

mass flow rate, kg/ h,
R(x) residual,
Sa membrane surface, m 2;
t time, h,
T1R solute rejection,
V volume, m 3;
WRt water recovery,
WRov overall recovery,
�x elemental section length, m,

yðkÞ
i

approximation of the solution yi at the kth

iteration.

Greek letters

a polynomial characteristic parameter
b polynomial characteristic parameters
� proportionality coefficient, m2=h2;
�p osmotic pressure difference, kg/m h2;
rw water density, kg/m3:

Subscripts

F feed side,
f fiber side,
P permeate side,
pavg product average concentration,
R retentate,
s shell side,
w water.
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