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ABSTRACT

The blocking laws for constant flux non-Newtonian fluid filtration were derived by means
of the Rabinowitsch–Mooney equation in the form of different first-order derivative expres-
sions of pressure change over filtered volume dP/dV. The modified blocking laws were
found theoretically sound as the modified equations reduced to those of classical blocking
laws if the value of flow behavior index of Newtonian fluid was inserted. Dead end,
constant flux microfiltration experiments of kaolin, titanium oxide (TiO2), and sodium
carboxymethyl cellulose at different concentrations (0.25–2% w/v) and at different fluxes
(80 and 120 L/m2/h) were conducted to investigate the impact of non-Newtonian fluid
behavior due to particle dispersion in water and soluble material on membrane filtration. It
was found that the rheology of the fluid changed due to material retention on the
membrane which led to conclusion that the model was not fully confirmed and, thus, its
applicability might be insufficient to elucidate fouling mechanisms in constant flux,
non-Newtonian fluid filtration.

Keywords: Blocking laws; Rheology; Constant flux; Non-Newtonian fluid; Membrane filtration

1. Introduction

Rheology has become an established subject to
characterize deformation and flow of materials in
response to stress. The tribute to such knowledge is
not only ancient science, but has also been the
research focus of distinguished scientists and Nobel
laureates [1]. According to rheology, fluids with vis-
cous behavior are generally divided into two groups,
Newtonian and non-Newtonian, where the latter can
be further subdivided into time-independent and
time-dependent fluids. A non-Newtonian fluid is
defined as any fluid that does not obey Newton’s law

of viscosity [1–3]. At constant temperature and differ-
ent shear rates, the stress components (i.e. shear stres-
ses) that operate at a point in the fluid body are
directionally dependent (anisotropic). Fluids of simple
structure, e.g. water, gases, mixtures of small organic/
inorganic molecules, are considered Newtonian. Fluids
with more complex composition and structure are
usually non-Newtonian, for example, solutions of
macromolecules and multiphase fluids (e.g. emulsions
and solid suspensions). Water and wastewater treat-
ment installations may, in fact, cope with non-Newto-
nian fluids in some operational components as fluids
exert non-Newtonian behavior if certain conditions are
met [4–6]. Rheological properties of Newtonian and
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time-independent non-Newtonian fluids can be
generalized by the following equation:

fðsÞ ¼ s� s0
K

� � 1
N

(1)

where K [kg sN/m2] is the consistency coefficient or
fluid viscosity, N[-] is the flow behavior index, f(τ)[s−1]
is the shear rate as a function of shear stress, τ and s0
[Pa] are shear stress and yield stress, respectively. The
focal point of rheology discussion lies in the values of
constant N and s0, given that the value of K for all
types of fluids is always larger than zero. Table 1
summarizes fluid classification based on the parameter
values in Eq. (1) and an illustration of various time-
independent non-Newtonian fluids behavior is given
in Fig. 1.

Membrane fouling mechanisms can be explained
by many models that have been established i.e. con-
centration polarization model [7], osmotic pressure
and gel layer model [8,9], cake filtration [10,11], and
blocking laws [12,13]. Subsequent models have further
been derived taking into account fouling mechanism
transitions, e.g. transition from concentration polariza-
tion to cake formation [14] or transition from pore
blocking to cake filtration [15]. For low-pressure mem-
brane filtration systems (i.e. micro-/ultrafiltration),
under conditions where the size of particles in the
feed-water are smaller or in the region of the mem-
brane pore size, mechanistic models such as blocking
laws are considered more appropriate [16]. The block-
ing laws were originally derived for constant pressure
dead-end filtration where conditions dictated the
necessity to incorporate rheological aspects of the flu-
ids in the analysis of membrane fouling by the block-
ing laws [12,13,17]. Throughout its development,
researchers have tried to apply blocking laws to
analyze numerous experimental results, even when
the process conditions were different from those used
for the initial development of the model, as summa-
rized by Hlavacek and Bouchet [18].

