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abstract
Model describing the impact of degree of membrane rejection on behavior of concentration profile 
has been proposed. The model is based on the following physical assumptions: (1) the fluid was 
assumed to be incompressible, continuous and isothermal with uniform density field under the 
steady-state (time-independent) conditions; (2) transverse velocity was approximated by parabolic 
profile. Proposed model can be used for analysis of behavior of concentration profile. It can be 
applied for analysis of performance characteristics of membrane processes and laboratory- scale 
data at variable values of the observed degree of rejection. Sets of calculated profiles at different 
membrane rejection and temperature are attached.  
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1. Introduction and formulation of the problem

Pressure-driven processes are accompanied by 
concentration polarization (CP) that can be quantified 
by the degree of concentration polarization or polariza-
tion modulus that in turn, depends on hydrodynam-
ics, physical properties and membrane characteristics. 
Quantitative modeling of concentration polarization is 
essential for design and analysis of membrane process. 
Many traditional models are based on combination of 
convection-diffusion and Navier –Stokes equations. The 
classical solutions for hydrodynamic and concentration 
profiles were proposed by Berman, Brian and Sherwood 
[1–3]. The studies submitted by Kleinstreuer and Karode 
[4–6] are examples of further implications of similar ap-
proach. Kim and Hoek, [7] proposed comparative analysis 
of CP based on film theory and convection- diffusion 
model. Wiley and Fletcher, [8], presented technique for 
modeling fluid dynamics. Cupta et al [9] gave relation 
between transport parameters, boundary layer thickness 

and experimentally measurable quantities such as feed 
and permeate concentration using combined model for 
membrane transport and concentration polarization. 

Recent trends in modeling can be characterized by 
diversification of physical assumptions underlying the 
model along with development and improvement of 
mathematical techniques. Many physical factors, such 
as enhancement of surface concentrations due to gel ac-
cumulation, non-Newtonian behavior of fluid and shear 
induced diffusion, etc. are taken into consideration by 
modeling. Development of new generation of computers 
made possible execution of more sophisticated math-
ematical procedures and techniques, in particular, 2-D 
streamline upwind finite element model for concentra-
tion polarization was considered in [10]. Non Newtonian 
behavior and shear-dependence of characteristics are 
considered in [11,12]. Enhancement of CP due to gel ac-
cumulated at the membrane was described in [13–15].

Many methods imply intrinsic membrane rejection 
as an input into models. Factors affecting membrane re-
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jection are reviewed by Bellona and Drewes [16]. Based 
on analysis of published data the quantitative relation 
between membrane rejection and concentration profile is 
one of the most unresolved theoretical aspects of mem-
brane technology, In this regard the objective of this study 
focuses on modeling of concentration profile depending 
upon degree of membrane rejection.

2. Premises and assumptions of the model

The fluid is assumed to be incompressible, continu-
ous and isothermal with uniform density field under the 
steady-state (time independent) conditions. Transverse 
transport is based on the following mechanisms: convec-
tion due to pressure difference and back diffusion owing 
to concentration gradient. The illustration is shown in 
Fig. 1. Analysis of the CP is based on the following gov-
erning equation: 

1 2 2
dcV c D V C
dz

+ =  (1)

where V — transverse flux; D — diffusivity; and C — local 
concentration (see Fig. 1). The first term on the left hand 
side represents convective flux towards membrane; the 
second one describes the back diffusion. 

The dimensionless variable η was used for further 
mathematical analysis. The dimensionless variable, η, 
ranges from η = 0 at the centerline to η = 1 at the mem-
brane surface. 

( )H z Hη = −  (2)

Transverse velocity, V(η), was approximated by para-
bolic function based on the profile proposed by Berman, 
[1]:

( ) ( )2
1_ 3

2MAXV V η η = −η  
 (3)

Transverse velocity varies from V(η = 0) = 0, at the cen-
terline to its maximum value V(η = 1) = V1MAX at the surface. 
At the upper boundary of diffusion layer its equal to:  
V(η = f) = V1_MAX [f (3 – f2)]/2.

The transverse velocity is assumed to be constant 
throughout membrane and equal to V2 (see Fig. 1).

