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a b s t r a c t
The R version of the Kedem–Katchalsky–Peusner (KKP) network equations belongs to the group 
of basic research tools for membrane transport. These equations contain the Peusner resistance 
coefficients (Rij, Rdet) used to assess the transport properties of membranes. The aim of the paper 
was the frictional interpretation of these coefficients for binary solutions of non-electrolytes on 
the basis of the Spiegler model. The subject of the study was the transport properties of synthetic 
polymer membranes made of regenerated cellulose and used in hemodialysis (Nephrophan, 
Ultra-Flo 145 Dialyzer) for aqueous glucose solutions. The research method was the R version 
of the KKP network equations and the Kedem–Katchalsky–Spiegler equation for binary solu-
tions of non-electrolytes. The method of frictional interpretation of the Peusner resistance, cou-
pling, Kedem–Caplan–Peusner energy conversion efficiency and dissipated and free energy 
fluxes using the Spiegler friction coefficients (fij) was presented. The presented procedure for 
evaluation transport properties of membranes can be helpful in explaining the mechanisms of 
membrane transport and conducting energy analyzes of membrane processes. Therefore, this 
procedure can be used for the selection of a suitable membrane for practical, (e.g., industrial, 
water and wastewater technology and/or medical) applications.
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polymeric membrane; Energy conversion; Water technology

1. Introduction

Water with appropriate biological and physicochemical 
parameters is an essential component of the intracellular 
environment, ensuring the proper course of life processes 
[1]. The cell membrane, which has built-in switches that 
respond to environmental signals and transmit information 

to intracellular protein pathways, plays a key role in the 
process of responding to environmental signals [2]. This 
means that the quality and length of life depend on the 
quality of food and water consumed.

Membrane transport is one of the basic natural phe-
nomena. It occurs in both natural and artificial physico-
chemical systems. For this reason, it plays an important 
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role in life processes and therefore is present in science, 
biomedicine and technology [1]. Artificial (polymeric) 
membranes play an important role as separators in sys-
tems such as hemodialyzers, active membrane dressings,  
installations for sewage treatment or food production 
[1,3]. The assessment of the suitability of polymer mem-
branes as separators is usually based on membrane 
transport models developed within the framework of 
near-equilibrium thermodynamics proposed by Onsager 
[4] (linear non-equilibrium thermodynamics, LNET) and 
network thermodynamics (NT).

Onsager [4] thermodynamics deals with the phenom-
enology of interacting processes (chemical, electrical, etc.). 
Considering the generalized thermodynamic forces Xi 
and the coupled Ji fluxes that occur in the bilinear dissipa-
tion function.
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where ΦS is the dissipation function (W m2); diS/dt is the 
entropy production (W K–1); T is the temperature (K); A is 
the surface area (m2).

Onsager’s theory establishes that irreversible coupling 
between various processes can occur if ΦS > 0. If the Xi and 
Ji are related by linear equations of the form X R Ji ik kk

n
�

�� 1
,  

the coefficient matrix R is symmetric (Rik = Rki). In addi-
tion, Onsager thermodynamics dealt with the extreme 
properties of energy, entropy, and the dissipation function  
[4–7].

According to the principles of Onsager thermodynam-
ics, they were deduced by Kedem and Katchalsky [8] and 
Hoshoko and Lindley [9] sets of equations describing pas-
sive and active membrane transport of water and solutes. 
The procedure for deriving these sets of equations requires 
finding the ΦS and transforming it to account for appro-
priate practical forces and fluxes to obtain macroscopic 
phenomenological equations [10].

Passive membrane transport of non-electrolyte through 
membrane generated by hydrostatic (ΔP) and osmotic (Δπ) 
pressures can be described by Kedem–Katchalsky equa-
tions. The equations have the form [5,8]:

J L Pv p� �� �� �� �  (2)

J C Js s v� � �� �� � �� 1  (3)

where Jv is the volume flux (m s–1); Js is the solute flux 
(mol m–2 s–1); ΔP is the difference of hydrostatic pressure 
(Pa); Δπ is the difference of osmotic pressure (Pa); Lp is 
the hydraulic permeability coefficient (m3 N–1 s–1); σ is the 
reflection coefficient; ω is the solute permeability coefficient 
(mol N–1 s–1); Cs is the average solute concentration (mol m–3).

