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A B S T R AC T

The fi ltration rate in monodisperse colloidal systems has previously been predicted by taking 
into account the interactions between particles, interpreted in the form of an osmotic pressure. 
However, most membrane fi ltration applications deal with multi-component feeds, consist-
ing of particles of different sizes. These polydisperse ultrafi ltrations are poorly understood, 
largely due to the lack of adequate experimental data and the complexity of the system. These 
systems are also more diffi cult to interpret when compared to the single component feed 
systems. This work investigates the ultrafi ltration of bi-disperse feed solutions of colloidal 
silica. Experimental studies were carried out on two different sized silica particles: X30 and 
W30. Feed solutions with a total silica concentration of 4 g l−1 were prepared. These solutions 
consisted of a 0.03M NaCl electrolyte with the following mixing ratio of X30:W30 by weight: 
(i) 100% X30, (ii) 100% W30, (iii) 20%:80% (iv) 40%:60%, (v) 60%:40% and (vi) 80%:20%. The 
solutions were fi ltered at an applied pressure of 200 kPa, through a 4 kDa molecular weight 
cut-off membrane. The permeate fl ux versus time data was recorded at pH’s 4, 6 and 9. At each 
pH, the variation of the permeate fl ux was observed and compared to the two monodisperse 
systems.

Keywords:  Ultrafi ltration; Polydisperse; Colloidal Interactions; Modelling; Cake Resistance; 
Colloidal Silica

1. Introduction

In the early stages of fi ltration modeling, the effects 
of particle interactions were neglected [1,2]. However 
for ultrafi ltration and nanofi ltration, these effects cannot 
be ignored as the charge effects become signifi cant when 
predicting or measuring the rate of fi ltration for smaller 
solute sizes [3]. The fi ltration rate for monodisperse 
colloidal systems has previously been predicted by 
taking into account the interactions between particles, 

interpreted in the form of an osmotic pressure [3–5]. 
However, most real solutions will contain a range of par-
ticle sizes, that is they are polydisperse, and the degree 
of polydispersity in the solution will also effect the inter-
actions between particles and thus the fi ltration rate. 
Therefore, models for predicting the rate of fi ltration 
which take into account particle interactions and the 
degree of polydispersity are important in order to get 
closer predictions of fl ux decline with actual fl ux reduc-
tion. In this paper an experimental investigation of the 
fi ltration rate versus time is carried out for bidisperse 
colloidal silica particle suspensions.
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 2. Theoretical aspects

2.1. Concentration polarization theory

The relationship between the applied ultrafi ltration 
pressure and the rate of permeation or the fl ux for a pure 
solvent feed fl owing under laminar conditions in tortu-
ous membrane channels was described by the Carman–
Kozeny equation [6]:

J
P

Rm
=

Δ
μ (1)

where J = the fl ux (volumetric rate per unit area), ΔP = 
the transmembrane pressure difference, Rm = the mem-
brane resistance and μ = the pure solvent viscosity. 
Eq. (1) describes the fl ux for a pure solvent, however 
when a solute is present in the feed this needs to be taken 
into account. As a solution containing a solute is fi ltered, 
the retained solute causes the local concentration at the 
surface of the membrane to increase, an effect which is 
known as concentration polarization. This effect can be 
taken into account by modifying Eq. (1) in various ways 
to allow for the presence of the solute in the feed.

Osmotic Pressure Model. Eq. (1) can be modifi ed by 
the subtraction of an osmotic pressure term, Δπ, from the 
applied pressure.

J
P

Rm
=

ΔΔP − π
μ  

(2)

The osmotic pressure arises due to the build up of a 
concentrated layer of particles near the surface (i.e., con-
centration polarization) and reduces the driving force 
pushing the solute through the membrane, therefore 
reducing the membrane fl ux. This method is commonly 
used for low molecular weight solutes and colloids [7].

Resistance Model. In the basic fl ux equation (Eq. (1)), 
the fl ux is controlled by an applied pressure difference 
and membrane resistance. In the presence of a solute 
however, ultrafi ltration performance can be interpreted 
by a resistance-in-series relationship [8],
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with,

R
VC
As

b

m
= α

(4)

where α = the specifi c cake resistance, V = the total volume 
fi ltered, Cb = the bulk solution concentration and Am = 
the membrane area. The relationship between Darcy’s 
law and the Carman–Kozeny equation is used to express, 
α, the specifi c resistance of the deposited mass [6] as:
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where ε = void volume, ρp = the particle density and dp = 
the mean particle diameter.