MEMBR 1_ MAX 2V V V= =  (4)

2.1. Concentration profile

Relying upon assumed transport mechanisms, the 
channel was subdivided into zones (A) and (B), respec-
tively. Zone (A) covers the core of the channel that ranges 
from the centerline to upper boundary of diffusion layer. 
Within this zone the concentration remains constant 
being equal to C1. Zone (B) covers the diffusion layer of 
the channel that ranges from the upper boundary of dif-
fusion layer to membrane surface. Within zone (B) the 

concentration ranges from C1 at its upper boundary to 
C1M at the membrane surface. 

The thickness of viscous layer δW is assumed to be 
equal to half-height of the channel H (Fig. 1). Accord-
ing to [17], the ratio of diffusion to viscous layer was 
assumed to be 

1/ 3ScC W
−δ δ ≈  (5)

In terms of the η variable, the upper boundary of dif-
fusion layer, f is equal to 

1/ 31 Scf −≈ −  (6)

2.2. Membrane rejection 

The degree of membrane rejection can be expressed in 
terms of bulk or surface concentration, they are referred 
to as the observed (or apparent) ROBSERVED = 1 – C2/C1 and 
true (or intrinsic) RTRUE = 1 – C2/C1M degree of rejection, 
respectively. For the further mathematical treatment to 
simplify the current degree of rejection, R(η) was intro-
duced. It was expressed in terms of the current concentra-
tion within the boundary layer, C(η) as follows:

( ) ( )21R C Cη = − η  (7)

The R(η) ranges from the observed degree of rejection 
expressed in terms of bulk concentration, ROBSERVED (C1) to 

Fig. 1. Illustration of the concentration and hydrodynamic 
profiles.
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the true degree of rejection expressed in terms of surface 
concentration, RTRUE (C1M). 

The degree of rejection (true and observed) is related 
to polarization modulus α at the membrane surface as 
follows:

( ) ( )TRUE 1 OBSERVED 11 1R Rη= η=α = − − α  (8)

Relying upon analogy between mathematical formula-
tions of the degree of rejection and concentration profiles, 
the R(η) can be approximated by the exponential profile 
similar to C(η). 

( ) [ ]expR A Bη = η  (9)

Parameters A and B were evaluated based on the fol-
lowing boundary conditions
Membrane surface R(η = 1) = RTRUE
Upper boundary of diffusion layer R(η = f) = ROBSERVED

Applying these boundary conditions it gives the pa-
rameters A and B:

( ) 1
TRUE ORSERVED TRUE, fA f R R R−α =  (10)

( ) ( ) ( )OBSERVED TRUE, ln 1B f R R fα = −  (11)

3. Modeling

The model is based on Eq. (1). The diffusion layer 
ranges from z = 0 to z = δC where the concentration varies 
from C1 to C1M and the transverse velocity from V = V(η = f) 
to V = VMAX(η = 1). For simplification of mathematical treat-
ment the non-dimensional variable η is used, therefore 
Eq. (1) can be expressed as follows: 

( ) ( )1 2 2
D dCV C V C
H d

η η − =
η

 (12)

Boundary conditions: 
Upper boundary of diffusion layer C(Z = δC) = C1
Membrane surface C(Z = 0) = C1M 

Concentration of permeate, C2 on the right hand side 
of Eq. (12) can be expressed in terms of R(η) and C(η), 
see Eqs. (7) and (9).

( ) ( )2 1 expC C A B= η − η    (13)

While the permeate flow is assumed to be equal to 
transmembrane flux, the right hand side of Eq. (12) can 
be rewritten as

 (14)

Inserting the right hand side expression, {V2, C2} and 
transverse velocity, {V(η)}, see Eqs. (3) and (14) respectively, 
into Eq. (12) we get:

{ } ( ) ( )2 2 1_ MAX 1 expV C V C A B= η − η  

( ) ( )

( ) ( )

2
1_ MAX

1_ MAX

3
2

1 exp

D dCV C
H d

V C A B

η − η η −  η 
= η − η  

 (15)

Rearrangement and separation of variables gives the 
following:

( ) ( )1_ MAX 23 exp 1
2

V H dCA B d
D C

η − η + η − η =  
 (16)