The classical blocking laws for constant pressure
membrane filtration discusses four hypothetical types
of blocking mechanisms based on the nature of how
the materials in the fluid interact with the membranes,
resulting in distinct characteristics of permeate flux
decrease over time. In contrast, when filtration is
based on constant flux operation, the four blocking
mechanisms result in a distinct increase of pressure
required to maintain the flux. The idealized forms of
the physical blocking mechanisms defined by the four
hypotheses are illustrated in Fig. 2. The transport of

Table 1
Summary of fluid types and rheology constants

Fluid type K N so

Newtonian 0< 1 0
Power-law
Shear-thinning 0< 0 <N < 1 0
Shear-thickening 0< 1 <N <∞ 0
Bingham plastic 0< 1 0<
Herschel–Bulkley 0< 0 <N <∞ 0<

Fig. 1. Typical shear rate vs. shear stress of time-indepen-
dent fluids [3].

Fig. 2. The four hypothetical forms of membrane fouling
in blocking laws.
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material to the membrane, however, is under influence
of the fluid properties, thus it is necessary to take into
account the fluid properties in applying the model in
order to be theoretically more precise. A theoretical
review on this subject is presented in the first part of
this paper, building on the theoretical approach ini-
tially done by Shirato et al. [19], and taking into
account recent developments of the theory of blocking
laws. The aim of this study is to assess the applicabil-
ity of blocking laws for constant flux membrane filtra-
tion, taking into account the impact of fluid rheology
on the model parameters, and to assess their applica-
bility in filtration experiments. Results from filtration
experiments of non-Newtonian fluid behavior due to
high concentration of particle dispersion and
non-Newtonian dispersed medium are also presented.

1.1. Theory

The Rabinowitsch–Mooney equation incorporates
the shear rate as a function of shear stress in capillary
rheology, thus, it gives the possibility to extend basic
fluid flow equations (e.g. Hagen-Poiseuille) to various
fluids with wide rheological properties (e.g.
power-law non-Newtonian, Bingham plastic, or
Herschel–Bulkley fluids). The general expression of
the Rabinowitsch–Mooney equation is as follows:

u

r
¼ 1

s3w

Zsw
0

s2 � fðsÞds (2)

where u [m/s] represents fluid velocity at radius r [m]
which corresponds to shear stress s [Pa] at the radius
and to shear stress at the wall sw [Pa]. f(τ) [s−1] is the
shear rate as a function of shear stress. For pressure
driven systems, sw can be related to pressure P by balanc-
ing the forces working along the pores of the membrane,

sw ¼ P � r=2L (3)

In this manuscript, the non-Newtonian power-law
fluid is characterized by the Oswald–de Waele equa-
tion fðsÞ ¼ ðs=KÞ1=N , which is derived by assigning s0
a value of zero in Eq. (1). Thus, integration of Eq. (2)
and introducing Eq. (3) yields,

u ¼ N

3N þ 1

P

2LK

� �1=N

rðNþ1Þ=N (4)

Inserting a N value of 1 reduces Eq. (4) to either the
Hagen-Poiseuille or the Darcy equation [3]. With

recent development in membrane separation technol-
ogy, which more commonly use constant flux opera-
tion, fouling mechanisms are rather judged by the
characteristics of pressure increase as a function of the
volume of fluids being filtered [20,21], which corre-
sponds well with the theory of critical volume [22].
Throughout this paper, the derivation of the character-
istic equations is presented in the following form,

dP

dV
¼ k � Pn (5)

where n and k represent the blocking index and block-
ing constant, respectively. A first-order derivative
form is preferred in order to form the characteristic
equation for cake filtration which could not be repre-
sented by a second-order time derivative form as in
the previous study of Hlavacek and Bouchet [18]. For
a constant flux system, the following flow balance
holds at all times,

