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a b s t r a c t
A mathematical model is developed in this paper to describe the operation of fluidized bed pellet 
reactor (FBPR) operating semi-continuously with liquid recycle. The reactor is designed to remove 
targeted ions from wastewater by reaction to form a sparingly soluble salt which precipitates on the 
seed pellets. The model can determine the variations of the ion concentration, the pellet size, and the 
voidage along the bed height during operation. In addition, it also allows one to calculate the effect of 
the reagent concentration and the recirculation ratio on the effluent ion concentration. A design proce-
dure for FBPRs based on the model is also proposed.
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1. Introduction

In recent years, fluidized bed pellet reactors (FBPRs) have 
been extensively applied in three areas including: (1) the 
softening of drinking and process water [1–7], (2) the removal 
of phosphates from industrial and municipal wastewater 
[8–21], (3) removal of fluoride [22–28], and (4) the removal 
and recovery of heavy metals and anions [29–43]. In the tradi-
tional unseeded precipitation treatment of wastewater where 
a dissolved component has to be removed, the addition of pre-
cipitating chemicals results in the formation of sludge. Then 
the sludge produced must be transported to and disposed 
of in a waste landfill. On the contrary, a major advantage of 
the FBPRs is the production of a small amount of water-free, 
reusable pellets, without extra surplus sludge production. 
For instance, the CaCO3 pellets produced in water soften-
ing can be sold to the livestock feed industry; the Ca3(PO4)2 
pellets produced in phosphate removal can be sold to the 
phosphate processing industry; the NiCO3 pellets produced 
in nickel recovery can be dissolved in a strong acid to recover 
a pure concentrated metal solution, which can be reused in 

the metal-finishing, the metal processing or the chemical 
industry. Another characteristic of the FBPRs is that the flu-
idization of pellets provides a large crystallization surface, 
so that the process operates at high rate and with high effi-
ciency. Consequently, the system is compact, requires a rela-
tively low investment, and has low operational costs. 

Recirculation is commonly applied in FBPRs [43]. 
Recirculation provides a number of benefits including 
damping fluctuations in flow and contaminant concentration 
in the wastewater, increasing operational flexibility, diluting 
the feed to prevent primary nucleation in the reactor and 
ensuring that the bed remains fluidized at all times. 

Due to the increasing application of FBPRs, a number 
of studies on the performance of FBPRs have been 
reported [44–54]. These studies mainly concentrated on the 
experimental investigation of the process conditions on the 
performance of FBPRs. In this paper, a mathematical model 
will be presented to simulate the flow behavior of FBPRs. 
The effect of process conditions, such as influent reagent 
concentration and circulation ratio on the performance of 
an FBPR will be investigated in the example calculations. 
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The simulation results can provide useful guide to optimize 
the operation parameters in the design of an FBPR. 

2. Mathematical model

A schematic diagram of a typical FBPR is shown in 
Fig. 1. An aqueous stream is pumped in an upward direc-
tion through a cylindrical pellet reactor containing about 10% 
(wt%) seeds, such as filter sands, and the pellet bed is kept 
in the fluidized state. The supersaturation for crystallization 
is maintained by the dosage of a suitable chemical. As the 
mixture of recirculation and influent streams is injected at 
the bottom of the reactor, supersaturation is at a maximum 
at the bottom and approaches zero at the top of the fluidized 
bed. Supersaturation is kept within the metastable region 
to avoid nucleation along the reactor. As a consequence, the 
pellets near the bottom grow faster in size and weigh more 
than those near the top of the reactor. Periodically, pellets are 
washed from the bottom of the reactor and fresh pellets are 
added, while clean water leaves via an overflow at the top of 
the reactor. The flow behavior in the above-mentioned FBPRs 
is quite complex since it is an unsteady state operation and 
the ionic concentration, the pellet size and the voidage along 
the bed height vary during the operation. 