The flux of degraded energy, that is, the energy dis-
sipation function (ΦS) can be described by the equation [5]:
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�

S v sJ P J
C
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In the 1960s, there were attempts to formulate the prin-
ciples of network thermodynamics, based on Meixner’s 
[11] pioneering ideas on the relationship between irrevers-
ible transport systems and electrical networks. There are 
two versions of NT in science: Peusner NT [12] and Oster 
et al. NT [13]. The idea of network thermodynamics, based 
on the linear thermodynamics of irreversible processes and 
the theory of electric circuits, was introduced by Leonardo 
Peusner (Peusner’s network thermodynamics, PNT) in the 
1970s [12]. In subsequent papers [14–18], Peusner devel-
oped this idea, among others, for energy conversion sys-
tems [14–16], membrane systems and processes [15,16], 
Brownian motion [17] and biochemical reactions [18]. In 
[14–16] Peusner presented methods of symmetric and 
hybrid transformation of network linear Onsager equations 
and classical Kedem–Katchalsky equations. Four forms of 
these equations (L, R, H, P) for homogeneous binary solu-
tions contain the Peusner tensor coefficients Lij, Rij, Hij and 
Pij (i, j ∈ {1,2}) [14–16]. Network thermodynamics extended 
Onsager’s ideas, formally showing that the macroscopic 
structure of non-equilibrium thermodynamics is homolo-
gous to the family of lattices that obey Kirchhoff’s laws [14].

The papers of Peusner were an inspiration for the 
development of symmetrical and hybrid transformations 
of the network Kedem–Katchalsky (KK) equations, KK 
equations for the conditions of concentration polarization 
and the introduction of Peusner tensor coefficients Lij

z, Rij
z, 

Hij
z and Pij

z, (i, j ∈ {1,2}, z = A, B) [19–24]. We have shown 
that the values of these coefficients depend on both the 
concentration and composition of the solutions separated 
by the membrane. They also depend on the orientation 
of the membrane and solutions in relation to the gravity 
vector, that is, the configuration of the membrane system.

In the paper by Batko et al. [25], the coupling coeffi-
cients (rij) (i, j ∈ {1,2}), the energy conversion efficien-
cies (eij)R and the coupling coefficients QR were defined 
and calculated, using the concentration relationships of 
the coefficients Rij = f C� � and Rdet = f C� � for bioprocess, 
Nephrophan and Ultra-Flo 145 Dialyzer membranes and 
aqueous glucose solutions. Moreover, the concentration 
characteristics of the dissipation function (ΦS)R and the 
concentration characteristics of the free energy production 
function (ΦF)R were calculated.

The aim of the present paper is to further develop the 
Kedem–Katchalsky–Peusner model: frictional interpreta-
tion of the Peusner coefficients Rij and Rdet (i, j ∈ {1,2}) for 
aqueous glucose solutions. Appropriate calculations of 
these factors for Nephrophan and Ultra-Flo 145 Dialyzer 
made of polymeric materials used in medicine biomem-
branes were performed. The concentration characteristics  
of the Peusner (R11, R12, R21, R22, Rdet), coupling coeffi-
cients (r12, r21, QR) and energy conversion efficiency coef-
ficient (emax)R were calculated on the basis of the transport 
parameters: hydraulic permeability (Lp), reflection (σ) and 
solute permeability (ω). The values of parameters Lp, σ 
and ω were determined in a series of independent exper-
iments for aqueous glucose solutions and membranes 
Nephrophan, Ultra-Flo 145 Dialyzer according to the pro-
cedure described in [5]. Moreover, the frictional version of 
the Peusners coefficients Rij and Rdet (i, j ∈ {1,2}) was pre-
sented. The internal energy conversion by determining 



A. Ślęzak et al. / Desalination and Water Treatment 238 (2021) 142–150144

the degraded (S-energy), free (F-energy) and internal 
energy (U-energy) fluxes were described. The presented 
considerations can be used to describe the membrane 
separation in the water and wastewater, technology.

2. Materials and methods

2.1. Peusner model of transport in the membrane cell

As in the previous paper by Batko et al. [25], we will 
consider a single-membrane system, the model of which is 
presented in Fig. 1. In this system, the membrane (M) sep-
arates two homogeneous solutions with Cr and Cl concen-
trations (Cr ≥ Cl) and hydrostatic pressures Pr and Pl (Pr > Pl, 
Pr = Pl or Pr < Pl). This membrane treated as a “black box” 
type is isotropic, symmetrical, electroneutral and selective 
for solvent and dissolved substance. We will consider only 
isothermal and stationary processes of membrane trans-
port, for which the measure is the volume (Jv) and solute 
(Js) fluxes. The membrane transport properties were char-
acterized by the coefficients: hydraulic permeability (Lp), 
reflection (σ) and solute permeability (ω).