Q0 ¼ QV � A0 � u0 ¼ AV � uV (6)

where Q [m3/s] represents total flow of the fluid, A
[m2] is the active membrane surface area, and u [m/s]
is the fluid velocity. At any point in this text, the sub-
scripts o and V represent the initial condition and con-
dition after a certain amount of filtered volume of
each parameter mentioned above. Eq. (6) exemplifies
that the reduction of active membrane area due to
fouling is compensated by the increase of local pore
velocity in the remaining active membrane area in
order to produce an equal amount of filtrate. Substi-
tuting Eq. (4) to Eq. (6) yields,

A0 � N

3N þ 1

P0

2L0K0

� �1=N

r
ðNþ1Þ=N
0

¼ AV � N

3N þ 1

P

2LVKV

� �1=N

r
ðNþ1Þ=N
V (7)

Fouling mechanisms as hypothesized by the block-
ing laws (Fig. 2) occur under certain assumptions
that will be discussed in the following sections. By
applying these assumptions to Eq. (7), the formula-
tion of blocking laws in the form of Eq. (5) with
different values of blocking index n and blocking
constant k that characterize the occurring fouling
mechanisms can be obtained. Subscripts CB, IB, SB,
and CF following the model parameters are used in
this manuscript to represent complete blocking,
intermediate blocking, standard blocking, and cake
filtration, respectively.
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1.2. Complete blocking

The underlying assumption for complete blocking
is that every approaching particle will plug a pore
completely, resulting in an increase of driving force
needed to produce an equal amount of filtrate to com-
pensate a decreasing active filtration surface area on
the membrane. Eq. (8) dictates the decrease of active
membrane area,

AV ¼ A0 � r � cf � V (8)

where r [m2/kg] is the projected particle area normal-
ized to unit mass of the particle, cf [kg/m

3] is the bulk
concentration of the particles, and V [m3] is filtered
volume. Differentiating Eq. (8) gives the rate of mem-
brane area decrease over filtered volume.

dAV

dV
¼ �r � cf (9)

In complete blocking, there is no change in pore diam-
eter, viscosity or fluid consistency, and the length of
the capillary (i.e. r, K, and L are constant throughout
the filtration course). Eq. (7) is then reduced to,

A0 � ðP0Þ1=N ¼ AV � ðPÞ1=N ) P1=N ¼ P
1=N
0 � A0

AV
(10)

Subsequently, Eq. (10) can be differentiated with
respect to volume of fluid being filtered.

dP

dV

P

N

ð1�NÞ=N
¼ �dAV

dV

P1=N
0 � A0

A2
V

 !
(11)

By combining Eqs. (9) and (11), the characteristic for-
mula for complete blocking is obtained.

dP

dV
¼ N � PðN�1Þ=N

0 kCB � PnCB (12)

As seen in Eq. (12), both the blocking index and block-
ing constant are corrected by the rheology parameter
N, where in the case of complete blocking
nCB ¼ ðN þ 1Þ=N and kCB ¼ r � cf=P0 � A0.

1.3. Intermediate blocking

Intermediate blocking was not discussed in the ori-
ginal work on blocking laws for constant flux mem-
brane filtration [23]. In contrast to complete blocking,

intermediate blocking considers the possibility of
arriving particles to deposit on the previously attach-
ing layer of particles. It can be proven mathematically
that the probability of such a phenomenon is propor-
tional to the active surface area at time t over the ini-
tial active membrane surface area ðAt=A0Þ in constant
pressure system [12]. The same approach was applied
in constant flux system e.g. in [21]. Since the ratio of
filtered volume over time is constant in constant flux
filtration, the probability ratio can be expressed as
ðAV=A0Þ. The rate of reduction of active membrane
surface area can then be estimated as follows:

dAV

dV
¼ �r � cf � AV

A0

� �
(13)

As in the case of complete blocking, in intermediate
blocking r, K, and L are constant. Applying these con-
ditions to Eq. (7) will result again in Eq. (11). The only
difference between complete blocking and intermedi-
ate blocking lies in the characteristic decrease rate of
the active membrane surface area in Eq. (13), thus, by
substitution the following form is found.

dP

dV
¼ N � kIB � PnIB (14)

In intermediate blocking only the value of the block-
ing constant is affected by the rheology, and here
kIB ¼ r � cf=A0 and nIB ¼ 1.

