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a b s t r a c t
This paper introduces a multi-stage planning and chance constrained programming, develops a model 
of chance constrained multi-stage method, and applies them to the water supply and drainage system. 
And the chance constrained multi-stage model is constructed. The model takes the pre-judged and 
determined initial configuration scheme of water resources as the first phase variable, and sets the 
subsequent phase variable to conduct water resources allocation planning according to the practical 
situation of supply and demand. In this way, it can make an analysis on the water resources allocation 
scheme set in advance to make the allocation of water resources under the condition of uncertainty. 
This model can not only effectively handle the uncertainty problem of random numbers in water 
resources system but also solve the random problem that probability information is very difficult to 
obtain, to put forward the policy solution under different situations. Through the opportunity con-
straint planning, in-depth analysis of the balance between system stability and the risk of environmen-
tal default will provide suggestions for the decision-making of the integrated environment, economy 
and system reliability factors.
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1. Introduction

In recent years, with the increasing demand for water due 
to the development of urbanization and industrialization, 
water shortage has become a key factor restricting economic 
and social development. In the water supply and drainage 
system, due to the unbalanced and seasonal variation of 
precipitation distribution, it is easy to face the risk of water 
shortage in the water supply department [1]. Therefore, it is 
highly anticipated for the water supply and drainage sys-
tem in which various uncertainties and complexities can be 
effectively determined [2]. This paper develops an opportu-
nity constraint multi-stage approach, introduces the oppor-
tunity constraint planning in the framework of multi-stage 

planning, and effectively processes the uncertainties in the 
model [3]. Application of the multi-stage method into the 
water supply and drainage management planning is to 
reflect and deal with the complexity of stochastic uncertainty 
and multi-user competition water in the distribution model 
[4]. Chance constrained multi-stage method can also gener-
ate multi-stage water resources allocation scene to form dif-
ferent water distribution options. At the same time, in view 
of the actual value of available water resources distribution, it 
can provide a quantitative interaction analysis between sys-
tem economic returns and the risk of default for policy mak-
ers, obtain the characteristics of water resources shortage of 
different stages, and support the rational allocation of water 
supply and drainage system [5].
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2. Method construction

2.1. Opportunity constraint multi-stage model

In the water supply and drainage management system, the 
amount of water is a random variable in the form of probability 
distribution, and water distribution policy has multi-stage 
dynamic randomness [6]. Probability can be used to describe 
these random variables which will be equal to the specific 
value, or describe the possibility in a given range of a particu-
lar value [7]. Multi-stage stochastic programming method can 
reflect the system uncertainty through a screening process to 
effectively simulate the dynamic change of system conditions 
[8]. The main advantages of this method based on scenario 
analysis are that it has a lot of flexibility when the decision pro-
cess is simulated and the scenario is defined, and the outputs 
of multiple sets of results can be made. Especially when the 
dimension is quite high, this method is more effective. In plan-
ning, the uncertainties caused by the random variables often 
characterized by dynamics, that is, the decision will change 
with the different level of random probability at different plan-
ning stages, and such a problem can be solved by multi-stage 
planning [9]. In multi-stage stochastic programming approach, 
uncertainty is generalized as a multi-layers scenario tree. At 
each stage of the tree, random variables and tree nodes at each 
stage (tree nodes represent a variety of cases) are one-to-one 
correspondence [10]. The chance probability constraint model 
can deal with the uncertainty expressed by the random vari-
able and the probability in the probability constraint condition.

Because of the uncertainty of dynamic changes in the 
management of water supply and drainage, many differ-
ent stages of decision and information need to be taken into 
consideration [11]. At the same time, under the condition of 
limited resources, meeting the resource requirements of mul-
tiple users leads to the existence of default risk [12]. These 
complexity and uncertainty are expressed as parameters 
with random probability characteristics [13]. Therefore, we 
construct chance constrained multi-stage stochastic program-
ming method and introduce probability constraint into multi-
stage planning framework. The build model is as follows:
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In the management distribution of water supply and 
drainage system, the developed model can directly deal 
with various forms of uncertainty (probability distribution 
and interval value) [14]. Based on the related management 
policy of water resources, decision makers first make a 
pre-judgement on the supply of water in different industries 
during the planning period according to the industry water 
demand and the available water resources, and then make 
initial water allocation plan [15]. 

Therefore, the pre-judged and determined initial config-
uration scheme of water resources were selected as the first 
phase variable, and the subsequent phase variable was set to 
conduct water resources allocation planning according to the 
practical situation of supply and demand [16]. It can not only 
maximize the utilization of water resources and minimize 
economic loss resulting from water shortage in the case of 
given initial water resources allocation scheme but also ana-
lyze the pre-established water resources allocation scheme 
[17]. In addition, a series of policy scenarios can be quantified 
by dealing with different probability levels, and the dynamic 
characteristics of the system can be described to make water 
supply and drainage distribution scheme under uncertain 
conditions (Fig. 1).