Having been integrated Eq. (16) gives

( )1_ MAX 2 4

1

0.73 0.125 exp

ln

V H
A B B

D
C const

 η − η −η+ η 

= +
 (17)

 
Evaluation of the constant of integration, const1

For the const1 to be determined, the boundary condi-
tions at the upper surface of the diffusion layer were used, 
namely C(η = f) = C1, at η = f = [1 – Sc–1/3]. They give the const1: 

( )

1_ MAX 2 4
1

1
1

0.73 0.125

exp ln

V H
const f f f

D
AB Bf C−

= − −

+ −

 (18)

Inserting const1 into Eq. (17) we get the following 
profile of concentration modulus 

( ) ( ) ( )1_

1

exp MAXV Hc
X Z f

C D
η   = η −   

 (19)

where

( )

( ) ( ) ( )

2 4

1

0.75 0.125

, , exp ,

X

A f B f B f
−

η = η − η −η

   + α α α η   
 (20)

( )
( ) ( ) ( )

2 4

1

0.75 0.125

, , exp ,

Z f f f f

A f B f B f f
−

= − −

   + α α α   
 (21)

for A (f,α), B (f,α) and f [see Eqs. (10), (11) and (6), respec-
tively].

At η = 1 Eq. (19) gives the CP modulus at the mem-
brane surface

( ) ( )

( ) ( )

1 11 1

1_exp

M

MAX

C C

V H
X Z f

D

η= η=
α =

  = η −   

 (22)

Being solver for c (η)/C1, Eq. (19) gives sets of calculated 
profiles (see Figs. 2 and 3).

4. Implication of the model and analysis 

Developed model gives analytical distribution of con-
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centration at arbitrary cross section normal to membrane. 
It permits quantitative relationship between concentra-
tion modulus and temperature, degree of membrane 
rejection, specific membrane permeability and physical 
properties of the solution. Set of calculated profiles at dif-
ferent degree of membrane rejection is shown in Fig. 2. It 
is shown that membranes with high degree of rejection 
are more vulnerable to growth of surface concentration. 
This aspect must be taken carefully into consideration in 
design and analyzing experimental data on membrane 
with high degree of rejection and elevated feed salinity. 

Fig. 2. Concentration profile at different degree of rejection [Set of calculated profiles based on Eq. 19]. Input data t = 20°C; D(t 
= 20) = 1.34×10–9 m2/s; A_MEMBR(t = 20) = 1.3×10–7 m3/[m2-s-bar]; Sc (t = 20) = 814 (f ~ 0.89); H = 10–3 m.

Fig. 3. Concentration profile at different temperature [Set of calculated projections based on Eq. 19]. Input data: D(t = 20) = 
1.34×10–9 m2/s; A_MEMBR(t = 20) = 1.3×10–7 m3/[m2-s-bar]; the Schmidt number ranges from Sc(t = 20) = 814 (where f ~ 0.89) to 
Sc(t = 45) = 255 (where f ~ 0.84); R_EXPERIMENT = 0.98; H = 10–3 m.

Impact of temperature was accounted through 
temperature-dependence of physical properties namely: 
viscosity — μ (t); diffusivity — D(t), Sc-number Sc (t); 
thickness of diffusion layer f(t) ≈ Sc (t)–1/3. Behavior of 
the model is shown in Figs. 2 and 3 must be taken into 
consideration in design and analysis of RO at elevated 
temperature in particular within the RO/MSF hybrid 
schemes where cooling water from heat rejection section 
is used as a feed for RO. For these schemes the prefer-
ence should be given to membranes with moderate salt 
rejection rather than membrane with high salt rejections. 
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5. Validation of the model and conclusions 

Indirectly the correlation between the net driving 
force and CP degree versus operating temperature can 
be developed using the following experimental results: 
observed permeability at operating temperature — 
VM (t,α); hydraulic membrane permeability or membrane 
constant — AM(t); operating pressure — ΔP and seasonal 
distribution of operating temperature — t. The following 
equations were used for interpretation of experimental 
results.

( ) ( ) ( ),M M MV t A t P tα = ∆ − π    (23)

( ) ( ) ( )1 273M t i t C R tπ = α +  (24)

where πM — osmotic pressure at membrane surface, πM(t) 
= α(t) πBULK (t).