2.2. Effect of polydispersity on the system

So far the equations shown have been developed on 
the basis of the solution being fi ltered having a mono-
disperse particle size distribution. Real solutions are 
unlikely to conform to this idealistic interpretation, 
therefore polydispersity of the particle sizes needs to be 
taken into account. Endo and Alonso have proposed a 
theoretical model of cake fi ltration in the laminar fl ow 
regime which is applicable to a cake consisting of non-
spherical particles having a log-normal size distribution 
[9]. This results in an alteration of Eq. (5) to:
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(6)

where κ = a shape factor (which is equal to 1 for spheres), 
dvg = the geometric mean diameter of dp on a number 
basis and σg = the geometric standard deviation. If the 
particles are monodisperse Eq. (6) becomes identical to 
Eq. (5).

For a bi-disperse dispersion, dvg and σg can be calcu-
lated using:
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2.3. Particle–particle interactions and prediction 
of ultrafi ltration rates

Colloidal interactions originate from various forces, 
the two most important being electrostatic repulsion of 
double layers and dispersion forces [10]. Entropic effects 
are also important. These interactions are responsible 
for strikingly infl uencing the transport properties of col-
loidal suspensions, such as gradient diffusivity and also 
viscosity, and the thermodynamic properties such as 
the osmotic pressure [3,4]. The osmotic pressure is a key 
property in ultrafi ltration processes as it controls the spa-
tial distribution of particles in the concentration polarized 
layer and hence the rate of permeation. A full account of 
the prediction of osmotic pressure and fi ltration rate for 
monodisperse colloidal systems is given elsewhere [3–5]. 
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The particle interactions are incorporated into the pre-
dictions through the osmotic pressure and local void-
age, which vary with position in the fi lter cake and time, 
depending on the local interparticle interactions.

Introducing polydispersity as well as colloidal inter-
actions into fi ltration theory is a very complex process. 
The osmotic pressure prediction for a polydisperse sys-
tem has previously been considered by Dickinson [11]. 
In general, the formulated model defi ned the osmotic 
pressure in terms of compressibility factor estimates 
from the summation of repulsive forces and the entropic 
pressure as proposed by the Evans–Napper model [12]. 
However, even the basic equations used for estimating 
the compressibility factor whilst considering inter-parti-
cle interactions are very complex [11].

McDonogh et al. introduced a method to describe 
the specifi c resistance of a fi lter cake which takes into 
account the effect of polydispersity in conjunction 
with charge effects [13]. The voids formed during the 
fi ltration process appear to enlarge with an increase in 
the particle size, increase in zeta potential and separa-
tion distance between the particles. McDonogh et al. 
reported that the calculated void size reasonably mim-
icked the trends observed from experiment but the cal-
culated values were higher than the values obtained 
experimentally [13]. This was attributed to the fi lling of 
interstices effect, which has been neglected in the theo-
retical estimation. In addition, the property of the voids 
formed is also affected by the composition of solution. A 
minimum porosity was achieved in the volume fraction 
range of 0.25–0.5 for the smaller particles [13].

In this present work, experimental tests have been 
carried out on mixtures of two different sized silica par-
ticles, X30 and W30, at various pH values. Analysis of 
the cake formed will be made using the simplifi ed mod-
els described by Eqs. (6)–(8). No attempt has been made 
to include the particle interactions into the equations, 
however, the effects of zeta potential may be seen from 
the results obtained.

3. Materials and methods

3.1. Stock solutions

Sodium chloride electrolyte solutions were made 
by dissolving a weighed amount of sodium chloride, 
obtained from Fisons Scientifi c Equipment (Grade: Fisons 
AR), in high purity water (produced by a Millipore Elix 3 
system) to make a solution of the required ionic strength. 
The ionic strength of the electrolyte used was verifi ed 
from specifi c conductivity measurements performed 
using a Portec PI-8140 digital conductivity meter in con-
nection with a Philips conductivity cell (type: 4550/60).

