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a b s t r a c t

Reverse osmosis system has been widely used for the separation of organic and non-organic pollut-
ants present in wastewater. The main aim of this study is to develop a one dimensional steady state 
model based on the three-parameter Spiegler-Kedem methodology using the gPROMS software and 
validate it by assessing the performance of membrane rejection for the separation data of aqueous 
solutions of phenol under different concentrations and pressures. Considerations of the variance of 
pressure, flow rate, solute concentration, solvent and solute fluxes and mass transfer coefficient along 
the feed channel were included in the model. Furthermore, an optimization methodology for the 
gEST parameter estimation tool has been developed in the gPROMS and used with experimental 
data in order to estimate the best values of the separation membrane parameters and the friction 
parameter. The simulation results of this model have been corroborated by experimental data.

Keywords:  Reverse osmosis; Spiral-wound; One dimensional-model; gPROMS; Parameter estimation; 
Wastewater treatment

1. Introduction

Reverse osmosis (RO) has been widely used for the 
separation of solutes, such as desalination of seawater and 
industrial effluent treatment where it is able to operate 
under variable conditions of feed flow rate, pressure and 
temperature [1–4]. In the past two decades, many models 
have been reported in the literature for spiral-wound RO 
configuration for removing organic and non-organic com-
pounds from aqueous solutions. Despite the complexity 
of the different available approaches, only two models are 
used widely and include the solution-diffusion model [5] 
and the irreversible thermodynamic model [6]. The solu-
tion-diffusion model requires only a few parameters to be 
known to measure the mechanism of transport compared 
to that by the irreversible thermodynamic model. However, 
the interaction between the solute, solvent and membrane 

are specifically included in the irreversible thermody-
namic model. As a result, this model is more widely used 
to describe the performance of the membrane separation in 
RO systems than any other investigated models [7,8]. 

The available transport models are based on analytical 
and distributed methodologies. The analytical type assumes 
constant average conditions in each edge of the membrane 
while the distributed type uses the spatial variation of oper-
ating variables [4]. The literature on modeling the reverse 
osmosis membrane separation using the irreversible ther-
modynamic model is discussed in more detail elsewhere [9]. 
Further literature is addressed in the next section of the paper.

The starting fundamental formula for the irreversible 
thermodynamic model was established by Kedem and 
Katchalsky [10] and then by Spiegler and Kedem [11] for 
a dilute two-component non-electrolyte system of water 
and solute as linear equations and non-linear equations 
respectively relating the fluxes of these components. The 
interesting aspect of this work is the idea that there should 
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be a combination of three parameters rather than two as 
assumed in the solution-diffusion model. A third parame-
ter of the reflection coefficient is added in order to express 
the broad criteria of a sensible interaction between the sol-
ute-solvent-membrane, which generates and enhances an 
acting force between them. Furthermore, it was confirmed 
that for a dilute single solute system, the reflection coeffi-
cient is approximately equal to one for impermeable solute 
and less than one for permeable solute. The modification 
of this model is continued and controlled so that it can be 
suitable for multi-component systems.

Along the same previous concept, Galey and Bruggen 
[12] extended the Kedem and Katchalsky model to identify 
a mixture of non-electrolyte dilute solution. They indicated 
that the flux of each solute affected by other solutes and the 
solute interaction depends mainly on solute permeability, 
concentration and molecular size. It is worth noting that the 
most specific multi-component thermodynamic model was 
derived by Pusch [13], who improved the underlying equa-
tions of Kedem and Katchalsky for predicting solvent flux 
and solute rejection. 

Likewise, Perry and Linder [14] refined the Spiegler 
and Kedem model in order to be satisfied for a mixture of 
salt accompanied by an organic ion. The evolution of their 
modelling was under the presumption of no concentration 
polarization and constant values for both the permeability 
and reflection coefficient parameters. Later on, the Spiegler 
and Kedem model has been combined with the film theory 
model by Schirg and Widmer [15] to identify the impact of 
concentration polarization in case there is a relation between 
permeate and bulk solute concentration.

The validity of the Spiegler and Kedem model has been 
assessed later by Van Gauwbergen and Baeyens [16]. They 
concluded that this model can be utilized effectively for 
high volume flow rates and high concentration gradients. 

Based on the irreversible thermodynamic model, all the 
above concepts have been developed as analytical models. 
In contrast, there are only a few models, which consider 
the spatial variation. For example, Ahmad et al. [17] have 
developed a one-dimensional model to consider the sol-
ute-solute interactions in a multi-component system for a 
nanofiltration process. While, Fujioka et al. [18] have devel-
oped a one-dimensional model for a spiral-wound RO pro-
cess by assuming zero pressure on the permeate side and 
they have validated this against experimental data of N-ni-
trosamine rejection.