Relationships between the volume (Jv) and solute (Js) 
fluxes and the osmotic pressure (Δπ) and hydrostatic pres-
sure (ΔP) differences can be expressed using the R form 
of the Kedem–Katchalsky–Peusner equations [16,22,25].
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where Jv is the volume flux (m s–1); Js is the solute flux 
(mol m–2 s–1); ΔP = Pr – Pl is the difference of hydrostatic 

pressure (Pa); Δπ = RT(Cr – Cl) is the difference of osmotic 
pressure (Pa); RT is the product of a gas constant and abso-
lute temperature (J mol–1); Cr, Cl is the solute concentra-
tions (mol m–3) Lp is the hydraulic permeability coefficient 
(m3 N–1 s–1); σ is the reflection coefficient; ω is the solute per-
meability coefficient (mol N–1 s–1); C C C C Cs r l r l� �� � � ��� ��

�
ln /

1
 

is the average solute concentration (mol m–3); R11 is the 
Peusner’s hydraulic resistance (Ns m–3); R12, R21 (R12 = R21) 
is the Peusner’s coupling resistance (Ns mol–1); R22 is 
the Peusner’s diffusion resistance (m3 Ns mol–2).

Eqs. (5) and (6) are obtained by transforming Eqs. (2) 
and (3). In addition, the determinant of the matrix [R] is 
given by the equation:

det detR
L C

R
p s
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1
�

 (7)

The coefficients Rij (i, j ∈ {1,2}) and Rdet are the R form 
of the Peusner coefficients for membrane transport of 
binary solutions.

2.2. Frictional form of Peusner coefficients

The coefficients Rij (i, j ∈ {1,2}) and Rdet, written by 
Eqs. (5) and (6), can be expressed by the coefficients fij, whose 
frictional character of intermolecular interactions is illus-
trated by the expression [26].

F f v vkj kj k j� � �� �  (8)

where Fkj is the frictional force (N mol–1), fkj is the coefficient 
of friction between one mole of the k-th and one mole of 
the j-th component (Ns mol–1 m–1), vk and vj are the veloc-
ities of the k-th and j-th components, respectively (m s–1).

The friction model was developed by Kurt Samuel 
Spiegler, one of the pioneers in the research and develop-
ment of liquid desalination technology, including water 
[27]. Hence with Eq. (8) we can write Fsw = –fsw(vs – vw), 
Fsm = –fsm(vs – vm) and Fwm = –fwm(vw – vm) [28,29]. Choosing 
the membrane as the frame of reference it follows that 
vm = 0. Detailed considerations on the friction model and 
its developments are presented in [28–31]. For the pur-
poses of this paper, we cite expressions that transform the 
coefficients Lp, σ and ω into friction coefficients fkj, assum-
ing that there are three types of friction between the solute 
and water in the membrane: the frictional interaction of the 
solute with its surrounding solvent characterized by coeffi-
cient fsw; the friction of solute with the membrane described 
by fsm; and that of water and membrane given by coefficient 
fwm. In the paper [29] it was shown that for binary solu-
tions of non-electrolyte solutions there are dependencies 
between the coefficients Lp, σ, ω, fsw, fsm, and fwm.
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Pr 

Js Cl 

Pl 

M 
Fig. 1. The single-membrane system: M – membrane, Jv – volume 
flux, Js – solute flux, Cr and Cl – concentrations of solute separated 
by a membrane, Pr and Pl – hydrostatic pressures [25].
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Taking into account Eqs. (9)–(11) in Eqs. (5) and (6) we get:
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where �w w wV C� , Ks is the distribution coefficient, Vw and 
Vs are the partial molar volume for water (index w) and 
solute (index s) (m3 mol–1), Δx is the thickness of the mem-
brane (m).