1.4. Standard blocking

The principle of standard blocking is defined as a
pore-volume reduction due to material deposition/
attachment inside the pore structure which eventually
reduces the radius of the capillary. Mathematically
this is expressed as,

N�pðr20 � r2VÞ � L ¼ cf � V
q

(15)

where N*[-] is the number of capillaries (i.e. pores),
ρ[kg/m3] is the density of the foulant (i.e. particles).
The above-mentioned assumption implies K and L in
Eq. (7) are constants, but r is no longer constant and,
thus, we have to find another expression relating
P and r. For standard blocking, Eq. (7) reduces to the
following form.

r0
rV

� �1þ3N

¼ P

P0
(16)
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Inserting Eq. (16) into Eq. (15) results in the following
form of equation,

1� P0

P

� � 2
ð1þ3NÞ

¼ cfV

N�pr20Lq
(17)

Given that N�pr2o ¼ Ao and differentiating with respect
to pressure and volume, Eq. (17) results in:

dP

dV
¼ ð1þ 3NÞ

4
� ðP0Þ

ð3N�3Þ
ð2þ6NÞ � kSB � PnSB (18)

As in the case of complete blocking, the values of
blocking index and blocking constant are heavily
affected by the rheology. Eq. (18) shows that for stan-
dard blocking nSB ¼ ð3þ 3NÞ=ð1þ 3NÞ and
kSB ¼ 2 � cf=ð

ffiffiffiffiffi
P0

p � A0 � LqÞ.

1.5. Cake filtration

The underlining assumption of cake filtration holds
if the increase of driving force is not due to reduction
of active surface area for filtration, but rather due to
the increase of layer thickness of the retained particles.
Modifying Eq. (7) and taking into consideration that
A, r, and K are all constants, the relationship for cake
filtration is expressed as:

P0

L0
¼ P

LV
(19)

The amount of resistance generated by the clean
membrane (RmÞ [m−1] is proportional to the length of
the capillary i.e. the thickness of the clean membrane
L0 [m] before any deposition of a cake layer. As filtra-
tion proceeds the length of “capillary” increases to LV
[m], which can be expressed as LV ¼ L0 þ L. It is
apparent that the increase in capillary length L is
directly proportional to an increasing thickness of a
cake layer and the added hydraulic resistance gener-
ated by the cake layer (RcÞ [m−1]. The resistance in ser-
ies model can thus be applied for the cake filtration
hypothesis, consisting terms Rm and Rc. Inserting these
premises to Eq. (19) yields:

P0

Rm
¼ P

Rm þ Rc
) P ¼ P0ðRm þ RcÞ

Rm
(20)

However, a more refined definition of cake layer
resistance is needed. The amount of resistance gener-
ated by a cake is related to inherent properties of the

material that makes up the cake, expressed as
R̂c[m/kg]. For a solution with a bulk concentration cf
of incompressible cake material, the magnitude of the
cake layer resistance can be estimated by:

Rc ¼ R̂c
cf :V

A0
(21)

Substituting Eq. (21) into Eq. (20) gives:

P ¼ P0 þ P0
R̂c

Rm

cf :V

A0
(22)

The characteristic equation of cake filtration for
Newtonian fluids can then be obtained from the
derivation of Eq. (22).

dP

dV
¼ P0cf

A0

R̂c

Rm
) dP

dV
¼ kCF � PnCF (23)

As seen in Eq. (23), blocking laws predict a linear
increase of dP=dV and both blocking index and block-
ing constant are unaffected by rheology. In the case of
cake filtration kCF=P0cf=A0 � R̂c=Rm and nCF = 0.

