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ABSTRACT

The predominant driving force for ion separation in electrodialysis membrane (EDMEM)
stacks is the electrical potential gradient. Nevertheless, excessive electrical potential gradi-
ent, besides higher energy consumption, could lead to other detrimental impacts such as
concentration polarization and fouling. The orientation of electric field lines with respect to
the main flow stream would instead be changed to offset the effect of such drawbacks. The
present study introduces a potentially innovative technique utilizing curved EDMEM stacks
by changing the orientation of electric field lines such that it would result in better stack
performance. Mathematical simulations based on the analogy between heat and electrical
conduction have been employed which confirmed the effectiveness of curved membrane. A
mathematical model has also been developed which characterizes the performance of
curved membranes.

Keywords: Electrodialysis; Membrane; Electric field; Ion separation; Ion mobility; Separation
performance

1. Introduction

Electrodialysis membrane (EDMEM) is gaining
increased attention for separation and purification
purposes in various processes. These include, for
example, the production of potable water as well as
demineralization and ultrapure water treatment
required for special industries like semiconductor,
chemical, and food industries; and glycerin purifica-
tion for antifreeze. In addition, most recently, the use
of EDMEM stacks are studied for zero liquid dis-

charge treatment of highly concentrated brine in RO
plants [1].

For an optimal operation of electrodialysis
(EDMEM) stacks, not only the order of magnitude of
electrical potential gradient is important for ion sep-
aration, but the quality of generated electric field
would also play a key role. As the demand for more
efficient EDMEM stacks increases for various applica-
tions, the investigations which deal with the charac-
teristics of electric field in ion exchange membranes
seem crucial for an effective design and operation of
such devices.

Increasing the overall electrical potential of an
EDMEM stack might accelerate the ion separation.
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However, the sole increase in energy would cause the
stack to encounter drawbacks such as concentration
polarization and formation of deposits on membrane
surfaces as typically illustrated in Fig. 1 [2]. For aque-
ous solutions, in particular, the concentration polariza-
tion occurs when the electrolyte concentration
decreases on the desalting membrane surface in the
boundary layer formed on the surface [3–6]. This
would, in turn, deteriorate heat/mass transfer rates,
causing severe problems in operating of EDMEM
stacks especially for highly concentrated solutions [2].

Low fluid flow rates and poor design of spacers
account for the concentration polarization in EDMEM
stacks [5,6]. In addition, the uneven distribution of
electric potential fields in the EDMEM stacks should
be also accounted for such drawbacks. Mohammadi
and Malayeri [7] showed that the orientation of elec-
tric field lines with respect to the flow direction of
both concentrate and dilute streams would profoundly
influence the ion separation. They showed that for a
given operating condition, the maximum enhancement
of ion separation will be achieved when the electric
field lines tend to be perpendicular to the main flow
streams at each spatial position of stack. Nevertheless,
this is possible when the electrodes, which are utilized
for generating the required electric potential, are large
enough, i.e. when the electrodes have the same wetted
area as membranes. However, some commercial
EDMEM stacks employ smaller electrodes mainly to
avoid excessive heating of membranes [8].

The present study aims at enhancing the perfor-
mance of EDMEM stacks through structural change of
membrane surfaces. To do so, this paper introduces
innovative structural stack with “curved membranes”

for enhancing the performance of ion separation. This
is carried out by reorientation of the electric field lines
perpendicularly with respect to the main flow stream
to its maximum level. The paper begins with the intro-
duction of objectives then proceeds with the concep-
tion and characterization of curved membranes
followed by the development of a model which
describes the impact of membrane curvature on
separation performance.

2. Problem statement

In electrodialysis, ions are transported through
semi permeable membranes from one solution to
another by exerting an electric potential gradient. The
primary product of electrodialysis, i.e. the desalinated
solution, is called dilute. In contrast, the byproduct
known as concentrate is the other solution which will
excessively be saturated in the course of the process.
For desalination purposes, the saline water is desali-
nated to produce fresh water which is here the dilute,
and the salty water with increased salinity is the
concentrate.