Shiau et al. [55] developed a mathematical model to sim-
ulate the flow behavior of crystal growth in a fluidized bed 
crystallizer operated in a batch mode. In the operation of the 
fluidized bed crystallization, supersaturation is generated 
by cooling a concentrated solution to a temperature below 
the solute solubility temperature. Seed crystals are initially 
placed in the crystallizer and allowed to grow as the super-
saturated solution is pumped continuously into the bottom of 
the crystallizer. On the other hand, in the FBPRs described in 
this work, supersaturation is created by mixing the contami-
nated wastewater with the reagent solution. The seeds, such 
as filter sands, are initially placed and kept in the fluidized 
state. Then solid product precipitates onto the surface of the 

seeds during the operation. In addition, recirculation is gen-
erally employed in an FBPR while there is no recirculation 
present in the crystallization model developed by Shiau et al 
[55]. In view of the differences of the flow behavior between 
a fluidized bed crystallizer and an FBPR, a mathematical 
model will be developed in this section to simulate the FBPR 
operation. In the development of the model, the following 
assumptions are made:

(1)	 the seeds are initially uniform-sized, 
(2)	 the seeds are spherical and remain spherical during the 

growth,
(3)	 no breakage of pellets occurs,
(4)	 the supersaturation is kept within the metastable region 

so that spontaneous precipitation will not form,
(5)	 the liquid phase moves upward through the bed in plug 

flow, 
(6)	 the fluidized bed is perfectly mixed in the radial direction 

and perfectly segregated in the axial direction (analogous 
to the assumptions in a plug flow reactor).

To simulate the precipitation process of an FBPR described 
above, the fluidized bed is subdivided into N stages each of 
which contains pellets of equal size and solutions of equal 
supersaturation as depicted in Fig. 2. As N approaches infin-
ity, assumptions (5) and (6) will be satisfied. Each stage con-
tains the same number of pellets. As the operation proceeds, 
the height of each stage will change with time as the fluid flow 
rate changes and the particles grow. We consider that an influ-
ent containing A+x ion mixes with the chemical reagent con-
taining B–y ion to form AaBb precipitation on the pellet surface:

aA bB A Bx y
a b

+ −+ → � (1)

While pellets continue to grow during the operation, the 
variations of pellet size, bed voidage and bed height in stage 

Fig. 1. A typical fluidized bed pellet reactor. Fig. 2. Schematic diagram of a fluidized bed within an FBPR.
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j (j = 1, 2, …, N) need to be derived. The mass balance of the 
two ions, A+x and B–y, in stage j can be respectively described 
as (Fig. 2):

d
dt
SH C Q C Q C N L G a

aM bMj j A j j A j j A j P P j j
A B
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where SHjεj denotes the volume of the liquid phase in stage 
j and aMA+bMB is the molecular weight of AaBb. The terms 
on the left-hand side of Eqs. (2) and (3) are, respectively, the 
rate of cation and anion accumulation in stage j. The first 
and second terms on the right-hand side of Eqs. (2) and (3) 
indicate the inlet and outlet ion molar flow rates in stage j, 
respectively, and the last term denotes the rate of growth on 
the surface of the suspended pellets in stage j. The factor 1/2 
in the last term of Eqs. (2) and (3) arises because Gj is the 
growth rate of pellet diameter. The inlet conditions at the 
entrance of stage 1 can be expressed as:

Q Q Q QA B R0 = + + � (4)
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where Q0 is the mixed flow rate of QA+QB+QR. Note that QA, 
QB, QR, CA, in and CB, in remain unchanged during the opera-
tion. However, as CA, N and CB, N of the recirculation flow vary 
during the operation, CA, 0 and CB, 0 at the entrance of stage 
1 also change with the operating time. For convenience, the 
recirculation ratio is defined as: 

R
Q

Q Q
R

A B

=
+ � (7)

For AaBb crystallization (or precipitation) kinetics, the 
growth rate Gj is generally represented as a power law 
expression [56]: 
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where Ksp is the solubility product of AaBb. Similarly, the 
mass balance of the solvent (i.e., water) in stage j can be 
described as:

d
dt
SH Q Qj j j jε  = −−1 � (9)