There is therefore a clear need to develop a new distrib-
uted model for a spiral-wound module applicable to waste-
water treatment data based on using the principles of the 
irreversible thermodynamic equations albeit with relaxing 
the assumption that the pressure on the permeate side is zero.

This paper presents a new explicit one-dimensional 
steady state model based on the Spiegler and Kedem model 
for general spiral-wound RO system, which is coded in the 
gPROMS software package (Process Systems Enterprise, 
PSE). The model can predict the variation of solute concen-
tration, pressure, flow rate, mass transfer coefficient, solvent 
and solute fluxes along the length of the feed channel. The 
gEST parameter estimation tool in the gPROMS software 
has been utilized with experimental data to estimate the best 
values of the membrane and the friction parameters. Also, 
an equation for the mass transfer coefficient is investigated 

according to experimental data to show the impact of solvent 
flux, flow rate, solute concentration and both the solvent and 
solute properties. The actual data available in the literature 
about phenol removing from aqueous solutions will be uti-
lized to validate the model and show its robustness. 

The process model developed is then used to study the 
variation of solute concentration, pressure, flow rate, sol-
vent and solute fluxes along the length of the feed channel.

The proposed model can be applied later to investigate 
the impact of variation in operating conditions on the per-
meate flux and solute rejection. Additionally, the model can 
be used for other different arrangements of spiral-wound 
RO and optimise design and operation parameters and 
evaluate system performance.

2. Theoretical background

This section outlines the assumptions and process mod-
elling aspects of the proposed methodology.

2.1. The assumptions

The following assumptions were taken to develop the 
process model:

1.  The flat membrane sheet has negligible channel 
curvature.

2.  Validity of the Spiegler-Kedem model.
3.  Validity of Darcy’s law where the friction parame-

ter is used to characterize the pressure drop.
4.  A constant pressure of 1 atm is assumed at the per-

meate side.
5.  A constant solute concentration is assumed in the 

permeate channel and the average value will be cal-
culated from the inlet and outlet permeate solute 
concentrations.

6.  The model is investigated for simply one-dimen-
sional transport (x- coordinate). 

7.  The underlying process is assumed to be isothermal. 

2.2. Process modeling

According to the Spiegler-Kedem model, the volumet-
ric solvent and molar solute fluxes Jw(x) and Js(x) (m/s and k 
mol/m² s) at each point along the x-axis can be described as:

( ) ( ) ( )( )  p bw x x s xJ L P σ π= ∆ − ∆   (1)

( ) ( ) ( ) ( ) ( )
~1   s x w x s av s xJ J Cσ ω π= − + ∆  (2)

where Lp, ω and σ (m/atm s, k mol/m² s atm and dimen-
sionless) are the hydraulic permeability, solute permeability 
coefficients of the membrane and the reflection coefficient 
respectively. In addition, ∆Pb(x) and ∆πs(x) (atm) are the 
trans-membrane and osmotic pressure difference in each 
point along the membrane length. Cs

~
(av) (k mol/m³) is the 

average solute concentration calculated from:
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( )
( ) ( )

~ ~
0~  

2
s s L

s av

C C
C

+
=  (3)

where,

( )
( ) ( )

( )

( )

( )
( ) ( )

( )

( )

0~ ~
0

0

and

ln ln

s p av s L p av

s s L

s s L

p av p av

C C C C
C C

C C

C C

− −
= =

   
   
   

 (4)

Cs
~

(0) , Cs
~

(L) and Cp(av) are the inlet and outlet average solute 
concentrations and average permeate solute concentration 
respectively. While, Cs(0) and Cs(L) are the inlet and outlet feed 
solute concentrations in feed channel. The osmotic pressure 
∆πs(x) is described as: 

( ) ( ) ( )( )  bs x w x p avRT C Cπ∆ = −  (5)

where R, Tb and Cw(x), atm m³
K kmol

 
  

 K and k mol/m³) are the

gas constant, the brine temperature and the molar solute 
concentration on the membrane surface respectively. Put-
ting the value of osmotic pressure difference in Eq. (2), and 
then the solute flux can be written as:

( ) ( ) ( ) ( ) ( ) ( )( )~    1      bs x w x s av w x p avJ J C RT C Cσ ω= − + −  (6)

Eq. (6) expresses the solute flux by incorporating of two 
terms. The first term illustrates the solute transport mech-
anism by convection, which is caused by the coupling 
between the solute and solvent through three parameters, 
σCs

~
(av) and Jw(x). The second term illustrates the diffusive 

solute flux. In case of assuming no coupling between the 
solvent and solute, the term of convection will be zero (the 
Solution-diffusion model).

Since the solute flux is lower than volumetric solvent 
flux, Eq. (7) yields:

( ) ( ) ( ) s x w x p avJ J C=  (7)

The trans-membrane pressure ∆Pb(x) at any point along the 
x-axis can be defined as:

( ) ( )( )b px b xP P P∆ = −  (8)

where Pb(x) and Pp (atm) are the pressure on the feed and per-
meate channels respectively.