In electrodialysis, generally speaking, the separa-
tion process is performed in a configuration called an
electrodialysis cell, containing dilute and concentrate
compartments. The cells are separated from each other
by an anion exchange membrane (AEM) and a cation
exchange membrane (CEM). The whole configuration
is placed between two electrodes as typically depicted
in Fig. 2. E-stream, as schematically shown in Fig. 2,
represents the stream which flows near the electrodes.
The composition of E-stream may be similar to dilute;
however, it could also consist of different composi-
tions to that of dilute. Ions may be transferred from
the E-stream into the concentrate or from the dilute
into the E-stream. The ion transfer from or into the

Fig. 1. Scale formation on a EDMEM membrane, adopted
from Oren [2].
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Fig. 2. Schematic of an electrodialysis stack.
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E-stream depends on stack configuration and is
essential to carry current across the stack and preserve
electrically neutral stack solutions.

When an ion is subjected to an electric field E~, it
moves due to an electric force in which its magnitude
depends on the extent of electric field and the charge
density of ion. The direction of this movement
depends on the ion charge, i.e. anions move in the
opposite direction of cations. Hence, and by referring
to Fig. 2, the ion separation in an EDMEM stack
depends on the exerted electric field and the charac-
teristic velocity of both dilute and concentrate.

An effective ion separation can be achieved when
the electric field lines are perpendicular to velocity
field lines in all spatial points. This, nonetheless, is not
attainable in many commercial EDMEM stacks due to
geometrical limitations. Instead, the electric field lines
are not perpendicular to flow field in all spatial points,
and hence, the ion separation is not effective as
schematically shown in Fig. 3.

Mohammadi and Malayeri [7] showed that the
separation performance of an EDMEM stack can be
enhanced by decreasing the characteristic perimeter
and/or characteristic slope of electric field lines. One
possibility to reduce these two characteristic parame-
ters is to increase the size of electrodes used in stack.
However, increasing the size of electrodes may result
in complexities as augmentation of energy required
for generating the indispensable electric field potential
and consequently excessive heating of membranes.
Accordingly, it is a common practice to place the

smaller electrodes concentrically to the membranes
(see Fig. 2). Under such circumstances, the characteris-
tic perimeter and slope of electric field lines are not
relatively small since the electric field lines are not
perpendicular to the main flow streams at all spatial
positions. One way to avoid this from happening is to
modify the geometrical configuration of EDMEM stack
such that the two characteristic parameters could be
minimized. For this purpose, one possible option is to
change the membrane curvature.

The present common type of membranes used in
EDMEM stacks are flat, i.e. the surface of both sides of
membrane which is exposed to concentrate or dilute
or even E-stream is a vertical flat plate. Instead,
curved membranes can be implemented which would
redirect the electrical potential fields. These are mem-
branes in which at least one side is not planar but
curved, i.e. a surface deviates from being flat. Now
the challenge is whether the membrane curvature
could influence the orientation of electric field lines.
Provided an affirmative impact, it would then be
imperative to develop a model that can characterize
the impact of membrane curvature on the ion separa-
tion performance of EDMEM stacks.

3. Impact of membrane curvature on the orientation
of electric field lines

At first, it is important to state that the geometrical
curvature of a medium with different physical proper-
ties than its surrounding, e.g. permittivity, changes the
orientation of electric field. A medium is defined as a
material which is able to transmit, or permit, the elec-
tric field. For example, the membranes, dilute, and
concentrate solutions are different media in an
EDMEM stack.

In order to investigate the impact of curvature on
the flow direction of electric field, simple two-dimen-
sional (2D) simulations for conduction heat transfer
have been performed considering analogy between
heat and electrical conductions. To do so, a heat con-
ductive medium with known thermal diffusivity is
considered as the surrounding, see Fig. 4. Another
medium with a thermal diffusivity of i.e. one-fourth of
the surrounding is defined as the thermal barrier. For
this thermal barrier different surface curvatures have
been considered, namely flat, biconcave, and biconvex
surfaces. The thermal barrier is located at the middle
of the surrounding medium, and by this manner a 2D
stack is built up. A temperature difference as the main
driving force for heat conduction is imposed on the
stack such as the complete area of the left wall defines
the heat sink and one-fourth of the right wall

Fig. 3. Orientation of flow and electric fields under real
and ideal conditions of an EDMEM stack.
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describes the heat source, as it is illustrated in Fig. 4.
The heat sink is described by a constant wall tempera-
ture while a higher constant wall temperature defines
the heat source. All other walls are supposed to be
adiabatic.

