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A B S T R AC T

The effect of the concentration boundary layer on the pressure-driven membrane separation 
like nanofi ltration or ultrafi ltration is well-known and extensively discussed in the literature. 
In most of these studies, the effect of the boundary layer and that of the membrane layer on the 
separation effi ciency are discussed separately. This paper presents a general model to describe 
the convective and diffusive mass transport taking into account the simultaneous effect of both 
the concentration boundary layer and the membrane layer. The advantage of this model that the 
mass transport can be correctly described under all mass transfer conditions, i ndependently 
that the effect of the boundary layer can or not be neglected.
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1. Introduction

The mass transport of uncharged solute molecules 
like submicron or nanometer sized particles, colloids, 
etc., their size, the steric (sieving) effects causing hin-
dered diffusion and convection in the membrane matrix, 
the porosity, thickness and other membrane properties, 
etc. may have essential infl uence on the separation that 
can be achieved [1–5] during pressure-driven separa-
tion processes such as ultrafi ltration, reverse osmosis or 
nanofi ltration. Then, this transport can be signifi cantly 
affected by the formation of a concentration polarization 
layer on the feed side of the membrane [6,7]. How these 
two mass transport layers infl uence, simultaneously, the 
separation effi ciency as a function of their mass trans-
port parameters is discussed in this paper.

Concentration polarization can be governed by 
solute properties, membrane properties, and hydro-
dynamics [6]. A number of papers have analyzed the 
effect of the concentration polarization, and defi ned 
the well-known equations to predict it [6–9]. These 

studies, applying the fi lm model [6–7], consider the 
mass transport in the boundary layer only, defi ning its 
Peclet number (PeL=υoδ/Do), but do not discuss that in 
the membrane layer, its effect back on the concentration 
polarization layer and on separation. In principle, the 
velocity profi le can be obtained by completely solving 
the Navier-Stokes and the continuity equations [10]. 
The two-dimensional models involve the transverse 
velocity function in the axial direction, driving force, 
permeate fl ux, wall concentration, wall Peclet number, 
rejection coeffi cient, etc. but they do not give informa-
tion on how the membrane properties can infl uence 
directly the mass transfer resistance of the polariza-
tion layer and the permeate concentration, and, thus, 
the separation. They describe the solute concentration 
within the concentration polarization layer while the 
concentration is not analyzed in the membrane layer.

Other researchers have investigated the effect of 
the membrane properties on the mass transport d uring 
traditional nanofi ltration [1–4]. The diffusive and the 
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convective transport of species through the membrane 
pores or through a porous polymer network can be 
expressed by hindrance factors developed by Deen [1] 
and Bowen et al. [2,3]. They defi ne a mathematical equa-
tion to predict the rejection coeffi cient as a function of 
the membrane properties such as pore size, permeate 
fl ux, membrane diffusion coeffi cient, membrane thick-
ness, porosity, etc. But this model neglects the effect of 
the concentration polarization layer assuming that the 
boundary layer’s Peclet number is close to zero, and, 
consequently, it is negligible.

The aim of this paper is to develop mathematical 
equations that enable the user to predict the simulta-
neous effect of the concentration polarization and the 
membrane layers on the mass transport taking into 
account the membrane properties as well. For this, the 
well-known one-dimensional fi lm theory with diffu-
sive and convective mass transfer for the concentration 
polarization layer is applied.

2. Theory

The sum of the diffusive and the convective mass 
transport, denoted by J, related to the total membrane 
interface, can be given by the well-known expression, 
for example for the concentration polarization layer, as 
follows [3,7]:

o o
dC

J C D
dy

υ= −  (1)

During fi ltration processes, the uncharged solute 
particles (macromolecules, submicron- or nanometer 
sized particles, colloids, etc.), their size, the steric (siev-
ing) effects may have essential infl uence on the separa-
tion effi ciency [1–4]. Due to the steric effects, a hindered 
diffusion and convection can take place in the membrane 
matrix. Accordingly, the specifi c, overall mass transfer 
rate, through a membrane matrix, can be defi ned, in 
relation to the total membrane interface, as follows [3]:

o m
dC

J C D
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υ= α −  (2)

where
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and

om dD D
ε= ξ

ψτ
 (4)

where 
o

ηψ =
η

The ξd and ξc parameters are related to the hydrody-
namic coeffi cient and the lag coeffi cient of the spherical 
solute moving inside a cylindrical pore of infi nite length 
[1,3,4]. Deen [1] reviewed various equations that were 
used to predict the value of the hindrance factors. The 
second additional term of Eq. (3) involves the effect of 
pressure on the chemical potential [3]. At relatively low 
pressures, this term can be neglected; as it is mostly the 
case for nanofi ltration [3], and accordingly α = ξc.

The convective permeation fl ow can be given by the 
well known Hagen-Poiseuille relationship [3,6,7]:
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with

mN
ψδ τ=

ε
 (6)

The viscosity, η, in Eq. (5) denotes its real value that can 
be much higher, in the narrow pore of the membrane 
than its bulk value (η=ηo{1+18d/rp−9(d/rp)

2; for water 
d = 0.28 nm, [3,12]}.