By substituting Eq. (7) in Eq. (2) and with re-arrange-
ment, yields:

( )
( ) ( ) ( ) ( ) ( )

~ 1  
 w x p av w x s av

s x

J C J Cσ
π

ω ω
−

∆ = −  (9)

Then, by substituting Eq. (9) in Eq. (1).

( ) ( )
( ) ( ) ( ) ( ) ( )

~1  
  w x p av w x s av

p bw x x

J C J C
J L P

σ
σ

ω ω

  −
 = ∆ − − 
   

 (10)

Eq. (10) can be simplified to:

( )
( )( )

( ) ( ) ( )~

 

  1  
1

p b x

w x
p pp av s av

L P
J

C L C Lσ σ σ
ω ω

∆
=

−
+ −

 (11)

Primarily, the brine flow rate Fb(x) (m³/s) decreases along the 
membrane length, which can be estimated from:

( )
( )

 
 b x

w x

dF
W J

dx
= −  (12)

where W(m) is the width of the membrane. 
By combining Eq. (10) in Eq. (12) and take the first and 

second derivatives yields:

( )
( )

( ) ( ) ( )
2

~2

  

  1  
1

b x
pb x

p pp av s av

dP
W Ld F dx

C L C Ldx σ σ σ
ω ω

−
=

−
+ −

 (13)

Then, Darcy’s law can be used to express the pressure 
drop along the membrane length, which is caused by the 
wall friction along the membrane:

( )
( ) b x

b x

dP
b F

dx
= −  (14)

where b (atm s/m4) is the friction factor along the feed channel.
By substituting Eq. (14) in Eq. (13).

( ) ( )

( ) ( ) ( )
2

 

~2

  

  1  
1

p bb x b x

p pp av s av

d F W L F

C L C Ldx σ σ σ
ω ω

=
−

+ −
 (15)

Eq. (15) can be composed in the same form of Eq. (16):

( )
( )

2

2   b x p
b x

d F L
F

dx Z
=  (16)

where

( ) ( ) ( )~  1  
1   

 

p pp av s avC L C L

Z
W b

σ σ σ
ω ω

−
+ −

=  (17)

The general solution of Eq. (16) is:

( )

 

 

where, prx
b x

L
F e r

Z
= = ±  (18)

The boundary conditions can be used to find the final 
solution as follows:
At x=0, Fb(x)= Fb(0) and at x = L, Fb(x) = Fb(L)

( )

( ) ( )
( ) ( )    

0

  

 
p p p p

p p

L L L L
x x L x L x

Z Z Z Z
b L b

b x L L
L L

Z Z

F e e F e e

F

e e

− − − −

−

   
− + −   

      
=

 
− 

  

 (19)

By substituting Eq. (19) in Eq. (14) and take the integra-
tion yields:
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( ) ( )

( )

( )
( ) ( )
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0
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p p

p p

p p p p

b x b L L
L Lp Z Z

L L
x x

Z Z
b L

L L L L
L x L x L L

Z Z Z Z
b
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e e

Z

F e e

F e e e e

−

−
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 

− 
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   
   + −               − + − −                 

 (20)

Then, by taking the first derivative of Eq. (19) and combine 
it in Eq. (12), yields:

( )

( )
( ) ( )

( )

 

 

  

    

0

 

 
p p

p p p p

p

w x L L
L L

Z Z

L L L L
L x L x x x

Z Z Z Z
b b L

L

ZJ

W e e

F e e F e e

−

− − − −

=
 

− 
  

           + − +                  

 (21)

By equating Eq. (21) to Eq. (11), the pressure drop along 
the x-axis can be written as:

( )

( )
( ) ( )

( )
    

0

 

  

 
p p p p

p p

b x

L L L L
L x L x x xp Z Z Z Z

b b L

L L
L L

Z Z
p

P

L
Zb F e e F e e

Z

L e e

− − − −

−

∆ =

           + − +                  
 

− 
  

 (22)

Simply at (x = 0, ∆Pb(x) = ∆Pb(0) = Pb(0) − Pp), Eq. (22) can be re-ar-
ranged to find an expression for the outlet brine flow rate:

( )

( ) ( )
    

0 0   

2 2

p p p pL L L L
L L L LpZ Z Z Z

bb

b L

L
F e e P e e

Z
F

b

− −   
+ ∆ +   

      
= −

 (23)

The solute concentration along the x-axis can be calcu-
lated from Eq. (24) [19].