As for EDMEM stacks, the surrounding medium
represents the electrolyte, by analogy, and the thermal
barrier corresponds to the membrane. Therefore,
assuming a homogeneous surrounding medium
accounts for a homogeneous electrolyte. This, how-
ever, may not be a plausible assumption since the
electrolytes in both sides of a membrane are not simi-
lar to each other: the membrane is exposed on one
side to dilute and on other side to concentrate. How-
ever, for the sake of simplicity, a homogeneous elec-
trolyte in both sides of membrane has been assumed.
Moreover, if the electrolyte on one side is different
from the other side of the membrane, then impact of
the change in physical properties of electrolyte on
flow direction of electric field, or heat transfer, has to
be taken into account which may cause difficulties in
analysis of the final results. More studies are presently
underway to address this. The resultant isothermal
curves as well as the schematic direction of heat flow
for the above-mentioned 2D heat transfer problem
using different thermal barriers with different surface
curvatures are presented in Fig. 4.

The results presented in Fig. 4 confirm that the
heat flow lines diverge using a biconcave thermal bar-
rier while they converge when a biconvex thermal bar-
rier is used. Using the analogy between heat and
electrical conduction, and considering the thermal bar-
rier and its surrounding as membrane and dilute or
concentrate, respectively, the results confirm that the

membrane curvature will change the orientation of
electric field lines: biconcave membrane causes diver-
gence of electric field lines while biconvex membrane
accounts to convergence. This is analogous to the
effect of optical lenses in converging or diverging the
light beam. Therefore, a thorough acquaintance with
the physics of light transmission and refraction using
optical lenses would be beneficial for characterization
of the impact membrane curvature on separation per-
formance of EDMEM stacks.

4. Short introduction to optical lenses

An optical lens can be considered as a contrivance
which transmits and refracts light. The refraction, as
an important phenomenon, essentially takes place on
or near the surface of a medium and hence can be
considered as a surface phenomenon. It is generally
defined as the alteration in direction of a propagating
flow, like light or other electromagnetic waves, due to
a change in its transmission medium.

Generally speaking, optical lenses are classified
according to the curvature of both optical surfaces.
When both surfaces are convex, the lens is biconvex,
and likewise if they are concave, the lens is biconcave.
A plano-convex lens defines a lens which is flat on
one side and the other side is convex. Accordingly, a
lens with one flat and one concave side is plano-con-
cave lens. A convex–concave or meniscus lens can be
considered as a lens which is convex on one side and
the other side is concave.

Fig. 5 depicts schematically a biconvex optical
lens. When a collimated beam of light traveling paral-
lel to the lens axis passes through a biconvex or

Heat Source Thermal Barrier Heat Sink 

Fig. 4. The change in direction of heat flow using thermal barrier with different curvatures: biconcave (left), flat (middle),
and biconvex (right) thermal barrier. The gray curves represent the isothermal lines and the black curves with arrows
present schematically the heat flow direction. The border of thermal barrier is also presented by dash lines.
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plano-convex lens, it will be focused to a point, as
illustrated in this figure. The intersection point of
these light rays is at a certain distance behind the lens.
This point is called focal point and the corresponding
distance is called focal length. Under such circum-
stances, the lens is a converging or positive lens. On
the contrary, a biconvex or plano-convex lens is a
diverging or negative lens. The light rays traveling
parallel to the lens axis will be spread when they pass
through the lens. However, one can also consider that
they appear to be emanating from a particular point
in front of the lens. This point is also focal point and
the distance from the focal point to the lens is also
known as the focal length. However, the focal length
of a diverging lens is negative with respect to the focal
length of a converging lens. Meniscus or convex–
concave lenses can be either positive or negative, sub-
ject to the relative surface curvatures of both sides. A
positive meniscus lens has a steeper convex surface
and therefore is thicker at the center than at the
periphery. On the contrary, a negative meniscus lens
is thinner at the center than at the periphery since it
has a steeper concave surface.

The focal length of a lens in vacuum can be
calculated from:

1

F ¼ n� 1ð Þ 1

R1
� 1

R2
þ 1� 1

n

R1R2
f

� �
(1)

where F is the focal length, n is the refractive index, f
is the thickness of the lens, and R1 and R2 are the
radius of curvature of the lens surface closest to and
farthest from the light source [9]. These parameters
are shown schematically in Fig. 5 for a converging
lens.