Here it is assumed that the volume of solutes in the solu-
tion can be neglected. It should be noted that Eqs. (2), (3) 
and (9) have stated that the volume of stage j varies with the 
operating time. By substituting Eq. (9) into Eqs. (2) and (3), to 
eliminate Qj, one obtains: 
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As the pellets in stage j grow, the local voidage of stage j 
will vary with the operating time. In practice, Richardson and 
Zaki [57] equation is often adopted to describe the expansion 
characteristic of the fluidized bed:

u us i j j
zj= , ε � (12)

u ui j t j
L Dj

, ,
/= −10 � (13)

where us is the superficial velocity of the solution and ut, j is the 
terminal free-fall velocity of the particles of size Lj placed in 
the column of diameter D. The superficial velocity normally 
lies between terminal velocity and minimum fluidization 
velocity. The expansion index zj is a function of Ret, j and is 
given by:
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The term ut, j in Eqs. (13) and (15) is the terminal free-fall 
velocity of crystals of size Lj which can be evaluated as 
follows [58]:
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where ρe is the effective density of an AaBb-covered particle 
(Fig. 3) and is defined as:
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For instance, ut, j lies between 0.0327 and 0.1635 m/s and 
Ret, j lies between 6.54 and 163.5 for particles of ρe = 2,600 kg/m3 
and size 200–1,000 µm suspended in a dilute aqueous solu-
tion. Assuming theses ranges of values and differentiating 
Eqs. (12)–(16) with respect to t gives:
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Substituting Eqs. (19–22) into Eq. (18) yields:
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The above equation determines the local voidage of stage 
j as a function of the operating time. As the local voidage 
varies, the local bed height of stage j can be calculated by: 
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It should be noted that SHj (1–εj) is the volume of the solid 
phase in stage j, which equals NP πLj

3/6, the total volume of 
pellets in stage j. Differentiating Hj in Eq. (24) with respect to 
t gives:
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Eqs. (8), (10), (11), (23), and (25) can be solved simultane-
ously by numerical methods to determine Lj, CA, j, CB, j, εj, and 
Hj for stage j as a function of the operating time. Note that 
the solution flow rate Qj–1 in Eqs. (10) and (11), which varies 
with the stage number and the operating time, needs to be 
determined using Eq. (9). At t = 0, the values of (Lj, CA, j, CB, j, 
Hj, εj) are set to be (L0, CA,0, CB,0, H0/N, ε0), where H0/N is the 
initial bed height of each stage at the start of a run. The initial 
values of ε0 and H0 can be calculated by using Eqs. (12)–(16) 
and (24) when the seed size and the liquid superficial velocity 
are given. In this work, the differential equations are solved 
in MATLAB using the routine ode45.

3. Case studies

3.1. Recovery of nickel as nickel carbonate

The simulation results of an FBPR are presented below 
to demonstrate the application of the developed model. The 
process of the Ni2+-containing wastewater mixed with the 
CO3

–2-containing reagent stream in an FBPR will be discussed. 
Here, we assume that the component precipitating on the 
pellet surface is only nickel carbonate by controlling the pH 
of the solution into the FBPR. The conditions employed in the 
example and the kinetic parameters are listed in Table 1. The 
value of the growth rate constant kg is taken from Lee [59]. 
For the seed particles of density 2,600 kg/m3 and size 200 µm 
settling freely in an aqueous solution, Ret equals 6.54 and ut 
equals 0.0327 m/s. The superficial velocity is determined by 
Q0 /S, and us is equal to 0.0214 m/s at R = 100. It should be 
noted that the value of us must be kept below the value of ut 
to avoid carry-over of solids from the bed. 