In order to show the relationship between coefficients 
R12, R21, R11 and R22 we will calculate the Kedem–Caplan 
degree coupling r R R R12 12 11 22= /  and r R R R21 12 11 22= /  
using Eqs. (12)–(14). The expressions for these coefficients 
take the following forms:
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The values of r12 and r21 coefficients are limited by the 
relation –1 ≤ r12, r21 ≤ +1. In order to show the relationship 
between coefficients r12 and r21 we will calculate the Peusner 
coupling parameter QR = r12r21/(2–r12r21)–1 using Eq. (16):

Q
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2.3. Evaluation of internal energy conversion

The internal energy conversion process is governed by 
the principle of conservation of energy. According to this 
principle, the flux of the internal energy (ΦU), free energy 
(ΦF) and degraded (dissipated) energy (ΦS) flux satisfy the 
equation [25].

� � �U F S� �  (18)

where ΦU = A–1dU/dt is the internal energy flux (U-energy) 
(W m–2), ΦF = A–1dF/dt is the free energy flux (F-energy) 
(W m–2), ΦS = TA–1 diS/dt is the degraded energy flux (energy 

dissipation function per unit area) (S-energy) (W m–2) and 
ΦS = TϕS, ϕS is the entropy production (W K–1).

The flux of degraded energy, that is, the energy dissipa-
tion function (ΦS) can be described using Eq. (4) [5]. In order 
to calculate Jv and Js appearing in Eq. (4), we use Eqs. (5) 
and (6). By making appropriate transformations, we get:
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where 
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Taking into account Eqs. (19) and (20) in Eq. (4) we get:
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For ΔP = 0, the above equation is simplified to the form:
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The free energy flux (ΦF)R can be calculated using the 
definition of the energy conversion efficiency coefficient [25].
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By transforming the above expression, we get:
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From a formal point of view, the cases of (ΦF)R = 0 and 
(ΦU)R = 0 are excluded, because in order for the denomina-
tor of Eqs. (24) and (25) to be different from zero, the con-
dition (emax)R ≠ 1 must be satisfied.

In Eqs. (24) and (25) (emax)R is the maximum energy con-
version efficiency expressed by the Kedem–Caplan–Peusner 
coefficient [6,7,14], which can be represented as follows.
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The values of (emax)R coefficient are limited by the rela-
tion 0 ≤ (emax)R ≤ 1; (emax)R = 0 when R12R21 = 0 or r12r21 = 0 
and (emax)R = 1, when R12R21 = R11R22 or r12r21 = 1.

3. Results and discussion

3.1. Biomembranes characteristics

Images of Nephrophan and Ultra-Flo 145 Dialyzer mem-
branes obtained with a scanning electron microscope (Zeiss 
Supra 35) were shown in a previous paper [25]. Suitable 
values of the transport parameters (Lp, σ, ω) and friction 
coefficients (fwm, fsw, fsm) of these membranes are listed in 
Table 1. Nephrophan® (ORWO VEB Filmfabrik, Wolfen, 
Germany) biomembrane, is a microporous, highly hydro-
philic and electroneutral membrane made of regenerated 
cellulose [32]. This membrane is used in urology in gan-
glion hemodialyzers for the purification of venous blood. 
Ultra-Flo 145 Dialyzer® (Artificial Organs Division, Travenol 
Laboratories, Brussels, Belgium) (with regenerated cellu-
lose membrane) is ultrafiltration, microporous, hydrophilic 
and electroneutral biomembrane used in urology [3].

The frictional form of the coefficients Rij (i, j ∈ {1,2}) 
and Rdet for an aqueous solution of glucose were calcu-
lated on the basis of Eqs. (8)–(11). The transport parame-
ters (Lp, σ, ω) and the friction coefficients (fwm, fsw, fsm) of the 
Nephrophan and Ultra-Flo 145 Dialyzer membranes pre-
sented in Table 1 were used for the calculations. Calculations 
were made concerning the dependence of coefficients Rij 
(i, j ∈ {1,2}) and Rdet from Cs. Fig. 2a–d shows the depen-
dence of R11, R12 = R21, R22 and Rdet on the glucose concentra-
tion (Cs) for Nephrophan (plots 1) and Ultra-Flo 145 Dialyzer  
(plots 2) membranes.

Based on Eqs. (9)–(11) and the values of the coefficients 
Lp, σ and ω calculated the friction coefficients (fwm, fsw, fsm) 
for Nephrophan and Ultra-Flo 145 membranes. The values 
of these coefficients for urea are presented in Table 1.