( ) ( )( )
( ) ( ) ( ) ( )

( )
( )

 

  
s x b x

w x p av w x s x s xf
b x

f f

C F
d

J C J C dCt W d
D

dx t t dx dx

 
= − + +   

 (24)

where Db(x) , tf (m²/s, m) are the solute diffusion coefficient 
along the length of the membrane (varied with temperature 
and solute concentration) and the channel height respectively. 

Additionally, in order to address the accumulation of 
the impermeable solute on the membrane surface, the the-
ory of concentration polarization can be applied:

( ) ( )( )
( ) ( )( )

( )

( )
exp

w x p av w x

xs x p av

C C J

kC C

−  
 =
 −  

 (25)

where k(x) (m/s) is the mass transfer coefficient of the solute 
along the x-axis. The combination of Eq. (25) and Eq. (7) in 
Eq. (2), yields:

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( )

( )~
 1     

w x

x

J

k

bw x p av s av w x s x p avJ C C J RT C C eσ ω= − + −  (26)

Re-arranging Eq. (26) for the average permeate solute 
concentration gives:

( )
( ) ( ) ( ) ( )

( )

( )

( )

( )

( )

~
  

  

1     

   

w x

x

w x

x

J

k

bs av w x s x

Jp av

k

bw x

C J RT C e
C

J RT e

σ ω

ω

− +
=

+

 (27)

To simplify Eq. (27), the reflection coefficient will be 
assumed as (σ = 1), then:

( )
( )

( )

( )

( )

( )

( )

 

  

    

   

w x

x

w x

x

J

k

b s x

Jp av

k

bw x

RT C e
C

J RT e

ω

ω

=

+

 (28)

Then, Eq. (28) can be re-written in the form of Eq. (29) 
and to be compatible with the case of calculating the aver-
age permeate solute concentration from considering the 
Solution-diffusion model.

( )
( )

( )

( )

( )

( )

( )

   

  

w x

x

w x

x

J

k

s s x

Jp av

k

sw x

B C e
C

J B e

=

+

 (29)

where Bs is the solute permeability coefficient used in the 
Solution-diffusion model. Then, Eq. (29) can be used in both 
(x = 0 and x = L) and then take the average value as the aver-
age solute concentration in the permeate channel. 

The average solute rejection coefficient, which is a mea-
sure of the separation efficiency of the membrane is calcu-
lated from [20]:

( )
( ) ( )

( )
 100 s L p av

av
s L

C C
Rej

C

−
= ×  (30)

Lastly, the total permeated flow rate can be calculated 
from the sum of all permeated water along the x-axis:

( )
( ) p x

w x

dF
W J

dx
=  (31)

( ) ( )p Total p LF F=  (32)

2.3. Parameter estimation 

Before the proposed model can be applied to simulate 
the operation of a spiral-wound RO process, all the associ-
ated parameters must be assigned fixed values. The model 
has five parameters; namely Lp, ω, Bs, σ and b.

Generally, the parameters of the Spiegler-Kedem model 
can be predicted by fitting the experimental data with the pre-
dicted values for this model. Murthy and Gupta [8] have used 
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the non-linear parameter estimation method of the Box-Kane-
masu to find the model parameters. While, Senthilmurugan 
et al. [21] have adopted the simplex search method. 

In this paper, another way has been used in order to 
estimate the unknown parameters, which can be executed 
automatically within the gPROMS parameter estimation 
(Process System Enterprise Ltd.) [22] for each set of experi-
ments. Obviously, for any given set of values of the unknown 
parameters, the model equations can be solved to show the 
unit behaviour at the experimental conditions, therefore 
yielding the objective function. The optimization of these 
parameters is achieved by fitting the experimental data 
shown in Table 3 to the model predicted values by varying 
certain model parameters in order to maximise the probabil-
ity that the model will closely predict. The mathematical way 
used to minimize the objective function is the sum of square 
errors (SSE) between the experimental outlet concentration, 
outlet flow rate, total permeated water, outlet pressure and 
average solute rejection and the calculated values. This can 
be achieved by altering the model parameters from an initial 
guesstimate value to optimal values—usually referred to as 
the optimisation solver. The gPROMS provides a mathemat-
ical solver called as MXLKHD, which is based on maximum 
likelihood optimisation. The optimization problem is posed 
as a non-linear programming (NLP) problem and is solved 
using a successive quadratic programming (SQP) method 
within the gPROMS software [23].

Given: Time invariant controls including, Cs(0), Fb(0), Pb(0) 
and Tb 

Measured variables data (Cs(L), Cp(av), Fb(L), Fp(Total), Pb(L) and 
Rej(av)

The statistical variance models to be used for the mea-
sured variables.

The complete specification of a parameter estimation 
problem requires:

Obtaining: (Lp, ω, Bs, σ and b).
Minimizing: The sum of square errors (SSE). 
For example, (SSE) for the outlet solute concentration is: 

2. .
, ,1

DataN Exp Cal
s i s ii

SSE C C
=

 = − ∑  (33)

With the above subject to: Process parameter constraints.
The total results of the parameter estimation were given 

in Table 1 and show the variation of transport parameters 
with the inlet feed solute concentration.  