The colloidal particles used were W30 and X30 col-
loidal silica (purchased from Morrisons Gas Related 

Products Ltd). These came as liquid dispersions with the 
following properties: concentration ≈ 30% by weight, 
dispersion medium ≈ 0.03M NaCl solution (plus other 
stabilizers) at pH ≈ 9.5, particle diameter X30 ≈ 15 nm, 
W30 ≈ 50 nm. The exact concentration of this stock solu-
tion was determined in the following manner. Five petri 
dishes were taken and weighed using an electronic 
balance (Mettler Toledo P303 Delta Range, accurate to 
±0.001 g). A known amount of the stock silica solution 
was then added to each petri dish. The dishes were then 
placed in an oven set at 120°C and left overnight to dry. 
The dishes were then weighed again the following day 
and the difference between this new weight and the 
clean petri dish weight was found. This corresponds to 
the mass of dry silica in the solution. The mass wt.% was 
then found by dividing the weight of dry silica by the 
total solution weight. Finally, the average value of the 
fi ve measurements was taken and used subsequently 
as the concentration of the stock silica solution. Dilu-
tions of this stock solution were made by adding known 
amounts of 0.03M NaCl to a known mass of the stock 
silica solution. The pH of the fi nal silica solution was 
adjusted to the desired value by the dropwise addition 
of NaOH and HCl (both of Grade: Fisons AR). The pH 
measurements were carried out using a Philips PW 9421 
digital high precision pH meter (pH resolution 0.01) in 
connection with a Russell CMAWL/4/5 pH probe.

3.2. Size measurements

Dynamic light scattering measurements were per-
formed with a Malvern 4700 system (Malvern Instru-
ments Limited, UK). The light source was an Argon 
laser operating with vertically plane polarised light at 
a wavelength of 488 nm. All the dynamic light scatter-
ing measurements were carried out at a low laser power 
(~13.3 mW), so the results are not infl uenced by local 
heating of the samples which would be caused by use of a 
more powerful beam. The scattering angle used was 90°. 
The temperature of the samples was automatically kept 
at 25.0 ± 0.1°C. Prior to each experiment, the measure-
ment cell was fl ushed with high-purity water to remove 
dust in the cell. Dynamic light scattering measurements 
were performed on 4g l−1 silica dispersions in 0.03M 
NaCl at various pH values. Only solutions containing 
100% W30 or 100% X30 were used for these experiments. 
The data measured was analysed according to BS 3406 
(1997) in order to determine the particle size.

3.3. Zeta potential measurements

The same silica dispersions as used for the size mea-
surements were used for the electrophoretic mobility 
measurements. Electrophoretic mobility measurements 
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 were made using a Zetasizer 2000 (Malvern Instruments, 
UK). Electrophoretic mobility values were converted to 
zeta-potentials using the WinMobil programme (Depart-
ment of Mathematics, University of Melbourne) which 
is an extended implementation of an advanced theory of 
electrophoresis [14].

3.4. Filtration experiments

Filtration experiments were conducted using a mem-
brane rig which was comprised of a nitrogen gas supply, 
fi ltration unit cell, balance and computer as shown in 
Fig. 1.

Filtration measurements were carried out using a 
50 ml fi ltration cell (Amicon Corp., Model 8050) con-
nected to a reservoir with a maximum capacity of 250 ml. 
The effective membrane area was 13.4 cm2. The system 
was pressurised with nitrogen gas and the cell was not 
stirred. The temperature of the system was kept con-
stant at 25.0 ± 0.1°C via a water jacket on the fi ltration 
cell and a water bath around the reservoir. The fi ltration 
time was coupled to the amount of permeate collected—
experiments were stopped usually after 25–30 ml of 
permeate was collected. The total fi ltration time was 
therefore in the range of 1–3 h, depending on the solu-
tion conditions. Rates of fi ltration were determined by 
continuously weighing the fi ltrate on an electronic bal-
ance connected to a micro-computer.

NADIR polyethersulphone membranes of molecular 
weight cut-off 4000D were obtained from MICRODYN-
NADIR GmbH (Germany). Before use the membrane 
was cleaned using pure water and then soaked for at 
least 16 h. The hydraulic resistance of the NADIR 4000D 
membrane discs was determined by fi ltration of pure 
electrolyte solution through the membrane. The clean 
water fl ux or solvent fl ux rates are determined by fi l-
tering the water/electrolyte alone through a fresh mem-
brane at fi ve different pressures (50, 100, 200, 300 and 
400 kPa) until 20 ml of permeate sample is collected at 
each pressure. The membrane resistance was calculated 
from the water fl ux measurements and Eq. (1).

Filtrations were then carried out on silica solu-
tions containing a total silica concentration of 4g l−1. 

These solutions consisted of a 0.03M NaCl electrolyte 
with the following mixing ratio of X30:W30 by weight: 
(i) 100% X30, (ii) 100% W30, (iii) 20%:80% (iv) 40%:60%, 
(v) 60%:40% and (vi) 80%:20%. The fi ltration experi-
ments were repeated at least three times to confi rm the 
validity of the experimental data.