3.2. Calculations of Peusner coefficients Rij and Rdet

The frictional form of the coefficients Rij (i, j ∈ {1,2}) 
and Rdet for an aqueous solution of urea were calculated 
on the basis of Eqs. (12)–(15). The transport parameters 
(Lp, σ, ω) and the friction coefficients (fwm, fsw, fsm) of the 
Nephrophan, Ultra-Flo 145 Dialyzer and red blood cell 
membranes presented in Table 1 were used for the calcula-
tions. Fig. 2a–d shows the dependence of R11, R12 = R21, R22 
and Rdet on the glucose concentration (Cs) for Nephrophan 
(plots 1), Ultra-Flo 145 Dialyzer (plots 2) membranes.

Graphs 1 and 2 shown in Fig. 2a show that the depen-
dencies R f Cs11 � � � are linear and that for the same values 
of Cs the values of R11 for the red blood cells membrane are 
greater than for the Ultra-Flo 145 Dialyzer membrane and 
for the membrane Nephrophan. Graphs 1 and 2 presented 
in Fig. 2a show that the values R11 are limited by the rela-
tions 2.48 × 1011 Ns m–3 ≤ R11 ≤ 5.45 × 1011 Ns m–3 (for the 
Nephrophan membrane) and 4.27 × 1011 Ns m–3 ≤ R11 ≤ 8.08 
× 1011 Ns m–3 (for the Ultra-Flo 145 Dialyzer membrane). 
Plots 1 and 2 shown in Fig. 2b show that R12 = R21 are neg-
ative and independent of Cs and that the values of R12 = R21 
for the Nephrophan membrane and is greater than for 
the Ultra-Flo 145 Dialyzer membrane. For the membrane 
Nephrophan R12 = R21 = –0.34 × 109 Ns mol–1 and for the mem-
brane Ultra-Flo 145 Dialyzer R12 = R21 = –1.06 × 109 Ns mol–1.

Plots 1–3 shown in Fig. 2c show that the dependencies 
R f Cs22 � � � are hyperbolas and that for the same values of 
Cs the values of R22 for the Ultra-Flo 145 Dialyzer mem-
brane and is greater than for the Nephrophan membrane. 
Graphs 1 and 2 presented in Fig. 2c show that the val-
ues R22 are limited by the relations 4.48 × 108 m3 Ns mol–2 
≥ R22 ≥ 0.57 × 108 m3 Ns mol–3 (for the Nephrophan mem-
brane) and 7.48 × 108 m3 Ns mol–2 ≥ R22 ≥ 0.96 × 108 m3 
Ns mol–2 (for the Ultra-Flo 145 Dialyzer membrane). 
Similarly, plots 1 and 2 shown in Fig. 2d show that the 
dependencies R f Csdet � � � are hyperbolas and that for 
the same values of Cs the values of Rdet for the Ultra-
Flo 145 Dialyzer membrane and is greater than for the 
Nephrophan membrane. Graphs 1 and 2 presented in 
Fig. 2d show that the values Rdet are limited by the rela-
tions 9.15 × 1019 N2 s2 mol–2 ≥ Rdet ≥ 1.18 × 1019 N2 s2 mol–2 (for 
the Nephrophan membrane) and 27.68 × 1019 N2 s2 mol–2 ≥ 
Rdet ≥ 3.56 × 1019 N2 s2 mol–2 (for the Ultra-Flo 145 Dialyzer  
membrane).

Table 1
Values of the transport parameters (Lp, σ, ω) and friction coef-
ficients (fwm, fsw, fsm) of Nephrophan and Ultra-Flo 145 Dialyzer 
biomembranes for aqueous glucose solution

Coefficient Value

Nephrophan Ultra-Flo 145 Dialyzer

Lp × 1012 (m3 N–1 s–1) 4.9 2.7
σ × 102 6.8 8.3
ω × 1010 (mol N–1 s–1) 8.0 7.1
Δx × 104 (m) 2.0 0.8
ϕw 0.71 0.68
Ks 0.53 0.6
Vw × 106 (m3 mol–1) 18.05 18.05

Vs × 106 (m3 mol–1) 120.2 120.2
fwm × 10–10 (Ns mol–1 m–1) 1.31 5.68
fsw × 10–10 (Ns mol–1 m–1) 111.32 867.47
fsm × 10–10 (Ns mol–1 m–1) 220.13 696.98
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The coefficients Rij (i, j ∈ {1,2}) and Rdet are called Peusner 
resistance coefficients. Taking into account Eqs. (5) and (6), 
it is possible to define the coefficients R11, R12, R21 and R22 
using the expressions:

R P
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The physical sense of these coefficients is different as 
their units are different. The unit of the coefficient R11 is 
Ns m–3. Therefore, these coefficients express the hydraulic 
resistance. The unit of the coefficients R12 = R21 is Ns mol–1. 
The unit of the R22 coefficient is Ns m3 mol–2. This coefficient 
expresses the diffusion resistance per unit of the average 
molar concentration of the solution. In turn, the unit of the 
Rdet coefficient is N2 s2 mol–2. This means that this coeffi-
cient expresses the square of the diffusion resistance.