It is worth noting the mass transfer coefficient is basi-
cally affected by the solvent flux, flow rate, solute concen-
tration and both the solvent and solute properties [24]. Also, 
the mass transfer coefficient varies along the x-axis dimen-
sion. So, the impact of all these factors can be correlated in 
Eq. (34) as follows: 

( ) ( ) ( ) ( ) ( ) ( )
2

1      
c

x p x f x m x p x f xSh c Re Re C Sc Sc =    (34)

where, ( )

( )

 2  f x

b x

t k
Sh

D
=  (35)

( )
( ) ( )

( )
( )

( ) ( )

( )

  2  2  
and

  
p p x w x f x b x

p x f x
p x f x

t J F
Re Re

W

ρ ρ
µ µ

= =  (36)

( )
( )s x

m x
m

C
C

ρ
=  (37)

( )
( )

( ) ( )
( )

( )

( ) ( )
and

  
p x f x

p x f x
p x p x f x f x

Sc Sc
D D

µ µ
ρ ρ

= =  (38)

where Sh(x), Rep(x), Ref(x), Cm(x), Scp(x), Scf(x), ρp(x), ρf(x), μp(X), μf(x), 
Dp(x) and ρm are the Sherwood number, the permeate Reyn-
olds number, the feed Reynolds number, dimensionless sol-
ute concentration, the permeate Schmidt number, the feed 
Schmidt number, the density of permeate, the density of 
feed, the viscosity of permeate, the viscosity of the feed, the 
solute diffusion coefficient of permeate at any point along 
the x-axis and the molal density of water respectively. In 

Table 1 
The results of parameter estimation

Cs(0) x 10³ Pb(0)
Tb Lp  × 106 ω × 106 Bs × 106

2.125 4.93 32.5 1.4045 5.2388 1.7342

2.125 6.9 33.1 1.4045 5.2388 1.7342

2.125 8.9 33.0 1.4045 5.2388 1.7342

2.125 10.9 33.2 1.4045 5.2388 1.7342

2.125 14.8 34.0 1.4045 5.2388 1.7342

4.25 4.93 32.2 1.2483 0.67797 1.0707

4.25 6.9 32.8 1.2483 0.67797 1.0707

4.25 8.9 33.5 1.2483 0.67797 1.0707

4.25 10.9 33.9 1.2483 0.67797 1.0707

4.25 12.8 34.5 1.2483 0.67797 1.0707

4.25 14.8 34.5 1.2483 0.67797 1.0707

6.375 4.93 32.5 1.1314 1.5213 0.84163

6.375 6.9 33.0 1.1314 1.5213 0.84163

6.375 8.9 33.2 1.1314 1.5213 0.84163

6.375 10.9 33.5 1.1314 1.5213 0.84163

6.375 12.8 33.8 1.1314 1.5213 0.84163

6.375 14.8 34.0 1.1314 1.5213 0.84163

8.5 4.93 32.0 1.2090 1.8588 1.1476

8.5 6.9 32.5 1.2090 1.8588 1.1476

8.5 8.9 32.8 1.2090 1.8588 1.1476

8.5 10.9 33.0 1.2090 1.8588 1.1476

8.5 12.8 33.2 1.2090 1.8588 1.1476

8.5 14.8 33.5 1.2090 1.8588 1.1476

10.6 4.93 31.5 1.1184 0.58853 1.0972

10.6 6.9 32.2 1.1184 0.58853 1.0972

10.6 8.9 32.6 1.1184 0.58853 1.0972

10.6 10.9 32.8 1.1184 0.58853 1.0972

10.6 12.8 32.8 1.1184 0.58853 1.0972

10.6 14.8 33.0 1.1184 0.58853 1.0972

b = 13,000 atm s/m4 σ = 0.9075
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order to determine the values of (c1 and c2) mentioned in Eq. 
(34), the mass transfer coefficients will be calculated from 
the correlation reported by Wankat [25].

( )
( ) ( )

0.3332

2

 
1.177

  
b x b x

x
f

F D
k

t W L

 
 =
  

 (39)

Then, the other parameters of Eq. (34) in both (x = 0 and 
x = L) can be estimated from the experimental data of phe-
nol, which reported by Srinivasan [20]. 