The integration of Eqs. (1) and (2), the concentration 
distribution of the boundary layer and the membrane 
layer can be given (applying dimensionless space coor-
dinate, Y = y/δ), as follows [6,11]:

For the boundary layer:

LPe Y
L LC T e Q= +  (7)

For the membrane layer:

mPe
m mC T e Q= +  (8)

where o o
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Substituting the value of υo from Eq. (5) as the Dm value 
from Eq. (4) into the expression of the above Pem, the 
Peclet number of the membrane can be expressed as fol-
lows:
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 (9)

Note that regarding the membrane structure, Eq. (9) 
does not involve the δmτψ/ε parameter but the pore 
radius only. Accordingly, if the pore radius is known, 
the diffusion membrane mass transfer coeffi cient can be 
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 predicted by means of Pem, namely according to Eq. (8) 
one can get:

o
m

m
k

Pe
υ α=  (10)

or applying Eq. (4) one can obtain:

o o
1

m d d
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ε= ξ ≡ ξ
τδ ψ

 (11)

Eqs. (10) and (11) should give the same results, thus 
parameter N (N = δmτψ/ε) can be calculated for example 
by the following equation, as well [similarly, this param-
eter can easily be predicted by Eq. (5), as well]:

o

o

d mD Pe
N

ξ=
υ α

 (12)

Values of TL, QL and Tm, Qm parameters in Eqs. (7) 
and (8) can separately be determined by general bound-
ary conditions as follows:

For the polarization layer:

L L bT Q C+ =   at Y = 0 (13)

( ) *LPe
L LT e Q C+ =   at Y = 1 (14)

Thus, one can obtain for TL and QL as follows:
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For the membrane layer:

*
m m mT Q C+ =   at Y = 0 (17)

mPe
m m mT e Q C δ+ =   at Y = 1 (18)

The Tm and Qm can similarly be obtained by means 
of Eqs. (17) and (18). Then the mass transfer rate for the 
both of the layers can be expressed as follows:

For the polarization layer:
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as well as for the membrane layer:
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By means of Eqs. (19) and (20) the value of J can be 
expressed by concentrations on the two sides of the lay-
ers, namely Cb and Cmδ (Cmδ = ΦCp). Now accepting that 
permeate rate, J, is equal to υoCp, (J= υoCp), the outlet con-
centration can be expressed as:
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Accordingly the rejection coeffi cient
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Eq. (22) involves the coupled effect of the concentra-
tion polarization and membrane layer. As limiting case, 
namely if the effect of the concentration polarization 
layer can be neglected (if PeL→0), Eq. (22) tends to that 
of the literature equation [3]:

If PeL→0 then  
1
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3. Results and discussion

The mathematical model developed enables us to 
calculate the concentration distribution, and thus, the 
separation performance as a function of the mass trans-
port parameters, e.g. convective velocity, diffusive mass 
transfer coeffi cient of the both phases. In order to know 
these parameters, the permeation rate, υo, as a func-
tion of the transmembrane pressure difference, ΔP–Δπ, 
and the rejection coeffi cient or the average pore size, rp, 
should be measured, and the diffusion coeffi cients in 
the layers, molecule size as well as the liquid side mass 
transfer coeffi cient should also be predicted.

A typical fi gure illustrates the value of the rejection 
coeffi cient as a function of the membrane’s Peclet num-
ber in Fig. 1. Value of α and Φ can be regarded as typi-
cal values, considering e.g. the separation of glycerol, 
glucose, lactose or ribose [12]. With the increase of the 
permeation rate, namely of the Pem the R value tends to a 
maximum value depending strongly on the km/k ratio. If 
concentration polarization does not exist, namely km/k→0, 
the R rejection coeffi cient has limiting value. It is clearly 
shows the strong effect of the polarization layer with 
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increasing value of km/k. The real value of km/k can easily 
be increased up to 0.1–0.4.

The effect of the permeation rate strongly affects the 
rejection. Larger transmembrane pressure difference 
causes larger convective velocity and, thus decreasing 
rejection depending on the mass transfer resistance of 
the boundary layer (Fig. 2). The data used for the calcu-
lation were taken from paper of Bowen and Mohammad 
[2] who investigated, among other components, the sep-
aration of cucrose.

3.1. Case study

We recalculate certain literature data and compare the 
rejection results without and with concentration polar-
ization layers. Data used for calculation is taken from 
papers of Bowen and Welfoot [3]. They measured the sep-
aration of glycerol applying a Desal-DK spiral-wound 

nanofi ltration module (Fig. 3 in [3]). The osmotic effect 
on the permeate fl ux could be neglected during our 
calculations due to the low solute concentrations, thus, 
Δπ ≈ 0. The second term of the right side of Eq. (3) can also 
be neglected, as it was stated by Bowen and Welfoot [3] 
under the conditions of measurements, thus ξc = α was 
used in our calculations.