Table 2 summarizes the blocking constants and
indices of both Newtonian and non-Newtonian flu-
ids. The values of n and k for Newtonian fluids are
taken from Huang and co-workers [21] without nor-
malization. The values of n and k of non-Newtonian
fluids are heavily modified by the value of N, how-
ever, these values conveniently reduce to the values
of n and k of Newtonian fluids simply by inserting
N value of 1. Derivation of blocking laws for con-
stant flux and constant pressure filtration involves
the same set of assumptions for either pore types of
fouling (complete, intermediate, and standard block-
ing) or surface type of fouling (cake filtration). How-
ever, the impact of rheology on the model
parameters (blocking indices and blocking constant)
of the two modes of operation is essentially differ-
ent. This can be attributed to the fact that the two
modes of operation depend on different variables
being modeled. Constant pressure filtration depends
on the change of the filtration flux while constant
flux filtration depends on the change of pressure.
Rheology parameters as summarized in Eq. (4) will
affect the two filtration variables. However, if one of
the filtration variables is set constant then rheology
will only impact the other. Consequently, model
parameters that depend on either one of the two
filtration variables will then be affected by rheology.
For the sake of comparison, one may refer to
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blocking laws of constant pressure for non-Newto-
nian fluid filtration as derived by Hermia [12]. The
two model parameters in standard blocking and
cake filtration are affected by rheology and only the
blocking constant is affected in the case of complete
blocking. For intermediate blocking, the model
parameters are the same as those of a Newtonian
fluid. The reason is as explained above, the parame-
ters that are dependent on the variable being mod-
eled will be affected by rheology (e.g. in this case
the filtration flow rate). Following this argument, in
constant flux filtration only the model parameters in
cake filtration that are not dependent on pressure
will thus result in the same filtration characteristics
for Newtonian and non-Newtonian fluids.

It is necessary to point out that such a derivation of
blocking laws does not take into account the more
complex phenomena such as changes in the structure
of the membrane or deposited particles. The focus of
this study has been to apply blocking laws for constant
flux non-Newtonian fluid filtration to experimental
data using non-Newtonian fluids made up by particle
(kaolin and TiO2) and polymer (sodium carboxymethyl
cellulose) dispersions and to assess the applicability in
describing fouling mechanisms observed.

2. Materials and methods

2.1. Membranes and feed solution

Experiments were conducted with a filtration unit
using a Sartorius’ cellulose nitrate microfiltration
membrane with a nominal pore size of 0.8 μm and
total membrane area of 13.86 cm2. The same type of
membrane was used in all filtration experiments, with
a new membrane used for each experiment. The mem-
branes were pre-conditioned prior to filtration experi-
ments by soaking them in deionized water of same
pH and ionic strength as the feedwater for 1 h, and
then conducting the filtration experiment for 30min at
the set flux of the experimental plan. Dispersions of

model particles were prepared by adding titanium
oxide TiO2 AEROXIDE® P25 (Evonik Degussa) (0.5, 1,
and 2% w/v), commercial laboratory-grade kaolin
(Prolabo) (0.5 and 1% w/v), or sodium carboxymethyl
cellulose (CMC, Sigma-Aldrich) (0.25% w/v) into
deionized water (Milli-Q Millipore). Ionic strength
was adjusted by adding NaCl and pH by adding
NaOH. The fluids were then subjected to ultrasonic
bath (SANPA W-115/118 Honda Electronics) where a
frequency sequence of 28, 45, and 100 Hz were subse-
quently applied for 4 min. All experiments in this
study were conducted with an ionic strength of 10−3

mol/L and pH of 9.