3.3. Calculations of coefficients r12 and QR

Taking into account the values of the coefficients 
listed in Table 1 in Eqs. (16) and (17), the dependencies 

r r f Cs12 21� � � � and Q f CR s� � � were calculated. The calcu-
lation results are shown in curves 1 and 2 in Fig. 3a and b. 
These figures show that the dependencies r r f Cs12 21� � � � 
and Q f CR s� � � are nonlinear and that for the same values 
of Cs both r12 = r21 and QR for the Nephrophan membrane 
are smaller than for the Ultra-Flo 145 Dialyzer membrane. 
Graphs 1 and 2 presented in Fig. 3a show that the values 
r12 = r21 are limited by the relations 0.011 ≤ r12 = r21 ≤ 0.019 (for 
the Nephrophan membrane) and 0.019 ≤ r12 = r21 ≤ 0.038 (for 
the Ultra-Flo 145 Dialyzer membrane). On the other hand, 
Graphs 1 and 2 presented in Fig. 3b show that the QR values 
are limited by the relations 5.2 × 10–5 ≤ QR ≤ 1.86 × 10–4 (for 
the Nephrophan membrane) and 1.75 × 10–4 ≤ QR ≤ 7.2 × 10–4 
(for the Ultra-Flo 145 Dialyzer membrane).

3.4. Calculations of energy conversion efficiency (emax)R

Taking into account the values of the Peusner coeffi-
cients R11, R12 and R22 presented in Fig. 2a–c in Eq. (26), 
the dependencies e f C

R smax� � � � � were calculated. The cal-
culation results are shown in curves 1, 2 and 3 in Fig. 4a. 
These figures show that the dependencies e f C

R smax� � � � � 
are linear and that for the same values of Cs both (emax)R  
for the Nephrophan membrane are greater than for the 
Ultra-Flo 145 Dialyzer membrane and red blood cell mem-
branes. Graphs 1–3 presented in Fig. 4a show that the val-
ues (emax)R are limited by the relations 0.26 × 10–3 ≤ (emax)R  
≤ 0.93 × 10–3 (for the Nephrophan membrane) and 
0.87 × 10–3 ≤ (emax)R ≤ 3.61 × 10–3 (for the Ultra-Flo 145 Dialyzer  
membrane).

                                                                                           

 

(a) (b)

(c) (d)

Fig. 2. Graphical illustration of dependencies of R f Cs11 � � � (a), R R f Cs12 21� � � � (b), R f Cs22 � � � (c) and R f Csdet � � � (d) for Nephro-
phan (Graphs 1) and Ultra-Flo 145 Dialyzer membranes (Graphs 2).
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3.5. Evaluation of the internal energy conversion

Conversion of internal energy (U-energy) is its trans-
formation into free energy (F-energy) and degraded energy 
(S-energy). The S-energy denoted by (ΦS)R can be expressed 
using Eq. (21). This equation includes the Peusner coeffi-
cients Rij (i, j ∈ {1,2}) and the thermodynamic stimuli ΔP 
and Δπ. The calculations of (ΦS)R = f(Δπ) were made for 
the case of ΔP = 0 (Eq. 22) and the results of the calcula-
tions are presented in Fig. 4b. All the characteristics of 
this are isosceles parabolas. The figure shows that for 

the same Δπ values, the (ΦS)R values for the Nephrophan 
membrane (plots 1a, 1b) are greater than for the Ultra-
Flo 145 Dialyzer membrane (plots 2a, 2b). Graphs 1 and 2 
presented in Fig. 4b show that the values (ΦS)R are limited 
by the relations 0.041 W m–2 ≤ (ΦS)R ≤ 2.3 W m–2 (for the 
Nephrophan membrane) and 0.026 W m–2 ≤ (ΦS)R ≤ 1.35 W m–2 
(for the Ultra-Flo 145 Dialyzer membrane).