Let us compare the measured and the predicted 
data plotted in Fig. 3. The pore size, rp, was adjusted 
according to the measured rejection coeffi cient, R. The rp 
value differs slightly from that of the literature (e.g. rp = 
0.425 × 10−9 m in our prediction, while rp = 0.45 × 10−9 
m in the paper of Bowen and Welfoot [3]). The reason 
is for this discrepancy is that our predicted data is fi t-
ted taking into account the effect of the concentration 
boundary layer on the separation as well (continuous 
lines). Then, the separation was recalculated neglecting 
the effect of the boundary layer with rp = 0.425 × 10−9 m 
(dotted lines). The value of the km/(kα) should be pre-
dicted in order to take into account the real effect of the 
boundary layer’s mass transfer resistance as well. The 
km mass transfer coeffi cient can be estimated by Eq. (10) 
or Eqs. (11) and (12), while the α can easily be predicted 
by Eq. (3). As it was mentioned earlier α ≈ ξc. As Baker 
states [6, p. 175], the boundary layer thickness is about 
10–15 μm at a fl uid velocity of 0.3 m/s. Let us assume 
that the boundary layer thickness is about 15 μm yield-
ing high k value and, consequently low value of km/(kα). 
When the real value of k will be lower, obviously the 
effect of the concentration polarization layer will also 
increase. Accordingly, k = 6.3 × 10−5 m/s was obtained 
for glycerol. The km/(kα) parameter values obtained are 
0.45 for glycerol. As can be seen in Fig. 3, the effect of the 
concentration polarization lowers the rejection coeffi -
cient. Detailed analysis of the above separation is given 
by Nagy et al. [12].

Fig. 1. Typical curves of rejection as a function of Pem 
(α = 1.39; Φ = 0.14).
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Fig. 2. Nanofi ltration of sucrose through MPT 36 membrane 
[2] in presence of increasing mass transfer resistance of 
the boundary layer (υo= 55.6 x 10−6 m/s at ΔP = 3.03 MPa; 
rp = 0.69 nm; Rmeasured= 0.7, rs = 0.49 nm).
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  4. Conclusion

A new mathematical model was developed in order 
to take into account the simultaneous effect of both the 
polarization and the membrane layer on separation 
in pressure-driven membrane processes. This model 
enables the user to predict the separation effi ciency, i.e. 
the rejection coeffi cient, the polarization modulus and 
even the concentration distribution under any operating 
conditions of nanofi ltration or ultrafi ltration. Compar-
ing the measured and calculated data, it was shown that 
the boundary layer’s Peclet number can be neglected 
only when value of the km(kα) value can be kept close 
to zero. This assumption cannot easily be fulfi lled when 
applying a very thin and high-porosity separation layer 
for nanofi ltration.

Symbols

C — concentration, mol/m3

D — diffusion coeffi cient, m2/s
Do —  solute diffusivity in the bulk solvent, m2/s
J —  convective +diffusive mass transfer rate, 

mol/m2s
k —  diffusive mass transfer coeffi cient; that is for 

the boundary layer, (= Do/δ)
km —  membrane diffusive mass transfer coeffi -

cient, m/s
N — constant defi ned in Eqs. (6) or (10)
P — pressure, Pa
PeL —  Peclet number of boundary layer related to 

the membrane area (= υo/k)
Pem —  Peclet number for the membrane 

( o /m mD= υ δ α )
rs — radius of solute molecules, m
rp — effective pore radius, m
R — gas constant, (= 8.314 J/molK)
R — rejection coeffi cient, [Eq. (22)]
T — temperature, K
V —  partial molar volume of solute, m3/mol
y —  space co-ordinate perpendicular to the 

membrane interface, m
Y —  dimensionless space coordinate, (= y/δ)

Greek letters

α — parameter defi ed by Eq. (3)
δ —  layer thickness; thickness of the boundary 

layer, m
ΔP — transmembrane pressure, Pa
Δπ — osmotic pressure difference, Pa
ε — membrane porosity,-
Φ — steric partition coeffi cient, (Φ = [1–λ]2)
η —  solvent viscosity within pores, (= ηoψ), Pas

ηo — bulk solvent viscosity, Pas
λ — ratio of solute to pore radius, (= rs/rp)
υo —  solvent velocity in pores related to mem-

brane area, m/s
τ — tortuosity of the membrane
ξc —  hindrance factor for convection, (={2– Φ}

(1 + 0.054λ – 0.988λ2 + 0.44λ3 )
ξd —  hindrance factor for diffusion, (= 1–2.3λ 

+ 1.154λ2 + 0.224λ3)
ψ —  ratio of pore and bulk solvent v iscosity, 

(= η/ηo)

Subscripts

b — inlet
L — boundary layer
m —  membrane or membrane feed side interface
mδ —  membrane permeate side interface
p — permeate
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