As pellets grow at different rates in different stages 
during the operation, the pellets in the fluidized bed exhibit 
a particle size distribution. The total mass of nickel carbonate 
in the pellets can be expressed by:

W W N L Lt
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N

P j P− = −( )
=
∑0

1

3
0
3

6
π

ρ � (26)

where Wt is the total pellet mass which increases with the 
operating time and W0 is the total seed mass. In Fig. 4, 
(Wt – W0)/W0 and Ht/H0 are plotted against the operating time 
at CA,in = 0.03 M, CB,in = 0.09 M and R = 100. As shown in the 
figure, the total bed height (Ht), which determines the size 
of the reactor, increases with the operating time and reaches Fig. 3. A pellet with AaBb precipitating on the surface.
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about 1.16 times of the original bed height after 50-h opera-
tion. In practice, the operation period of an FBPR may last for 
several weeks; thus, the increase of the total bed height can be 
quite significant and needs to be carefully considered in the 
design of an FBPR. It should be noted that the total mass of 
nickel carbonate in the pellets increases up to 60% after 50 h 
of operation. 

Figs. 5–7 show, respectively, the variations of the Ni2+ 
concentration, the pellet size and the bed voidage with the 
vertical position within the FBPR for various operating 
times at CA, in = 0.03 M, CB, in = 0.09 M and R = 100. In Fig. 5, 
CA /CA, in is a monotonic decreasing function of H/Ht for sev-
eral operating times. As the inlet nickel ion is treated with the 

Table 1
Conditions employed in the nickel carbonate example

Parameter Value

L0, µm 200
Nt 3 × 107

W0, kg 0.3267
D, m 0.06
n in Eq. (5) 0.914a

kg in Eq. (5), m/s 1.6462×10–11a

QA, m3/s 3×10–7

QB, m3/s 3×10–7

CA, in, M 0.03
Ksp, M2 6.6×10–9

µ, kg/m/s 1×10–3

ρ, kg/m3 1,000
ρp, kg/m3 2,600
ρs, kg/m3 2,600
N 40
Δt, s 0.1
ts, h 50

aData from a study by Lee [59].

Fig. 4. Total bed height and weight of precipitate vs. time for the 
nickel carbonate system

Fig. 5. Relative concentration of Ni2+ at different positions.

Fig. 6. Relative seed diameter of NiCO3 pellets vs. position at 
different times.

Fig. 7. Bed voidage vs. position for NiCO3 system at different 
times.
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carbonate-containing reagent to form NiCO3 precipitation on 
the pellets surface, the Ni2+ concentration decreases along the 
upward flow direction of the bed. Due to the dilution effect 
of the recirculation flow, the mixed Ni2+ concentration at the 
bottom of the FBPR drops during the operation. Then, the 
decrease of Ni2+ concentration along the bed height follows 
the similar pattern at several operating times. In addition, as 
the pellets grow larger and the overall surface areas of pellets 
available for pellet growth become larger, the effluent Ni2+ 
concentration also decreases during the operation, as shown 
in Fig. 5. In Fig. 6, the pellet size decreases monotonically 
with the bed height for selected operating times. It is obvious 
that the pellet size increases with time at any position of the 
bed. Also, one can see that the variation of the pellet sizes 
within the bed increases as the operating time is increased. 
It can be seen in Fig. 7 that the voidage of the bed increases 
monotonically with H/Ht. The value of initial voidage ε0 
(=0.894) is exhibited by the dotted line. As indicated in Fig. 7, 
the bed voidage drops faster with the operating time at the 
lower part than that at the upper part of the bed. For instance, 
the bed voidage drops slightly from 0.894 to 0.881 at the top 
while the bed voidage at the bottom is reduced from 0.894 to 
0.829 after 50-h operation.

Fig. 8 shows the Ni2+ concentration vs. position in the bed 
after 50 h for three different seed masses. As expected, if the 
seed mass is increased, the Ni2+ ion concentration decreases. 
If the seed mass is doubled, the effluent concentration has 
nearly reached the equilibrium concentration at a position 
60% of the distance from the bottom to the top of the bed.

Fig. 9 shows the effect of the recycle ratio R on the Ni2+ 
ion concentration profile. Increase in recycle ratio increases 
mixing, which decreases the ion concentration at the bottom 
of the bed but increases the concentration near the top of the 
bed. 