2.2. Analytical methods

Particle sizing was done using an instrument based
on light scattering techniques (LS230 Beckman-Coulter)
and rheology tests were conducted using a double-gap
cell (DG-27) in a rheometer Physica MCR-301 (Anton-
Paar) at constant temperature of 20˚C over a shear rate
range of 1–1500 s−1. The pH of the feed solutions was
measured by SympHony SP70P (VWR).

2.3. Setup of filtration experiment

A series of dead-end constant flux filtration experi-
ments were conducted in an unstirred bench scale
membrane test cell (Fig. 3). Feed water and permeate
suction were achieved by peristaltic pumps (Master-
flex L/S Cole-Parmer) and the amount of permeate
was monitored by measuring the weight of permeate
(E1500D OHAUS) over time on a balance. The data
from temperature (SEM203 Status Instrument) and
pressure transducers (EW-68075-02 Cole-Parmer) were
recorded by using the data acquisition system
LabVIEW 2010 software (National Instruments). All
filtration experiments were conducted at a constant
water temperature of 20˚C with a variation of water
temperature within ±1˚C.

Table 2
Summary of blocking indices and blocking constants for the blocking laws

Newtonian fluida Non-Newtonian power-law fluid

n k n k

Complete blocking (CB) 2
r�cf
Po�Ao

Nþ1
N N � r�cf

P1=N
o �Ao

Intermediate blocking (IB) 1
r�cf
Ao

1 N � r�cfAo

Standard blocking (SB) 3/2
2�cfffiffiffiffi

Po

p �Ao�Lq
ð3þ3NÞ
ð1þ3NÞ

ð1þ3NÞ
2

cf
AoLq

� 1
Po

� � 2
ð1þ3NÞ

Cake filtration (CF) 0
Pocf
Ao

R̂c

Rm
0

Pocf
Ao

R̂c

Rm

Note: aAdapted from Huang et al. [21].
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3. Results and discussion

3.1. Rheology of the feed solutions

Fig. 4 shows the rheograms of the materials used
in this study (0.5, 1, and 2% w/v kaolin and TiO2,
0.25% w/v CMC) at 20 ˚C and the lines represent
fittings using Eq. (1). Kaolin and TiO2 were aimed to
represent non-Newtonian fluid behavior due to parti-
cle dispersions in water, while CMC should be able to
dissolve in the water and change the medium to be
non-Newtonian.

Kaolin dispersions for the two concentrations
investigated showed characteristic Newtonian fluid
properties with N values of around 1 (1.009 and

0.9994 for 0.5 and 1% w/v, respectively). In contrast,
TiO2 solutions investigated showed characteristics of
power law fluids, where the concentrations of 0.5 and
2% w/v displayed shear-thinning fluid properties
(N values of 0.9669 and 0.927, respectively) and shear-
thickening fluid properties at 1% w/v (N value 1.03).
The fact that TiO2 exhibits different fluid behavior,
especially at 1% w/v, was also reported by Santillán
and co-workers [24] where TiO2-acetyl acetone disper-
sions were characterized in a range of 0.3–2.5% w/v
over a shear rate range of 10–250 s−1. TiO2 was
reported to behave as a shear-thickening fluid at 1%
w/v while it behaves like a shear-thinning fluid at
any other of the concentrations studied. Unfortunately,

Fig. 3. Schematic diagram of the dead-end filtration system used in the study.

Fig. 4. Rheology measurements of the feed solutions.
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the authors did not elaborate the issue further as to
why such a phenomenon arises. However, the condi-
tions reported were the basis for choosing the test con-
ditions in this study enabling investigating the two
different power law fluid behaviors (i.e. shear-thin-
ning/shear-thickening). CMC behaved like a shear-
thinning fluid with N value of 0.995.