The physical meanings and corresponding definitions of 
the relevant economic parameters in model (1) are as follows:

NBit is the economic gain ($/m3) of the ith user in the t 
period when the water demand is met; Cit is the economic 
loss ($/m3) when the ith user is not satisfied with the water 
resource requirements within the t period, (PEit > NBit); EXit 
is the economic input value ($/m3) in the process of obtain-
ing water resources in the t period. f is the system benefit 
value ($). On the other hand, the specific physical meaning 
and corresponding definition of the related water resource 
parameters in model (1) are as follows: Wit is the water and 
drainage distribution target (m3) in the t period; Ditk is the 
water resource shortage (m3) in the situation k of the period t. 
Wit is the actual water resource allocation for the i user during 
the t period. Witmax is the largest water resource requirement 
(m3) of the ith user during the t period; A0 is the area coeffi-
cient; Aa is the effective amount of water of per unit area. In 
addition, the physical meanings of other parameters in the 
models (2)–(8) are defined as follows:

t is the time period, which is defined as t = 1, 2,…, T; ptk  is 
the probability of occurrence of scenario k in the t time period 
and is defined as ptk > 0 and ptkk

Kt =
=∑ 1

1
;  et is the average 

evaporation rate in the t time period; i is the different water 
resource user, i = 1, 2,…, I; Kt is the number of scenarios in 
the t time period; Qtk is the random value (m3) of the amount 
of water (runoff) in the scenario k in the t time period; Rtk is 
the amount of runoff (m3) from the situation k in the t time 
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period; RSC is the capacity (m3) of the river to store water 
resources; RSV is the lowest amount of water resources (m3) 
in the river; Stk is the value (m3) of amount of water storage in 
scenario k in the t time period.

3. Results and discussion

The solutions of water shortage under the given targets 
are combinations of interval and probability information 
[18]. This reflects the variations of system conditions caused 
by uncertain inputs of economic data, storage capacities, 
reserve water requirements, and stream flow. 

In general, under advantageous conditions (e.g., stream 
flow and storage capacities approach their upper bounds), 
the shortage levels may be low; however, under demanding 
conditions, the shortages may be raised. Moreover, the lower 
bound of water shortage (i.e., Ditk) corresponds to a higher 
system benefit, and vice versa [19,20].

At each level of joint probability, there were two sets of 
individual probabilities (i.e., scenarios A and B). In scenario 
A, increasing levels of individual probabilities were kept (e.g., 
0.002, 0.003 and 0.005 in scenario 1A, which represented that 
violation levels for the chance constraints were increasing; In 
scenario B, individual probabilities were kept all the same 
as one-third of the joint probability (e.g., 0.0033, 0.0033 and 
0.0033 in scenario 1B). It is indicated that the solutions for the 
objective function value and most of the non-zero decision 

variables are interval numbers. For example, in period 3, the 
result of y31opt = 1 indicated that the optimized allocation tar-
get for the municipal sector would be W31opt = 231.4 × 106 m3 
(approaching its upper bound); in comparison, the results of 
y32opt = y33opt = 0 show that the optimized target for the indus-
trial user and agricultural sector would reach its lower bound. 
The optimal targets for municipal sector would be 231.4 × 106 
while the optimal targets for industrial and agricultural sec-
tors would be 132.7 × 106 m3 and 112.6 × 106 m3.

4. Conclusion

Water resources optimization is an effective way of solv-
ing the shortage of water resources, improving the efficiency 
of water resources utilization, and promoting the coordi-
nated development of society, economy and environment. 
For water resources system with multiple water sources and 
multiple water supply systems, we generally take the lowest 
system cost or maximum comprehensive benefit as the objec-
tive function to obtain the most reasonable water supply, 
combining with the constraint conditions. However, there is 
uncertainty in the relationship between supply and demand.

By introducing a multi-stage planning and chance con-
strained programming, this paper develops a model of 
chance constrained multi-stage method, and applies it into 
the water supply and drainage system. It provides scientific 
basis and technical support for the basin comprehensive 

Water supply and 
drainage configuration 

Analysis on the change 
of water supply and 

water demand 
 

Identification of  
the impact mechanism  
of climate change on 

water resources 

Meteorological 
 phenomena 

Hydrology 

Environment 

Economy 

Multistage 
model of 

opportunity 
constraint 

Other uncertainties 
Comprehensive 

consideration of the 
change of water supply  
in different conditions 

Comprehensive 
consideration of the 

change of water 
demand in different 

conditions 

Fig. 1. Multi-stage model for establishing opportunity constraint for water supply and drainage system.
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decision. This model can not only effectively handle the 
uncertainty problem of random numbers in water resources 
system but also solve the random problem that probability 
information is very difficult to obtain, to put forward the 
policy solution under different situations. Through the test 
of water resource allocation scheme and complex tradeoffs 
relationship between the water shortage and default risk, 
this paper presents a series of policy options in different sce-
narios. At the same time, through the opportunity constraint 
planning, in-depth analysis of the balance between system 
stability and the risk of environmental default will provide 
suggestions for the decision making of the integrated envi-
ronment, economy and system reliability factors.
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