The signs of the lens’ radii of curvature indicate
whether the corresponding surfaces are convex or

concave. If R1 is positive then the surface closest to
the light source is convex, and if this surface is con-
cave then R1 is negative. On the contrary, the signs
are reversed for the other surface farthest from the
light source: for concave surface R2 is positive, how-
ever, for convex surface R2 is negative. If either radius
is infinite, the corresponding surface is flat.

If an object is located at distance D from the lens,
it may appear larger or smaller than its actual size.
This enlargement is quantified by magnification num-
ber M. M > 1 denotes the enlargement while M < 1
refers to a reduction in size which is sometimes called
minification or de-magnification. When M = 1, the
object appears in the same size to that of its actual.

M ¼ F
F �D (2)

One important parameter in optical lenses is the
dimensionless number n. Refraction index n describes
how light, or any other radiation, propagates through
a medium and is defined in optics as the ratio of
speed of light in vacuum to the speed of light in the
medium, i.e. c=v.

The effect of optical lenses on divergence or con-
vergence of light rays is similar to the effect of curved
membranes on redirection of electric field lines (com-
pare Figs. 4 and 5). Therefore, it can be hypothesized
that when the electric field passes through a curved
membrane, the electric field lines will virtually con-
verge to a focal point located at a distance far from
the membrane equal to the focal length. A positive
focal length relates to converging curved membrane,
however, a negative focal length counts for diverging
curved membrane. Consequently, a magnification con-
cept can be postulated for curved membrane: when
the source of electric field, e.g. the electrode, is located
at a defined distance from the curved membrane, it
behaves like a bigger or smaller electrode depending
on the corresponding focal length of the curved mem-
brane. These are explained in the next section mathe-
matically in more details.

5. Characterization of curved membranes

In optics, the medium refraction index n depends
on the speed of light in the medium. In other words,
n indicates how fast light moves in a medium. In con-
duction heat transfer, thermal diffusivity a ¼ k=qcp, in
the same sense, describes how fast heat moves in a
medium since thermal diffusivity is, in fact, the
measure of thermal inertia. By analogy, the inertia of
electrical conduction moving in a medium can be

1
2

Focal Point 

Light

Light

Axis

Fig. 5. Definition of focal length F , lens thickness f, and
radius of curvature R1 and R2 for a converging lens.
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described by an equivalent diffusivity equal to Vr=C,
where V is the volume, r is the electrical conductivity,
and C is the capacitance of the medium [10]. Since, in
an EDMEM stack, the geometrical arrangement of
membranes and flow channels are mostly similar to
parallel plates (see Fig. 2), therefore, volume V and
capacitance C can be related to capacitor surface area
AC and the capacitor thickness dC as V ¼ ACdC and
C = εAC/dC, where ε is the permittivity [11]. The per-
mittivity of a medium describes how much electric
field per unit charge is produced in that medium: the
higher the permittivity, the more are the electric field
lines. Thus, the corresponding refraction index of a
medium for electrical conduction can be defined as
the root of the ratio of a reference diffusivity to the
medium diffusivity or

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiVr=Cð Þ0= Vr=Cð Þp �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e=e0ð Þ= r0=rð Þp

, where subscript 0 indicates the refer-
ence medium. Nevertheless, this definition is not pre-
cise and even sufficient, and indeed, the refraction
index has to be described in a more rational form.

The inertia of an electromagnetic radiation moving
through a medium can be expressed by the medium
permeability μ and permittivity e. Permeability
describes the ability of a medium to support the forma-
tion of a magnetic field within itself. Therefore, the
refraction index of a medium for an electromagnetic
radiation can be formulated as

ffiffiffiffiffiffiffiffi
lrer

p
, where lr ¼ l=l0

is called relative permeability and is the ratio of the
medium permeability to the vacuum permeability.
Likewise, relative permittivity εr = ε/ε0 is the ratio of
the medium permittivity to the vacuum permittivity.
Importantly, the relative permeability of most materials
and also any material at sufficiently high field strength
tends to 1. Hence, in most cases, the corresponding
refraction index could be estimated as

ffiffiffiffi
er

p
[12–14]. This

is a reasonable conclusion since by considering the
wave-like nature of electric field, it can be applied for
describing the refraction index of a medium for electric
field [15,16]. Thereby, the refraction index ne concern-
ing the electric field can be described as:

ne ¼ ffiffiffiffi
er

p
(3)

By substituting Eq. (3) in Eq. (1), the corresponding
characteristic focal length F e for a curved medium,
e.g. curved membrane, as for the electrical field can be
introduced as:

1

F e
¼ ne � 1ð Þ 1

R1
� 1

R2
þ 1� 1

ne

R1R2
f

 !
(4)

For very thin shapes, the thickness ζ is significantly
smaller than the magnitude of both radii of curvature,

hence f � R1R2j j. This is a practical assumption since
in EDMEM stacks the thickness of membranes as well
as the distance between two adjacent membranes
where the dilute or concentrate solution flows are very
thin in comparison to the width and length of stack.
Therefore, for very thin mediums, Eq. (4) will yield to
the following simpler form:

1

F e
¼ ne � 1ð Þ 1

R1
� 1

R2

� �
(5)

It is important to mention that for two thin curved
media 1 and 2 which are separated by some distance
n, the focal length for the combined system is given
by [9]:

1

F e
¼ 1

F e

� �
1

þ 1

F e

� �
2

�n
1

F e

� �
1

1

F e

� �
2

(6)

Eq. (6) facilitates the calculation of the characteristic
focal length F e for an EDMEM stack with curved
membranes. Through Fig. 2, and considering the
membranes depicted in this figure as curved mem-
branes, if m denotes the number of AEM membranes,
then the number of CEM membranes is also equal to
m. Consequently, the number of concentrate (or dilute)
compartments is m, while the number of dilute (or
concentrate) compartments is m� 1. Neglecting the
effect of E-Stream, and knowing that m[ 1, F e for an
EDMEM stack, can be defined as:

1

F e
¼ nS1e � 1
� � Xm�1

2b c

j¼0

1

R4j
� 1

R4jþ1

� �

þ nM1
e � 1

� � Xm�1
2b c

j¼0

1

R4jþ1
� 1

R4jþ2

� �

þ nS2e � 1
� � Xm2b c�1

j¼0

1

R4jþ2
� 1

R4jþ3

� �

þ nM2
e � 1

� � Xm2b c�1

j¼0

1

R4jþ3
� 1

R4jþ4

� �
(7)

The formulation of F e in Eq. (7) is obtained for a half
of the stack considering its central axis, see Fig. 2.
Superscript S1 refers to stream 1, e.g. dilute (or con-
centrate), while S2 denotes stream 2, e.g. concentrate
(or dilute). Importantly, stream 1 is defined as the
stream which also flows through the middle
compartment where the central axis of the stack is
defined. For instance, referring to Fig. 2, stream 1 is

13372 K. Mohammadi and M.R. Malayeri / Desalination and Water Treatment 57 (2016) 13367–13376



the concentrate stream. Moreover, superscript M1 and
M2 refers to membrane 1, e.g. AEM (or CEM), and
membrane 2, e.g. CEM (or AEM), respectively.

Considering the sign convention used to represent
the signs of the medium’s radii of curvature, Eq. (7)
shows that, when for all media index ne is greater
than 1, then F e\0 for a series of negative meniscus
curved media, while F e [ 0 for a sequence of positive
meniscus curved media. For a special condition where
nS1e ffi nS2e ffi nM1

e ffi nM2
e ¼ ne, knowing that R0 = +∞,

F e ¼ � R2Mj j= ne � 1ð Þ and F e ¼ þ R2Mj j= ne � 1ð Þ for
negative and positive meniscus curved media.

Referring to Figs. 2 and 4 and considering Eq. (2),
if an electrode with height H is located at distance D
from the last membrane (in other words, by consider-
ing Fig. 2, D is the thickness of cross-sectional flow
area of E-Stream), the apparent height of electrode will
be then:

Mh ¼ F e

F e �D h

¼
F ej j

F ej j�D h : set of þ meniscus curved membranes
F ej j

F ej jþD h : set of � meniscus curved membranes

(

(8)

Since, in most cases F ej j[D, Eq. (8) shows that using
a set of positive meniscus curved membranes causes
magnification in apparent size of electrode, while a set
of negative meniscus curved membranes minifies it.
Eq. (8) also states that the apparent size of electrode
does not change when all the membranes are flat,
since the radius of curvature of a flat membrane is ∞
and therefore F e ¼ þ1.