Figs. S1–S4 in the supplement show additional results for 
the nickel carbonate case study. Figs. S1 and S2 show the effect 
of changing the bed diameter. The relative concentration 
profile and relative particle size profile remain unchanged 
because the kinetic model for the nickel carbonate crystals 

predicts that the crystal growth rate does not depend on the 
fluid superficial velocity. If the bed diameter is increased, 
then the bed height and superficial velocity are decreased, 
but the relative concentration and particle size are unaffected.

Fig. S3 shows the effect of recycle ratio on particle size 
distribution. Because of the mixing effect, as the recycle ratio 
increases the bed becomes less stratified, that is, the differ-
ence in particle size between the top and bottom of the bed 
decreases. Fig. S4 shows the effect of changing the feed con-
centration of reagent on the Ni2+ ion concentration profile. If 
the feed concentration ratio is reduced to 1, the concentration 
across the bed is significantly increased because the driving 
force for crystallization is substantially reduced. An excess 
of reagent ion (CO3

2−) can reduce the Ni2+ ion concentration 
dramatically. 

3.2. Removal of fluoride as calcium fluoride

As a second example, consider the removal of fluoride 
ions from wastewater. Calcium fluoride is sparingly soluble 
in water (KSP = 3.4 × 10–11 M2) and so 

Aldaco et al. [60] provided the following kinetic model 
for the growth rate of calcium fluoride crystals in a pellet 
reactor:

G L u Sj s= × −2 96 10 5
0
1 37 0 49 1 02. . . .

� (27)

where S denotes supersaturation, which is defined as:
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Tables 2 and 3 show the physical properties and base-
case process properties, respectively, for the calcium fluoride 
process.

Fig. 8. Concentration vs. position for three different seed pellet 
loadings.

Fig. 9. Nickel concentration vs. position for different values of 
the recycle ratio.
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Fig. 10 shows the relative bed height and seed pellet mass 
over 50 h of operation. As with the nickel carbonate process, 
both rise steadily during the batch as mass is deposited on 
the pellets and they grow larger. Fig. 11 shows the concen-
tration of fluoride ion vs. position in the reactor at different 
times. As for the nickel carbonate case, the outlet concentra-
tion gradually decreases during the batch as the pellet size 
(and therefore surface area) increases. The outlet concentra-
tion of fluoride ion is greater than that of nickel concentration 
because of differences in the kinetic rate expression, equilib-
rium concentration and feed concentrations. The design of a 
process that can achieve a desired contaminant outlet con-
centration are given in Section 4.

Figs. S5 and S6 in the supplement show the relative pel-
let diameter and bed voidage profiles, respectively, for the 
calcium fluoride process at different times after the start 
of the batch. Figs. S7 and S8 show the relative fluoride ion 
concentration and particle diameter respectively vs. relative 
position in the bed for different seed masses. Figs. S9 and S10 
show the effect of changing the bed diameter. Because the 
crystal growth rate is a function of fluid velocity for the cal-
cium fluoride process (Eq. (27)) the bed diameter has a signif-
icant effect on the profiles. When the bed diameter is smaller, 
the superficial velocity is greater, and therefore the predicted 
crystal growth rate is also larger.

Figs. S11 and S12 show the effect of changing the recycle 
ratio. As for the nickel carbonate process, increasing the recy-
cle ratio increases the mixing in the process; however, it also 
increases the bed superficial velocity, leading to a greater 
crystal growth rate. Therefore, the outlet concentration of 
fluoride ion decreases and pellet size increases as the recycle 
ratio increases. Finally, Figs. S13 and S14 show the effect of 
changing the reagent concentration. As the calcium concen-
tration in the reagent feed increases, the fluoride concentra-
tion decreases and the pellet size increases.