Finally, by plotting Ln(Sh) vs Ln (Rep Ref Cm Scp Scf), the 
values of constants can be found. As a result, the last con-
struction of mass transfer coefficient of phenol is:

( )
( ) ( ) ( ) ( )

( )

0.00050.99956.5045    

  
pf x b x w x s x

x
f m p x

D F t J C
k

t W Dρ

 
=    

 (40)

3. Experimental procedure

The Perma-TFC polyamide RO membrane in a spi-
ral-wound module (supplied by Permionics, Vododara, 
India) was used by Srinivasan [20]. The characteristics of 
the spiral-wound module are given in Table 2. The exper-
iments were carried out using binary mixtures of phenol 
compound in water at five different solute concentrations 
varying from 2.125 × 10–3 to 10.6 × 10–3 k mol/m³. Also, the 
pressure varies from 4.93 to 14.8 atm for each set of inlet feed 
solute concentration under constant feed flow rate 3.333E-4 
m³/s. Lastly, the fluid temperature was kept between 31.5 
and 34.5°C. 

4. Model validation

Table 3 shows the experimental results of phenol 
removal and the model predictions for five groups of inlet 
feed solute concentration (each group holding six differ-
ent inlet feed pressures). Table 3 also depicts the percent-
age error between the experimental results and the model 
predictions for a number of model parameters, such as, 
outlet feed pressure (Pb(L)), outlet feed flow rate (Fb(L)), 
average permeate solute concentration (Cp(av)), the total 
volumetric permeated flow rate (Fp(Total)) and the average 
solute rejection (Rej(av)). The predicted above parameters 
have been obtained by running the model for different 

inlet feed conditions. Fig. 1 shows the comparison of 
experimental and theoretical results for average solute 
rejection and average permeate concentration. Generally, 
the predicted values of the theoretical model are in a good 
agreement with the experimental ones over the ranges of 
pressure and concentration.

5. Steady state variation of operating parameters 

In steady state mode, Fig 2 shows the variation of feed 
pressure and concentration along the membrane length. 
The feed pressure decreases due to pressure drop caused 
by the friction. As a result, the pressure gradient is at its 
maximum point at the entrance of membrane and at its 
minimum point at the end of the unit. While, the feed con-
centration progresses in the subsequent sub-sections of feed 
channel since the solute is retained in the wall with the dif-
fusion of water through the membrane.

It is worth noting that the feed flow rate decreases 
along the membrane channel as can be viewed in Fig. 3 
and this can be attributed to the permeated water passing 
through the membrane, which reduces the velocity of feed 
and increases the feed concentration along the membrane 
(Fig. 2). 

In addition, the water and solute fluxes decrease along 
the membrane length as the pressure decreases due to 
friction which decreases the net pressure driving force as 
shown in Fig. 4.

Fig. 5 shows that increasing operating pressure results 
in increasing the solute rejection and total permeated flow 
rate due to increase in water flux for all the tested feed con-
centrations. Interestingly, for low inlet feed concentration 
conditions, the solute rejection increases due to increase in 
the inlet feed concentration, and this may be attributed to 
increase in the membrane solute isolation intensity. How-
ever, any further increase in inlet feed concentration can 
cause a reduction in solute rejection due to higher osmotic 
pressure, which causes a decrease in the driving force of 
water flux. 

6. Conclusions

A one dimensional steady state model based on the 
theory of the irreversible thermodynamic model has been 
developed for a spiral-wound RO process based wastewa-

Table 2 
Specification of polyamide membrane module

Make Ion exchange, India

Membrane material TFC polyamide

Module configuration Spiral-wound

Number of turns 13

Feed spacer thickness, mm 0.85

Module length, m 0.45

Module width, m 1.6667

Module diameter, inch 2.5

Fig. 1. Comparison of theoretical and experimental results of 
solute rejection and average permeate concentration.
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Table 3 
Model validation with experimental results for the inlet feed flow rate (Fb(0) = 3.333 × 10–4 m³/s)

Pb(L) (atm)

%
 E

rr
or

Cp(av) × 10³ (k 
mol/m³)

%
 E

rr
or

Fp(Total) × 106 
(m³/s)

%
 E

rr
or

Rej(av)

%
 E

rr
or

Fb(L) × 104 
(m³/s)

%
 E

rr
or

No Pb(0)

atm
Tb °C Cs(0) × 

10³ (k 
mol/
m³)

Exp. The. Exp. The. Exp. The. Exp. The. Exp. The.