One may argue that the values of fluid behavior
index N in this study were not significantly different
than 1. However, blocking laws as derived from
Rabinowitsch–Mooney equation assume fluid trans-
port phenomenon in capillaries. If we consider flow in
the membrane capillary (e.g. as for 0.8 μm pore diame-
ter used in this study), we must consider such a trans-
port phenomenon as flow in a microchannel where
the effect of fluid behavior index in a microscale chan-
nel can be significantly larger than that in the macro-
channel. Hadigol and co-workers [25] did a numerical
analysis of mixed electroosmotic-pressure driven flow
of power law fluids in a microchannel of 20 μm ×
92.8 μm (height × length) and showed that the volu-
metric flow rate depends heavily on N when other
operational conditions (i.e. zeta potential, Debye
length, external electric potential, and channel height)
are set constant. Fluid with N values of 0.93 and 1.03
were reported to give around 160 and 80% volumetric
flow, respectively, in comparison to that of a fluid
with N value of 1.

3.2. Size measurements of the feed solutions

Particle size distribution analyses based on volume
percentage of the two feed solutions used is presented

in Fig. 5. Kaolin displayed a broad range of particle
sizes from 0.1 to 12 μm, with two distinctive peaks
around 5 and 11 μm (manufacturer specification was
0.1–4 μm). The nominal size of TiO2 reported by the
manufacturer is around 21 nm, however, the size mea-
surement revealed existence of larger TiO2 particles
with three distinct peaks observed at size ranges of
0.05–0.06, 0.2–0.3, and 0.5–0.6 μm. Such a phenomenon
is common for TiO2 dispersions due to agglomeration,
especially in high concentrations [26]. The standard
deviations (dashed lines in Fig. 5) suggest that kaolin
agglomerates were more stable and less prone to
deformation as the deviations observed were small. In
contrast, TiO2 particles were more susceptible to
change where results showed that the amount of lar-
ger agglomerates gradually decreased (i.e. reduction
in peak), and where the amount of smaller particles
increased (i.e. increase in peak) as repetition analysis
with the same samples were performed. The impact of
the changes in particle properties over time should be
considered when determining the fouling behavior of
such feed solutions. Nonetheless, fractions of particle
smaller than the pore size of the membrane exist
opening the possibility to observe pore-type fouling
phenomenon. Size measurement for CMC was not
conducted since it is soluble in water with the
reported average molecular weight of 90 kDa.

3.3. Microfiltration of kaolin and TiO2

Fig. 6 presents the results of filtration experiments
at different fluxes and concentrations of kaolin and

Fig. 5. Particle size distributions of feed solutions (the dotted lines represent standard deviation of the measurements).
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TiO2. Judging from the data plot, cake filtration
appears to be the dominant fouling mechanism. For
fitting the data, the expression for cake filtration in Eq.
(22) can be simplified by normalizing the trans-mem-
brane pressure (TMP) Pover initial TMP Po and
filtered volume V over initial active membrane area
Ao. This gives the following equation;

P0 ¼ 1þ kCF � Vs (24)

where P0[-] is the normalized TMP, Vs[m
3/m2] is the

specific filtered volume, and the blocking constant kCF
is thus modified to cf � R̂c=Rm[m

−1]. A similar formula-
tion was reported by Huang et al. [21] with a slight
modification as the expression was normalized with
respect to specific flux (J0sÞ instead of normalized TMP
as proposed in this study. For the same experimental
conditions, TiO2 contributed to a higher hydraulic
resistance in comparison to kaolin, as represented by
steeper slopes of the lines in Fig. 6. This can be
attributed to the differences in particle size distribu-
tion of the two materials. From the analysis shown in
Fig. 5, the TiO2 solution was dominated by smaller
particles which results in lower cake porosities com-
pared to that of larger particles, as in the case of the
kaolin solution.