4. Results and discussion

4.1. Size and zeta potential measurements

The particle size and zeta potential results are shown 
in Table 1 for the X30 and W30 colloidal silica. Table 1 
shows that W30 is approximately 3.3 times the size of 
X30. Ten measurements were made on each sample at 
pH 4, 6 and 9 and the average of all these measurements 
are shown in Table 1, as there is no appreciable differ-
ence in size between the measurements made at the 
three different pH values.

Table 1 also shows the zeta potentials measured at 
the different pH values. The zeta potential values are 
an average of at least 35 measurements on each sample. 
The zeta potential of W30 at pH 9 is appreciably higher 
than the value for X30 (~ 10mV), whilst at pH 6 the val-
ues are similar.

4.2. Filtration experiments

Fig. 2 shows the normalized results for the binary 
mixtures of X30 and W30 silica at pH 9. Normalized 
data is obtained by eliminating the effect of the hydrau-
lic membrane resistance of the clean membrane, which 
is determined from the fl ux rate of the clean membrane 
using the electrolyte alone. As can be seen from Fig. 2 the 
fastest fi ltration is given by 100% composition of W30. 
The slowest fi ltration rate was exhibited by the 100% 
composition of X30. The rate of fi ltration decreased 
gradually as the amount of X30 added increased. There-
fore, the rate of fi ltration became slower as the quantity 
of the smaller sized particles increased. In this case, as 
the zeta potential for both types of silica particle is very 
high (>80 mV), the fi ltration is controlled by the interac-
tions between the particles rather than the way in which 

Table 1
Size and zeta potential results for X30 and W30 colloidal 
silica in a 0.03M NaCl electrolyte solution (the ±values show 
the standard deviation away from the average value)

X30 W30

Particle Diameter (nm) 15.59 ± 0.91 51.64 ± 1.67

Zeta Potential (mV) pH 4 −15.9 ± 1.4  −7.2 ± 1.2

pH 6 −29.4 ± 3.3 −29.8 ± 1.4

 pH 9 −89.3 ± 5.9 −98.3 ± 7.3
Fig. 1. Schematic diagram for simple fi ltration unit experi-
mental set-up.

Ultrafiltration
cell

Balance Computer

Gas tank 
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the particles pack. This is because the particles are being 
kept farther apart by the increased electrostatic interac-
tions between them for both X30 and W30.

Fig. 3 shows the normalized results for the binary 
mixtures of X30 and W30 silica at pH 6. A different pat-
tern of fi ltration rates is seen in this case. The fastest 
fi ltration is given by 100% composition of X30. The fi l-
tration rate of W30 is slower but is not the slowest value 
seen. When a small amount of X30 is added to W30, that 
is 20% by weight, the fi ltration rate of this solution is 
markedly slower than the fi ltration rates of 100% W30 
and 100 % X30. This is likely to be due to the fi lling of 
interstices in W30 fi lter cake in the bidisperse mixture 
[13]. The smaller X30 particles are fi lling in the gaps 
in the predominantly W30 fi lter cake, thus causing an 
increase in fi lter cake resistance and therefore reducing 
the rate of fi ltration. In this case, as the zeta potentials 
of the particles are comparable and much smaller than 
at pH 9, the fi ltration rate is controlled by the packing 
of the particles rather than the particle interactions. As 
the amount of X30 in the feed solutions increase from 
20% X30 then the fi ltration rate tends towards the rate 
for 100% X30. There is likely to be a feed solution com-
position above which the amount of X30 dominates the 
fi ltration rate.

Fig. 4 shows the normalized results for the binary 
mixtures of X30 and W30 silica at pH 4. The 100% W30 
and 100% X30 give similar fi ltration rates in this case. 
Again, as with the data at pH 6, addition of a small 
amount of X30 to the feed solution causes a sharp 
decrease in the fi ltration rate, most likely due to the 
reasons as discussed for pH 6. The 80% and 60% by 
weight W30 feed solutions give similar slow fi ltration 
rates, whilst the 40% and 20% by weight W30 feed 
solutions gave intermediate fi ltration rates between the 
extremes.

4.3 Cake voidage

For illustration purposes the classical constant pres-
sure fi ltration model [6]:

t
V

R
A P

C
A P

V= +μ μR + α
m

b

mAP 2 2
 (9)

will be used to analyse the fi ltration data. For each fi l-
tration experiment, the cake voidage can be calculated 
by applying Eqs. (5)–(8) in conjunction with Eq. (9). The 
gradient of a graph of t/V versus V (or in this case [t/V – 
(t/V)o] versus V) yields:

Gradient
m

= μ αbC
A Pm2 2

 (10)

Therefore, taking the gradients from the lines shown 
in Figs. 2–4 will give a value of α for each experiment. 