1 4.93 32.5 2.125 2.99 2.99 0.01 0.831 0.806 3.02 3.53 3.02 14.4 0.6462 0.627 –3.14 3.30 3.30 –0.12

2 6.9 33.1 2.125 4.96 4.97 0.13 0.647 0.637 1.54 5.20 5.18 0.45 0.727 0.708 –2.66 3.28 3.28 –0.00

3 8.9 33 2.125 6.9 6.97 1.04 0.580 0.574 0.96 7.20 7.37 –2.30 0.7593 0.740 –2.62 3.26 3.26 0.03

4 10.9 33.2 2.125 8.9 8.98 0.87 0.524 0.551 –5.17 9.60 9.55 0.48 0.7861 0.753 –4.35 3.24 3.24 –0.06

5 14.8 34 2.125 12.9 12.88 0.15 0.349 0.368 –5.55 12.2 12.2 0.00 0.8745 0.838 –4.37 3.21 3.21 –0.07

6 4.93 32.2 4.25 2.99 2.99 0.00 1.24 1.24 –0.19 3.30 2.68 18.7 0.766 0.712 –7.61 3.30 3.31 –0.16

7 6.9 32.8 4.25 4.96 4.96 0.09 1.05 0.935 5.00 4.60 8.06 0.8132 0.785 –3.54 3.28 3.29 3.29 –0.12

8 8.9 33.5 4.25 6.9 6.97 1.00 0.80 0.81 –1.22 7.00 6.54 6.54 0.861 0.816 –5.46 3.26 3.27 –0.16

9 10.9 33.9 4.25 8.9 8.98 0.84 0.72 0.755 –4.84 8.50 8.49 0.15 0.8737 0.830 –5.21 3.25 3.25 –0.04

10 12.8 34.5 4.25 10.9 10.88 –0.17 0.685 0.73 –6.62 10.25 10.3 –0.82 0.8807 0.838 –5.14 3.23 3.23 –0.03

11 14.8 34.5 4.25 12.9 12.89 0.0 0.718 0.734 –2.20 12.25 12.3 –0.23 0.8766 0.839 –4.53 3.21 3.21 –0.07

12 4.93 32.5 6.375 2.99 2.99 0.00 1.40 1.65 –17.89 3.20 2.43 20.4 0.7983 0.744 –7.22 3.30 3.31 –0.21

13 6.9 33 6.375 4.96 4.96 0.00 1.24 1.21 2.47 4.33 4.17 3.70 0.8216 0.815 –0.86 3.29 3.29 –0.04

14 8.9 33.2 6.375 6.9 6.97 0.98 1.176 1.03 12.15 5.93 5.93 –0.06 0.8346 0.843 1.02 3.27 3.27 –0.02

15 10.9 33.5 6.375 8.9 8.97 0.81 0.94 0.95 –1.05 7.00 7.70 –9.96 0.868 0.857 –1.25 3.26 3.26 0.17

16 12.8 33.8 6.375 10.9 10.9 0.00 0.87 0.913 –4.94 8.70 9.37 –7.73 0.8798 0.864 –1.82 3.25 3.24 0.15

17 14.8 34 6.375 12.9 12.9 0.00 0.63 0.669 –6.12 11.1 11.1 0.00 0.9141 0.902 –1.39 3.22 3.22 –0.07

18 4.93 32 8.50 2.99 2.99 0.00 2.61 2.65 –1.60 3.13 2.60 17.0 0.7061 0.692 –2.00 3.30 3.31 –0.14

19 6.9 32.5 8.50 4.96 4.96 0.08 2.22 2.01 9.64 4.53 4.45 1.68 0.75 0.770 2.54 3.29 3.29 –0.02

20 8.9 32.8 8.50 6.9 6.97 0.99 1.93 1.75 9.58 6.20 6.34 –2.22 0.7834 0.802 2.27 3.27 3.27 0.02

21 10.9 33 8.50 8.9 8.97 0.83 1.60 1.63 –1.94 8.20 8.22 –0.26 0.8261 0.816 –1.18 3.25 3.25 –0.03

22 12.8 33.2 8.50 10.9 10.9 0.00 1.47 1.59 –8.16 9.30 10.0 –7.65 0.8402 0.823 –2.11 3.24 3.23 0.16

23 14.8 33.5 8.50 12.9 12.9 0.00 1.40 1.59 –13.31 11.5 11.9 –3.43 0.8495 0.825 –2.96 3.22 3.22 0.04

24 4.93 31.5 10.6 2.99 2.99 0.00 3.09 3.35 –8.40 2.66 2.40 9.94 0.7112 0.688 –3.38 3.31 3.31 –0.06

25 6.9 32.2 10.6 4.96 4.96 0.00 2.52 2.51 0.39 4.13 4.11 0.47 0.7647 0.768 0.47 3.29 3.29 –0.00

26 8.9 32.6 10.6 6.9 6.97 0.97 2.02 2.16 –6.92 5.86 5.85 0.14 0.8164 0.803 –1.72 3.27 3.28 –0.02

27 10.9 32.8 10.6 8.9 8.97 0.81 1.83 2.00 –9.16 7.50 7.59 –1.24 0.8351 0.819 –1.95 3.26 3.26 –0.01

28 12.8 32.8 10.6 10.9 10.9 0.00 1.69 1.94 –14.53 9.00 9.25 –2.73 0.8462 0.826 –2.40 3.24 3.24 0.02

29 14.8 33 10.6 12.9 12.9 0.00 1.40 1.50 –7.10 10.5 10.5 –0.44 0.8739 0.867 –0.84 3.23 3.23 –0.06

Fig. 2. Feed pressure and concentration variation along the 
membrane length, inlet feed conditions (3.333 × 10–4 m³/s, 8.5 × 
10–3 k mol/m³, 10.9 atm and 32.2°C).