3.3. Removal of ammonium and phosphate as struvite 
(magnesium ammonium phosphate, MgNH4PO4)

As a final example, the removal of ammonium and 
phosphate as struvite (magnesium ammonium phosphate) 
is considered. Ammonium and phosphate are found in 
wastewater from farms as well as the food and beverage 

Table 2
Physical properties for calcium fluoride

Symbol Value

a 1
b 2
MA, g/mol 40.078
MB, g/mol 18.998
Ksp, M2 3.4 ×10–11

ρ, kg/m3 1,000
ρp, kg/m3 3,180
ρs, kg/m3 2,710
µ, Pa·S 1.0 × 10–3

kg, m/s 2.96 × 10–5

n 1.02

Fig. 10. Bed height and net pellet mass vs. time for the calcium 
fluoride system.

Fig. 11. Fluoride concentration vs. bed position at different times 
for the calcium fluoride system.

Table 3
Experimental and initial conditions for calcium fluoride system

Symbol Value

L0, µm 425
Nt 642,630
W0, kg 0.07
D, m 0.02
QA, m3/s 1.15 × 10–6

QB, m3/s 1.72 × 10–6

CA,in, M 0.00374
CB,in, M 0.007896
N 40
ts, h 50
R 0
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industries. Discharging water rich in these nutrients into the 
environment can cause eutrophication. Ali and Schneider 
[11] presented the following kinetic model for the growth of 
struvite crystals:

dL
dt

S= ±( ) ±46 64 8 026 1 48 0 162. . . . � (29)

For the struvite process, ions are identified as fol-
lows: A = Mg2+, B = NH4

+, C = PO4
3− . Tables 4 and 5 show the 

physical properties and base-case process conditions, respec-
tively, for the struvite process.

Fig. 12 shows the relative values of the bed height and solid 
pellet mass during a batch. Because somewhat smaller pellets 
are used in the struvite process and because there are two con-
taminant ions which precipitate out of solution, the bed height 
more than doubles and the pellet mass more than triples after 
only 10 h. Therefore, this shorter batch time is adopted for 
the struvite process. Fig. 13 shows the phosphate ion concen-
tration vs. position in the bed for different times, and Fig. 14 
shows the pellet height vs. position at different times. Fig. S15 

in the supplement shows the bed voidage vs. bed height for 
different times after the start of the batch. Figs. S16 and S17 
show the dimensionless outlet concentration and pellet size 
profiles after 10 h for different bed diameters. Since the crys-
tal growth rate model does not predict any dependence of the 
crystal growth rate on the solution superficial velocity, the 
curves overlap as was the case for the nickel carbonate system.

4. Reactor design procedure

4.1. General design procedure

The process model described in this work can be used 
either to model an existing FBPR or as part of a design pro-
cedure. In this section, a systematic design procedure for 
an FBPR based on the model is presented. The procedure is 
shown schematically in Fig. 15. The procedure begins with 
the specification of the seed size (L0), the volumetric flow rate 

Table 4
Physical properties of struvite

Symbol Value

a 1
b 1
c 1
MA, g/mol 24.305
MB, g/mol 18.038
MC, g/mol 94.971
Ksp, M3 7.08 × 10–14

ρ, kg/m3 1,000
ρp, kg/m3 1,700
ρs, kg/m3 1,700
µ, Pa·s 1.0 × 10–3

kg, m/s 46.64
n 1.48

Table 5
Experimental and initial conditions for struvite system

Symbol Value

L0, µm 140
Nt 1 × 106

W0, kg 0.0024
D, m 0.08
QA, m3/s 2.78 × 10–7

QB, m3/s 2.78 × 10–7

CA,in, M 0.005
CB,in, M 0.005
CC,in, M 0.005
N 40
ts, h 10
R 50

Fig. 12. Bed height and net pellet mass vs. time for the struvite 
system.
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Fig. 13. Phosphate concentration vs. position for different values 
of the recycle ratio.
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of the contaminated wastewater (QB), the recycle rate R, and 
the inlet and desired outlet concentrations of the contami-
nant (CB,in and CB,out, respectively).