The apparent height of electrode can be attributed
to the ion separation performance of an ED stack.
Indeed, the reduction in characteristic perimeter and/
or characteristic slope of electric field lines, which will
be, respectively, denoted by PE and tan b, cause
enhancement in separation performance. Noteworthy,
both the aforesaid characteristic parameters will
reduce by increasing the electrode height as shown by
Mohammadi and Malayeri [7] thus:

PE ¼ 3 1þ /ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ /ð Þ 1þ 3/ð Þ

p� � pK
4

				/
¼ H

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h

H
� �2

s
� 0 (9)

tan b ¼ tan
K
H b tan b

� �				 b ¼ Arctan
H� h

K

� �
(10)

In the above equations, K is the distance between two
electrodes or the width of stack, H is the height of
stack, and h is the height of electrodes.

The implementation of curved membranes in an
EDMEM stack will represent the electrodes with an
apparent height Mh. Therefore, instead of using h, the
apparent height Mh has to be considered in the
corresponding equations for PE and tan b. Combining
Eqs. (8)–(10) yields:

PE ¼ 3 1þ /ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ /ð Þ 1þ 3/ð Þ

p� � pK
4

				/
¼ H

K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Mh

H
� �2

s
� 0 (11)

tan b ¼ tan
K
H b tan b

� �				 b ¼ Arctan
H�Mh

K

� �
(12)

Eqs. (8), (11), and (12) show that the implementation
of positive meniscus curved membranes will decrease
the characteristic perimeter PE and the characteristic
slope tan b. In this case, enlarging D or decreasing F e

which may be accomplished by reducing the radii of
curvature of membranes and/or by increasing the
relative permittivity εr of membranes and electrolytes;
see Eq. (3), will amplify the magnification number M,
and consequently, the apparent height of electrode
which will enhance the separation performance.

The variation of tan b and PE; in dimensionless
form of PE=H, as a function of electrode height and
focal length; dimensionless forms of h=H and F ej j=H,
for a typical value of D; D=K ¼ 0:02, is represented in
Figs. 6–9. In these figures, it is assumed that all media
have similar refraction indices, i.e.
nS1e ffi nS2e ffi nM1

e ffi nM2
e ¼ ne. Therefore, if R2m defines

the curvature of the nearest membrane to electrode,
then F ej j=H will be equal to R2mj j= H ne � 1ð Þð Þ. This
means that for a given H, for instance, increasing the
value of F ej j=H can be achieved by enlarging the
curvature R2mj j and/or by reducing the refraction
index ne. Figs. 6–9 also show that as the focal length
increases, tan b and PE will decrease using convex
while will increase using concave membranes. There-
fore, convex membranes will enhance the ion separa-
tion and vice versa. Interestingly, these figures show
that the membrane curvature does not significantly
change the values of tan b and PE for F ej j=H greater
than about 0.25. Moreover, the effect of electrode
height h on tan b and PE is more profound to that of
the corresponding effect of focal length F ej j. The
impact of focal length F ej j on tan b and PE, on the
other hand, is more significant on large electrode
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height, e.g. for h=H� 0:6. Similar analysis of the per-
formance of flat membranes under various operating
conditions and physical properties of the fluids is
reported by Mohammadi and Malayeri [7].

6. The importance of ne in EDMEM stacks with flat
membranes

Considering Eq. (8), the change in M with respect
to F e can be obtained as:

Eq. (13) indicates that when dM=dF e\0, then any
decrease in F e will augment the magnification number
M. This interpretation has some practical implications,
especially for ED stacks with flat membrane: when the
radii of curvature are kept constant, only if the index
ne increases will F e decrease.

The significance of the above conclusion especially
for EDMEM stacks with flat membranes can be
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Fig. 6. Impact of focal length F ej j on tan b in a stack using
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Fig. 8. Impact of focal length F ej j on tan b in a stack using
concave membranes.
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Fig. 9. Impact of focal length F ej j on PE in a stack using
concave membranes.
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described if one considers two stacks in which all the
geometrical and operational conditions and physical
properties except index ne are equal. For these two
stacks, since the membranes are flat, the radius of
curvature is 1, hence F e ¼ 1. In order to show that
the stack with greater ne has a better separation per-
formance than the other one with lesser ne, it is com-
pulsory to apply a mathematical attestation.