Fig. 3. Feed and permeate flow rates variation along the membrane 
length, inlet feed conditions (3.333 × 10–4 m³/s, 8.5 × 10–3 k mol/m³, 
10.9 atm and 32.2°C).
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ter treatment. The model can be used to predict the varia-
tion of the operating parameters along the x-axis of the feed 
channel. The model has been solved using the gPROMS 
and validated with the experimental data of binary aque-
ous solutions of phenol derived from the literature. Analy-
sis of the results readily show that the proposed model can 
be used to simulate phenol rejection for a scaled-up plant 
with an acceptable convergence with a maximum 7% differ-
ence between the theoretical and experimental results. The 
results show that the solute rejection increases with increas-
ing operating pressure and is mainly dependent on the 
operating feed concentration. The proposed model can be 
used further to provide more accurate results for the design 
of RO process.

Symbols 

b —  Feed channels friction parameter (atm s/
m4)

Bs  —  The solute permeability coefficients of 
the membrane, (the Solution-diffusion 
model) (m/s)

c1,c2 — Constants in Eq. (34)
Cm(x) —  Dimensionless solute concentration at 

any point along the membrane length
Cs —  Brine solute concentration in the feed 

channel (k mol/m³)
C s͂(av) —  The mean solute concentration in the feed 

side (k mol/m³)
Cp(av) —  Average permeate solute concentration in 

the permeate channel (k mol/m³)

Cw(x) —  Solute concentration at the membrane 
wall at any point along the membrane 
length, (k mol/m³)

Db(x) —  Diffusivity coefficient of feed at any point 
along the membrane length (m²/s)

Dp(x) —  Diffusivity coefficient of permeate at any 
point along the membrane length (m²/s)

Fb(x) —  Feed flow rate at any point along the 
membrane length (m³/s)

Fp(x) —  Permeate flow rate at any point along the 
membrane length (m³/s)

Fp(Total) —  Total permeated flow rate of the permeate 
channel (m³/s)

Js(x) —  Solute molar flux through the membrane 
at any point along the membrane length, 
(k mol/m² s)

Jw(x) —  Water flux at any point along the mem-
brane length (m/s)

k(x) —  Mass transfer coefficient at any point 
along the membrane length (m/s)

L — Length of the membrane (m)
Lp — Solvent transport coefficient (m/atm s)
Pb(x) —  Feed channel pressure at any point along 

the membrane length (atm)
Pp — Permeate channel pressure (atm)
R — Gas low constant 
r — Parameter defined in Eq. (18)
Ref(x) —  The feed Reynolds number at any point 

along the membrane length (dimension-
less)

Rej(av) —  Solute rejection coefficient (dimension-
less)

Rep(x) —  The permeate Reynolds number at any 
point along the membrane length (dimen-
sionless) 

Scf(x) —  The feed Schmidt number at any point 
along the membrane length (dimension-
less)

Scp(x) —  The permeate Schmidt number at any 
point along the membrane length (dimen-
sionless)

Sh(x) —  Sherwood number at any point along the 
membrane length (dimensionless)

SSE — The sum of square errors 
Tb — Feed temperature (°C)
tf — Feed spacer thickness (m)
W — Width of the membrane (m)
x — Any point along the membrane length
Z — Parameter defined in Eq. (17)

Subscripts

ρf(x) —  Feed density at each point along the 
membrane length (kg/m³)

ρm —  The molal density of water (55.56 k mol/
m³)

ρp(x) —  Feed density at each point along the 
membrane length (kg/m³)

μf(x) —  Feed viscosity at each point along the 
membrane length (kg/m s)

μp(x) —  Feed viscosity at each point along the 
membrane length (kg/m s)

Fig. 4. Water and solute fluxes variation along the membrane 
length, inlet feed conditions (3.333 × 10–4 m³/s, 8.5 × 10–3 k mol/m³, 
10.9 atm and 32.2°C).

Fig. 5. Solute rejection verses inlet feed concentration for three dif-
ferent inlet feed pressure, inlet feed conditions 3.333 x 10–4 m³/s 
and (32.2–34.5°C).
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σ — The reflection coefficient (dimensionless)
ω —  The solute permeability coefficients of the 

membrane (k mol/m² s atm)
Δx — Length of the sub-section (m)
ΔPb(x) —  Trans-membrane pressure at each point 

along the membrane length (atm)
Δπs(x) —  The osmotic pressure difference at each 

point along the membrane length (atm)
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