Next, knowing the density and size of the seed particles, 
the single particle terminal velocity can be calculated. Then 
a reasonable value of the superficial velocity can be deter-
mined in order to ensure that the bed is fully fluidized but 
no particles are entrained in the liquid. Next the concentra-
tion of the reagent can be determined from the solubility of 
the reagent in water, and the volumetric flow rate of reagent 
solution can be determined based on the reagent concentra-
tion, the desired contaminant outlet concentration, and the 
product solubility constant. Next the bed diameter can be 
determined given the volumetric flow rates and superficial 
velocity. Finally, an initial guess is made for the initial pellet 
mass. The model can then be run and the outlet concentration 
can be checked against the desired outlet concentration. If the 

outlet concentration exceeds the desired outlet concentration, 
the seed pellet mass can be increased until the desired outlet 
concentration is achieved.

4.2. Illustration of design procedure

As an example, consider the treatment of wastewater con-
taining 500 mg/L fluoride ion. Suppose it is desired to reduce 
the outlet concentration to 5 mg/L. Additional parameters for 
the design are given in Table 6.

First, the single pellet terminal velocity is calculated from 
Eq. (16): ut,0 = 0.0342 m/s. The superficial velocity is set to be 
60% of the terminal velocity because this velocity should 
be greater than the minimum fluidization velocity but less 
than the terminal velocity over the entire batch. The reagent 
is taken to be calcium hydroxide Ca(OH)2 with a concen-
tration of 0.01M. Assuming that the outlet concentration of 
calcium fluoride is nearly in equilibrium with the solid and 
knowing the solubility product constant, the required inlet 
flow rate of calcium hydroxide solution can be determined. 
Finally, knowing the feed flow rates of both streams, the recy-
cle ratio and the superficial velocity, the bed diameter can be 
determined.

There is one remaining unknown parameter, which is 
the mass of seed pellets. A suitable mass of seed pellets can 
be found by simulating the process operation for different 
values of the seed mass. The results of such simulation are 
shown in Fig. S18. When a seed mass of 350 g is used, the 
dimensionless fluoride ion concentration drops below 0.01 
after 50 h. Finally, after the seed mass is determined, the bed 
height at the end of the batch can be calculated. The actual 
reactor height is set to be 20% larger than the maximum bed 
height to allow for settlement of entrained particles and for a 
margin of error. 

5. Conclusions

This paper presents a mathematical model for the simu-
lation of an FBPR. The model consists of a series of coupled 
ordinary differential equations and accounts for variation in 
pellet size and reagent and contaminant concentration with 
axial position in the reactor. The model was applied to three 
relevant problems in industrial wastewater treatment: recov-
ery of nickel as nickel carbonate, removal of fluoride as cal-
cium fluoride, and removal of ammonium and phosphate as 
struvite. The model is useful for understanding the behavior 
of FBPRs and the effect of modifying design parameters on 
the performance of the reactor. A process design procedure 
based on the model is also proposed and illustrated with an 
example of a process to produce an FBPR for removal of flu-
oride from wastewater.

Table 6
Parameters for FBPR process design

Symbol Value

R 10
CB,in, mg/L 500
QB, m3/h 0.001
L0, µm 200
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Fig. 14. Seed diameter vs. position for at different times for the 
struvite system.
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Fig. 15. Flowchart for FBPR design.
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Symbols

a	 —	 Number of A in the molecule AaBb
b	 —	 Number of B in the molecule AaBb
CA, 0	 —	� Concentration of A+x in the mixed flow of Q0 

given by Eq. (5), kmol/m3

CA, in	 —	� Concentration of A+x in the influent, kmol/m3

CA, j	 —	 Concentration of A+x in stage j, kmol/m3

CA, N	 —	� Concentration of A+x in stage N, that is, the 
effluent concentration of A+x, kmol/m3

CB, 0	 —	� Concentration of B–y in the mixed flow of Q0 
given by Eq. (6), kmol/m3

CB, in	 —	�� Concentration of B–y in the reagent stream, 
kmol/m3

CB, j	 —	 Concentration of B–y in stage j, kmol/m3

CB, N	 —	� Concentration of B–y in stage N, that is, the 
effluent concentration of B–y, kmol/m3