Set F ef g is defined as a well-ordered set with 0 as
its least element in which all elements of this set are
less than the absolute value F ej j. The cardinality of
F ef g, which will be presented as # F ef g, shows the
size of F ef g. Ratio nr is now defined as
nr ¼ ne � 1ð Þ= n�e � 1

� �
[ 1, where superscript “�” refers

to the stack with lower index. Hence nrF e corresponds
to the characteristic focal length of the stack with n�e .
Comparison of set F ef g with new set nrF ef g shows
that # nrF ef g[# F ef g. This confirms that even for set
F ef g which has no upper bound, i.e. when F e ¼ 1,
always # nrF ef g[# F ef g which consequently means
nrF e [F e. The practical implication of this mathe-
matical statement is that if the calculated values of
separation performance for different ED stacks are
equivalent; even if all the stacks have flat membranes
where F e ¼ 1, then the stack which has the greater
index ne is preferred. Therefore, the new introduced
refraction index ne should be considered as an impor-
tant parameter in design and judgment between dif-
ferent EDMEM stacks. From economic point of view,
the curved membranes allow smaller but electrically
stronger electrodes which in turn are less prone to
burnt-out and weaker concentration polarization.
These would then potentially reduce the cost of opera-
tion and troubleshooting in EDMEM stacks. Nonethe-
less such technical benefits must be addressed
through rigorous further theoretical and experimental
studies.

7. Concluding remarks

In an ED stack, the effect of surface curvature of
membrane either converging, or diverging, the lines of
electric field are very similar to the effect of optical
lens on light. The present study shows that the perfor-
mance of an ED stack in terms of ion separation can
be improved by applying converging or positive
curved membranes. Moreover, an important parame-
ter which has to be considered in design and charac-
terization of ED stacks, whether the implemented
membranes are curved or flat, is the refraction index
ne ¼ ffiffiffiffi

er
p

. An ED stack with greater refraction index ne
has a better separation performance than the one with
lower ne.

Acknowledgements

The authors wish to thank the financial support of
the German federal ministry of education and research
(BMBF, Funding Code: 02WE1151).

Nomenclature

Latin symbols
AC — capacitor surface area (m2)

c — speed of light in vacuum to the speed of light in

the medium (m/s)

C — capacitance of a medium (F)

cp — specific heat capacity (J/(kg K))

D — distance between an object or electrode and the

lens or curved medium (m)

dC — capacitor thickness (m)

F — focal length (m)

h — height of electrodes (m)

H — height of stack (m)

k — thermal conductivity (W/(m K))

m — number of AEM or CEM membranes (–)

R — radius of curvature (m)

v — speed of light in a medium (m/s)

Greek symbols
α — thermal diffusivity (m2/s)
�b — corresponds to characteristic orientation angle of

electric field lines (rad)

ε — permittivity (F/m)

ε0 — permittivity of vacuum (8.854187817 × 10−12 F/m)

f — thickness of lens or curved medium (m)

K — distance between two electrodes or the width of

stack (m)

μ — permeability (H/m)

μ0 — permeability of vacuum (1.2566370614 × 10−6 H/m)

n — separation distance between two lenses or curved

media (m)

ρ — density (kg/m3)

σ — electrical conductivity (S/m)

Mathematical symbols, operators, and special notations
# — the cardinality of set which shows the size of the

set

j — mathematical symbol which means “such that”

j j — absolute value

d e — ceiling: xd e means the ceiling of x, i.e. the smallest

integer greater than or equal to x
b c — floor: xb c means the floor of x, i.e. the largest

integer less than or equal to x
f g — well-ordered set

PE — characteristic perimeter of electric field (m)

tan b — characteristic slope of electric field (–)

V — volume of a medium (m3)

Subscripts
0 — refers to the reference medium or the position at

central axis of ED stack
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1 — refers to the surface of lens or curved medium

closest to the light source or electrode

2 — refers to the surface of lens or curved medium

farthest from the light source or electrode

2m — refers to the nearest membrane to electrode

e — refers to the electric field

Superscripts
� — refers to a medium or stack which has a lower

refraction index

M1 — refers to membrane 1, e.g. AEM (or CEM)

M2 — refers to membrane 2, e.g. CEM (or AEM)

S1 — refers to stream 1, e.g. dilute (or concentrate),

which also flows through the middle compartment

where the central axis of the stack is defined

S2 — refers to stream 2, e.g. concentrate (or dilute)

Dimensionless numbers
n — refraction index

nr — refraction index ratio, nr ¼ ne � 1ð Þ= n�e � 1
� �

[ 1

M — magnification number

εr — relative permittivity

μr — relative permeability

ϕ — characteristic aspect ratio of an ED stack
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