Fig. 2. Normalized fl ux for the fi ltration of silica binary mix-
tures (X30 and W30) at pH 9.0.
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These α values can then be used with either Eq. (5) for 
monodisperse systems or Eqs. (6)–(8) for polydisperse 
systems in order to give the cake voidage. These results 
are shown in Table 2.

For monodisperse systems (100% W30 and 100% X30),
Table 2 shows that the voidage in the cake decreases as 
the pH value decreases. This is as expected as the zeta 
potential reduces as the pH value reduces, meaning that 
the repulsive interactions between the particles become 
less resulting in a more dense fi lter cake (smaller void-
age) and thus slower fi ltration rate. This pattern is also 
observed with mixtures of particles. The way in which 
particle polydispersity affects the voidage and thus cake 
resistance is shown in Fig. 5.

Fig. 5 shows the effects of zeta potential and degree 
of polydispersity on the system. Moving from left to 
right in Fig. 5, the composition of the solution changes 
from 100% W30 down to 0% W30. For the highest pH 
(i.e. pH 9) and thus the highest magnitude of zeta 
potential, there seems to be little effect of composition 
on the overall cake resistance. In this case the particles 

are kept far apart in relative terms, by the particles 
interactions and thus the fi lter cake maintains a fairly 
constant resistance. However, as the pH and the mag-
nitude of the zeta potential drops, the cake resistance 
goes through a maximum. This maximum occurs at a 
voidage of approximately 0.35 for both the pH 6 and 
pH 4 experiments and corresponding approximately to 
a 80% W30, 20% X30 mixture. In these cases there seem 
to be enough smaller particles in the system to start 
fi lling the gaps in the fi lter cake between the bigger 
particles, thus increasing the cake resistance to a maxi-
mum value. These results show the importance of the 
composition of the feed solution in terms of small and 
large particles. The peak becomes more pronounced 
as the magnitude of the zeta potential of the particles 
decreases.

5. Conclusions

This article has investigated the effect of particle 
size and particle interactions on the rate of fi ltration of 
bidisperse colloidal silica systems. For highly charged 
particles the fi ltration rate is controlled by the interac-
tions between the particles whereas for more moderately 
charged systems the packing of particles is more impor-
tant in that smaller particles fi ll in the voids between 
larger ones thus making the fi ltration slower. The results 
indicate that there is a certain combination of big and 
small particles which give the worst fi ltration perfor-
mance for these systems. The results also show that mod-
elling of these systems is going to be a complex process.

Symbols

Am — cross-sectional area of membrane surface (m2)
Cb — solution feed concentration (kg m−3)
dp — mean particle diameter (m)
dp i — mean particle diameter of particle i (m)
dvg — geometric mean diameter (m)

Table 2
Calculated voidage values for fi lter cakes of silica binary mixtures (X30 and W30) at various pH values in a 0.03M NaCl 
electrolyte solution

Sample dvg nm σg 

−
α pH 9 × 
1015 m kg−1

α pH 6 × 
1015 m kg−1

α pH 4 × 
1015 m kg−1

ε pH 9 
−

ε pH 6 
−

ε pH 4 
−

100%W30 51.64 1.00 0.78 1.91 2.46 0.303 0.228 0.215

80%W30 17.56 1.43 0.83 2.30 3.00 0.467 0.354 0.329

60%W30 16.35 1.26 0.82 2.03 3.04 0.523 0.414 0.372

40%W30 15.93 1.17 0.83 1.94 2.88 0.544 0.439 0.395

20%W30 15.72 1.10 0.85 1.97 2.87 0.552 0.447 0.405

100%X30 15.59 1.00 0.91 1.70 2.71 0.549 0.471 0.418

Fig. 5. Comparison of cake resistance versus voidage for 
polydisperse particles at different pH values.
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J — permeation rate (fl ux) (m s−1)
ni — number of particles of type i (-)
ΔP — pressure difference (N m−2)
Rm — resistance of Membrane (m−1)
RS — resistance due to solute (m−1)
t — fi ltration time (s)
V — volume fi ltered (m3)

Greeks

α — specifi c resistance of the deposited mass (m−2)
κ — shape factor (=1 for spheres) (–)
ε —  fractional cake voidage at the membrane 

surface (–)
μ — viscosity of the solvent (kg m−1 sec−1)
Δπ — osmotic pressure (N m−2)
ρp —  density of particle (=2,200 kg m−3 for silica) 

(kg m−3)
σg — geometric standard deviation (-)
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