The sedimentation effect is insignificant in the case
of TiO2 since the filtration rate (2.22–3.33 × 10−5 m/s,
corresponding to flux of 80–120 l/m2/h) is much

higher than the settling velocity of TiO2 (4.40–6.32 ×
10−9 m/s, calculated using Stokes’s formula for the
smallest and the largest sizes). However, sedimenta-
tion effect may be significant for kaolin particles larger
than 5 μm (corresponding to ~30% of the total particle
volume) since the settling velocity is higher than the
filtration rate. Both the measured and fitted data con-
firm that in the range of concentrations used in this
study, the blocking law based on cake filtration
predicts the linearity of the TMP increase correctly for
both Newtonian and non-Newtonian fluids, as also
revealed in [23]. However, the concentration of solids
plays an important role in emphasizing non-Newto-
nian fluid characteristics. The continuity of the fluid
rheology in this case was questionable since most of
the materials were retained by the membrane in the
cake structure. This was confirmed by rheology tests
of the filtrate that showed Newtonian fluid character-
istic, which emphasizes the question whether the
blocking laws for non-Newtonian fluids are really
applicable, or important to that matter, even though
the correlations of the data in Fig. 6 are very good
(R2 values between 0.99 and 1).

3.4. Microfiltration of CMC

Fig. 7 plots the filtration data and the model fitting
results of CMC. The non-linear nature of the data plot
suggests a different filtration behavior of CMC than
that of kaolin and TiO2. The data was fitted by the sets
of blocking laws equations for both Newtonian and

Fig. 6. Fitting results for filtration experiments of kaolin and TiO2.
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non-Newtonian fluid (Table 2). Although the R2 values
were reasonably low (0.80 and 0.93 for 80 and 120 l/
m2/h, respectively), interestingly the best fits came
from the set of equations of blocking laws for non-
Newtonian fluid with complete blocking prevailing as
the dominant fouling mechanism. The structure of
CMC was reported to be fibrous [27,28] and the pres-
ence of low salt concentration and high background
pH in this study most likely would not coil the struc-
ture. As in the case of kaolin and TiO2, rheology tests
of the filtrate from microfiltration of CMC also
showed Newtonian fluid behavior, which suggests
retention of dissolved material by the membrane. With
this knowledge, cake filtration might provide the bet-
ter explanation of such a fouling phenomenon except
that the nature of the cake material of CMC is differ-
ent than that of kaolin or TiO2. Fibrous materials
might have a higher degree of freedom to be rear-
ranged or consolidated, thus the case shown here
might be the case of cake compression or consolida-
tion of CMC material.

Nonetheless, the result of rheology tests of the fil-
trate leads to further questioning the applicability of
such a model in the presence of interaction between
the membrane and the fluid/medium given that the
fluid characteristic through the pores of the membrane
changes. In literature, the works on non-Newtonian
fluid filtration modeling using blocking laws seldom
reported the rheology of the filtrate, which is actually
an important aspect in confirming the applicability of
the models. The observations from this study as

presented in this manuscript cannot really confirm the
applicability of blocking laws for constant flux filtra-
tion of non-Newtonian fluid. Tien and Ramarao [29]
questioned the validity of blocking laws in general
and suggested that the usual resistance-in-series
approach might be sufficient to elucidate the mem-
brane fouling phenomenon. Shirato et al. [23] were
among the pioneers in using blocking laws for con-
stant flux non-Newtonian fluid filtration, and in that
particular work they used an approach similar to that
suggested by Tien and Ramarao.

4. Conclusions

This paper deals with deriving the classical block-
ing laws for constant flux membrane filtration that
incorporates the rheology aspects of the fluid being fil-
tered. The theory clearly shows that rheology needs to
be considered in the application of the model. How-
ever, the result of filtration experiments in this study
showed rheological inconsistency between the feed
solution and the filtrate, i.e. Newtonian fluid behavior
of the filtrate. This finding suggests that the applica-
tion of the blocking laws for constant flux non-Newto-
nian fluid filtration could not be thoroughly
confirmed. Nonetheless, the work presented here pro-
vides a starting point for further study of non-Newto-
nian fluid filtration. Alternatively, development of
new models or approaches is therefore probably more
appropriate in defining the fouling behavior for such
conditions.

Fig. 7. Fitting results for filtration experiments of CMC.
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