Experimental values of observed permeability, VM (t,α), 
were normalized to the reference temperature being 
multiplied by the viscosity-correction factor — μt/μ(t = 25). 
Combining Eqs. (23) and (24) and using experimental data 
on temperature, operating pressure, observed permeabil-
ity, we get the quantitative relation between CP modulus 
α (t) and operating temperature —t. Experimentally-based 
profiles of the net driving force [ΔP – πM(t)] and CP 
modulus α (t) are shown in Fig. 4.

( ) ( ) ( ) ( ) ( ) ( )10 0, 273M M t tt P V t t A iC R t α = ∆ − α μ μ +   

 (25)

Behavior of the theoretical and experimentally-based 
polarization modulus α (t) against temperature is shown 
in Fig. 5. Variability and accuracy of the experimentally-
based module were characterized by means of true stan-
dard deviation σ (α) as follows: 

Fig. 4. Net driving force and CP modulus. (The shown profiles are based on experimental data on normalized permeability).

( ) ( )2
i nσ α = α −α∑  (26)

The standard deviation was estimated to be σ (α) = 
0.02554. Average difference between experimental and 
model values does not exceed 12%. 

Based on analysis of experimental data and calculated 
results the following conclusions have been drawn: 
1. Growth of degree of membrane rejection is accom-

panied by increase of surface concentration and CP 
modulus;

2. Growth of temperature is accompanied by growth of 
surface concentration and CP modulus at membrane 
surface that in turn causes decrease of the net driving 
forces along with increase of the hydraulic perme-
ability of membrane matrix itself; 

3. Coherence between calculated and experimental 
profiles is observed. Estimated standard deviation 
of experimentally-based CP module is to be σ (α) = 
0.02554. Average difference between model and ex-
perimental values does not exceed 12%. 

4. Membranes with moderate salt rejection rather than 
membrane with high salt rejections can be recom-
mended for RO systems designed at elevated tem-
perature (in particular for RO/MSF hybrid schemes 
where cooling water from heat rejection section is 
used as a feed for RO).

The proposed model can be used for analysis of the 
impact of degree of membrane rejection and temperature 
on polarization modulus. It can be applied for analysis 
and interpretation of experimental characteristics, pilot 
data and laboratory-scale results. It can be used for 
development of optimum operating conditions namely 
selection of preferable operating temperature against 
feed water quality and membrane characteristics. This 
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Fig. 5. Impact of temperature on polarization modulus α (t). Theoretical profile is based on Eqs. (6), (10), (11), (20)–(22) the 
experimental — on Eqs. (23)–(25). 

model can be recommended for design development, it 
can be used for optimization of regime parameters against 
temperature. Along with the model can be built into an 
algorithm for further multidimensional optimization of 
the process as well.
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Symbols and abbreviations

AM — Hydraulic permeability of membrane, 
m3/[m2-s-bar]

C — Concentration, mol/m3

D — Solute diffusivity, m2/s
f — Upper boundary of diffusion layer, f(t) ≈ 

Sc (t)–1/3

H — Half height of channel, m
P — Operating pressure, bar
ROBSERVED — Observed degree of rejection, ROBSERVED = 

1 – C2/C1
RTRUE — True degree of rejection, RTRUE = 1 – C2/

C1M
Re — The Reynolds number
Sc — The Schmidt number
t — Temperature, °C
VMAX (VM, V2) — Transverse velocity or observed perme-

ability, (at membrane surface and in 
permeated), m/s 

X(η) — Auxiliary term in Eq. (19)
z — Vertical coordinate, m
Z (f) — Auxiliary term in Eq. (19) 

Greek

α — Modulus of concentration polarization at mem-
brane, α = C1M/C1

δC — Thickness of diffusion layer, m
δW — Thickness of viscous layer, m
η — The dimensionless variable, η = (H – z)/H
μ — Dynamic viscosity, Pa s
πM — Osmotic pressure, bar
σ — True standard deviation 

Subscripts

1M — Membrane surface
1 — High pressure (feed) channel 
2 — Low pressure (permeate) channel 
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