D 	 —	 Diameter of the bed, m
g 	 —	 9.8 m/s2, gravity acceleration
Gj 	 —	 Growth rate of pellets in stage j, m/s 
H 	 —	� Vertical position from the bottom of the bed, m
H0 	 —	 Total bed height at the start of a run, m
Hj 	 —	 Bed height of stage j, m
Ht 	 —	 Total bed height at time t (= Hjj

N

=∑ 1 ), m
kg 	 —	 Constant in Eq. (5), m/s
Ksp 	 —	 Solubility product of AaBb, (kmol/m3)3a+b

L	 —	 Pellet diameter, m
L0	 —	 Seed diameter, m
Lj 	 —	 Pellet diameter in stage j, m
MA	 —	� Molecular weight of A in the molecule AaBb, 

kg/kmol
MB	 —	� Molecular weight of B in the molecule AaBb, 

kg/kmol
n 	 —	 Constant in Eq. (5)
N	 —	 Number of stages in the bed
NP	 —	 Number of pellets in each stage (=Nt /N)
Nt 	 —	 Total number of seeds
Q0 	 —	� Mixed flow rate of QA+QB+QR at the entrance 

of stage 1, m3/s
QA 	 —	� Flow rate of the A+x-containing influent, m3/s
QB 	 —	� Flow rate of the B–y-containing reagent stream, 

m3/s
Qj 	 —	� Outlet flow rate of the solution from stage j, 

m3/s
QR 	 —	 Recirculation flow rate, m3/s
R 	 —	 Recirculation ratio given by Eq. (4)
Ret, j 	 —	 Reynolds number given by Eq. (11)
S	 —	 Cross section area of the bed, m2

t	 —	 Operating time, s
ts	 —	 Duration of a batch operation, s
us	 —	 Superficial velocity, m/s
ui, j	 —	 Velocity given by Eq. (9), m/s
ut, j	 —	 Terminal velocity of pellets in stage j, m/s
W0	 —	 Total mass of seeds (= N Lt Sπ ρ0

3 6/ ), kg

Wt	 —	 Total mass of pellets at time t, kg
x 	 —	 Charge number of A+x

y 	 —	 Charge number of B–y

zj 	 —	 Expansion index given by Eq. (10)

Greeks 

ε0	 —	 Initial bed voidage 
εj	 —	 Bed voidage of stage j
µ	 —	 Viscosity of the solution, kg/m/s
ρ	 —	 Density of the solution, kg/m3

ρe	 —	� Effective density of the AaBb-covered pellet, 
kg/m3

ρP 	 —	 Density of the precipitation AaBb, kg/m3

ρS	 —	 Density of the seed, kg/m3
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Supplementary material

Fig. S1. Distribution of relative Ni2+ concentration for different 
bed diameters.

Fig. S2. Distribution of relative NiCO3 seed size for different bed 
diameters.

Fig. S3. Distribution of relative NiCO3 seed size for different 
recycle ratios.

Fig. S4. Distribution of relative Ni2+ concentration for different 
feed ratios vs. bed height.
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Fig. S5. Relative CaF2 seed diameter at different positions.

Fig. S6. Bed voidage of CaF2 system at different positions.

Fig. S7. Concentration profile of F– for different amount of seed 
pellets.

Fig. S8. Distribution of CaF2 seed diameter for different amount 
of seed pellets.

Fig. S9. Concentration profile of F– for different bed diameters.

Fig. S10. Distribution of relative CaF2 seed size for different bed 
diameters.
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Fig. S11. Concentration profile of F– for different recycle ratios.

Fig. S12. Distribution of relative CaF2 seed size for different 
recycle ratios.

Fig. S13. Concentration profile of F– for different feed ratios vs. 
bed height.

Fig. S14. Distribution of relative CaF2 seed size for different feed 
ratios vs. bed height.

Fig. S15. Bed voidage at different positions for struvite system.

Fig. S16. Concentration profile of phosphate for different bed 
diameters.
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Fig. S17. Distribution of relative struvite seed size for different 
bed diameters.

Fig. S18. Concentration profile of F– for different amount of seed 
pellets.