Fig. 4c shows the results of the calculations (ΦF)R in the 
form of characteristics (ΦF)R = f(Δπ) calculated on the basis 
of the Eq. (23) for the characteristics e f C

R smax� � � � � and 
(ΦS)R = f(Δπ), presented in Fig. 4a and b, respectively. The 

 

(a) (b)

Fig. 3. Graphical illustration of dependencies of r r f Cs12 21� � � � (a) and Q f CR s� � � (b) for Nephrophan (Graphs 1) and Ultra-Flo 145 
Dialyzer membranes (Graphs 2).

 

(a) (b)

(c) (d)

Fig. 4. Graphical illustration of dependencies of e f C
R smax� � � � � (a), (ΦS)R = f(Δπ) (b), (ΦF)R = f(Δπ) (c) and (ΦU)R = f(Δπ) (d) for Nephro-

phan (Graphs 1) and Ultra-Flo 145 Dialyzer membranes (Graphs 2).
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characteristics presented in Fig. 4c are isosceles parabo-
las. The figure shows that for the same Δπ values, the (ΦF)R  
values obtained for the Ultra-Flo 145 Dialyzer membrane 
(plots 2a, 2b) are greater than for the Nephrophan mem-
brane (plots 1a, 1b). Graphs 1–3 presented in Fig. 4b show 
that the values (ΦF)R are limited by the relations 0 ≤ (ΦF)R 
≤ 0.0021 W m–2 (for the Nephrophan membrane) and 0 ≤ (ΦF)R 
≤ 0.0049 W m–2 (for the Ultra-Flo 145 Dialyzer membrane).

Fig. 4d shows the results of the calculations (ΦU)R in 
the form of the characteristics (ΦU)R = f(Δπ) calculated on 
the basis of Eq. (25) for the characteristics e f C

R smax� � � � � 
and (ΦS)R = f(Δπ), presented in Fig. 4a and b, respectively. 
The characteristics presented in Fig. 4d are isosceles 
parabolas. The figure shows that for the same ∆π values, 
the highest (ΦU)R values obtained for the Nephrophan 
membrane (plots 1a, 1b) are greater than for the Ultra-
Flo 145 Dialyzer membrane (plots 2a, 2b). Graphs 1 and 2 
presented in Fig. 4b show that the values (ΦU)R are lim-
ited by the relations 0.041 W m–2 ≤ (ΦU)R ≤ 2.303 W m–2 
(for the Nephrophan membrane) and 0.026 W m–2 ≤ (ΦU)R 
≤ 1.36 W m–2 (for the Ultra-Flo 145 Dialyzer membrane).

4. Conclusions

• The aim of the paper was the frictional interpretation 
of these coefficients for binary solutions of non-electro-
lytes on the basis of the Spiegler model.

• The values of the fsw, fsm and fwm coefficients for 
Nephrophan and Ultra-Flo 145 Dialyzer membranes do 
not depend on glucose concentrations.

• The method of frictional interpretation of the Peusner 
resistance (Rij; i, j ∈ {1,2}, Rdet), coupling degree (r12 = r21 
and QR), Kedem–Caplan–Peusner energy conversion 
efficiency ((emax)R) and dissipated ((ΦS)R), free ((ΦF)R) and 
internal ((ΦU)R) energy fluxes using the Spiegler friction 
coefficients (fij) was presented.

• The glucose concentration characteristics of the Peusner 
resistance (Rij; i, j ∈ {1,2}, Rdet), coupling degree (r12 = r21 
and QR), Kedem–Caplan–Peusner energy conversion 
efficiency ((emax)R) and dissipated ((ΦS)R), free ((ΦF)R) and 
internal ((ΦU)R) energy fluxes.

• The frictional form of the Rij (i, j ∈ {1,2}) and Rdet coeffi-
cients may be helpful in explaining the molecular mech-
anisms of membrane transport in both biological and 
artificial systems.

• The tested membranes are poor internal energy convert-
ers, because the amount produced by the F-energy does 
not exceed 5 mW m–2.

• The presented procedure for evaluating the transport 
properties of membranes can be helpful in explaining 
the mechanisms of membrane transport and conduct-
ing energy analyzes of membrane processes. Therefore, 
this procedure can be used for the selection of a suit-
able membrane for practical, (e.g., industrial, water and 
wastewater technology or medical) applications.
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