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a b s t r a c t
The boundary layer heat transfer and entropy generation of Cu–water nanofluid over a moving wedge 
in the presence of thermal radiation have been analyzed. The governing partial differential equations 
were converted into nonlinear differential equations by using a suitable similarity transformation, 
which are solved numerically using the shooting technique together with Runge–Kutta fourth order 
integration scheme. The effective thermal conductivity and viscosity of the nanofluid are approxi-
mated by the Maxwell–Garnetts and Brinkman models, respectively. This investigation is compared 
with other numerical methods and found to have excellent agreement. The velocity and temperature 
profiles are obtained for different governing parameters such as Prandtl number Pr, the radiation 
parameters R, moving wedge parameters λ and solid volume fraction of the nanofluid ϕ. In addition, 
the effect of various physical parameters on the entropy generation number and Bejan number are also 
analyzed in this investigation.
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1. Introduction

Nanotechnology has been widely used in many
industrial applications. Nanofluids are engineered col-
loids made of a base fluid and nanoparticles. Nanofluids 
have remarkable thermophysical properties that make 
them potentially useful in many heat transfer applications, 
including electronic cooling systems, fuel cells, engine 
cooling/vehicle thermal management, solar thermal collec-
tors, domestic refrigerators, chillers, and heat exchangers. 
The term nanofluid was coined by Choi [1]. The boundary 
layer flow over a static or moving wedge in nanofluid has 
been considered by Yacob et al. [2], which is an extension 
of the flow over a static wedge considered by Falkner and 
Skan [3]. Shanmugapriya and Chandrasekar [4] analyzed 
the problem of free and forced convection with suction 

and injection over a non-isothermal wedge. Kameswaran 
et al. [5] investigated heat and mass transfer from an iso-
thermal wedge in nanofluids with Soret effect. Salem et al. 
[6] investigated the problem of boundary layer flow of a
Cu–water-based nanofluid over a moving wedge. Xu and
Chen [7] presented the effect of variable viscosity and the
phenomenon of flow separation, the magnetohydrodynam-
ics (MHD) Cu/Ag–water nanofluids through a permeable
wedge. They found that dual solutions exist for negative
pressure gradient. Kasmani et al. [8] numerically studied the
Soret and Dufour effects on the double-diffusive convective
boundary layer flow of a nanofluid past a moving wedge
in the presence of suction. The results showed that the heat
transfer rate increases on increasing the Soret parameter
and it decreases on increasing the Dufour parameter. The
mass transfer behaves oppositely to heat transfer.
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Entropy generation has been studied several decades 
for ensuring optical thermal systems in contemporary 
industrial and technological fields such as heat exchang-
ers, geothermal systems, and electronic cooling to name 
a few. All thermal systems confront with entropy genera-
tion. Entropy generation is a criterion of the destruction of 
the available system work. The evaluation of the entropy 
generation is carried out to improve system performance. 
Different sources such as heat transfer, mass transfer and 
viscous dissipation are responsible for the generation of 
entropy. Bejan [9] investigated the entropy generation in 
flow systems and stated that the engineering design of a 
thermal system could be improved through minimiza-
tion of entropy production. Bejan [10] presented a method 
named entropy generation minimization to measure and 
optimize the disorder or disorganization generated during 
a process.

Many researchers have developed the concept of 
entropy generation of thermal systems. Malvandi et al. [11] 
analytically studied the steady two-dimensional boundary 
layer flow over an isothermal flat plate by homotopy per-
turbation method and analyzed the entropy generation 
inside the boundary layer. Butt et al. [12] have presented 
the entropy analysis of magnetohydrodynamic flow and 
heat transfer over a convectively heated radially stretching 
surface. Butt and Ali [13] have carried out the entropy anal-
ysis of flow and heat transfer caused by a moving surface. 
Butt et al. [14] have studied the effects of thermal radia-
tion and viscous dissipation on entropy generation in the 
Blasius flow. Rashidi et al. [15] have analyzed the entropy 
generation in steady MHD flow due to a rotating porous 
disk in a nanofluid. Ellahi et al. [16] investigated a parti-
cle shape factor on natural convection boundary layer flow 
of a nanofluid over an inverted vertical cone embedded in 
a porous medium in the presence of MHD, radiation and 
power law index effects.

Common working fluids in heat transfer industry 
such as water, ethylene glycol, and engine oil have low 
thermal conductivities compared with solids. For example, 
thermal conductivity of copper is 670 times greater 
than thermal conductivity of water at 25°C. And also 
Cu–water nanofluid exhibits a better thermal performance 
among the other considered nanofluids. Therefore, the 
present study reports the results of boundary layer heat 
transfer of Cu–water nanofluid over a moving wedge in the 
presence of thermal radiation. Effects of entropy generation 
number and Bejan number are also analyzed for various 
parameters and are presented graphically.

2. Problem formulation

Consider a steady two-dimensional laminar bound-
ary layer flow of an incompressible viscous nanofluid 
(Cu–water) of density ρnf and temperature T∞ moving 
over a wedge moving with the velocity uw(x). Choose the 
co-ordinate system such that x-axis is along the surface of 
the wedge and y-axis normal to the surface of the wedge. 
Further it is assumed that the velocity of ambient fluid 
is ue(x) = U0xm and the velocity of the moving wedge is 
uw(x) = Uwxm, where U0, Uw and m are all constant with 0 ≤ 
m ≤ 1. Here m = β/(2 – β), where β is the Hartree pressure 

gradient parameter that corresponds to β = Ω/π for the total 
wedge angle Ω. Thermal radiation is included in the energy 
equation. The governing equations for this case can be writ-
ten (Tiwari and Das [17]) as follows:
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subject to the boundary conditions

u = uw(x) = Uwxm, v = 0, T = Tw at y = 0 (4)

u = ue(x) = U0xm, T → T∞ as y → ∞ (5)

here u and v are the velocity components along x and y 
axes, respectively, T is the temperature of the nanofluid in 
the boundary layers, µnf is the viscosity of the nanofluid, ρnf 
is the density of the nanofluid, αnf is the thermal diffusivity 
of the nanofluid and (ρcp)nf is the heat capacitance of the 
nanofluid which are defined as follows:
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where φ is the solid volume fraction of the nanofluid, µf is the 
viscosity of the fluid fraction, ρf is the reference density of the 
fluid fraction, ρs is the reference density of the solid fraction, 
kf is the thermal conductivity of the fluid and ks is the thermal 
conductivity of the solid fraction.

Making use of the Rosseland approximation for radiation 
for an optically thick layer (Brewster [19]), we have:
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where σ is the Stefan–Boltzmann constant and k* is the mean 
absorption coefficient. If temperature differences within the 
flow are sufficiently small such that T4 may be expressed as a 
linear function of the temperature, then the Taylor series for 
T4 about T∞ after neglecting higher order terms, is given by:

T T T T4 3 44 3≅ −∞ ∞
 (8)
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In view of Eqs. (7) and (8), Eq. (3) reduces to:

u T
x

v T
y

T
y

T
k c

T
y

p

∂
∂

+
∂
∂

=
∂
∂

+
( )

∂
∂

∞α
σ

ρ
nf

nf

2

2

3 2

2

16
3 *   (9)

We now look for similarity variables of Eqs. (2) and (3) 
with boundary conditions represented by Eqs. (4) and (5) in 
the following form (Pal et al. [20]): 

ψ η

η

=
( )

+( )












( )

=
+( ) ( )











2
1

1
2

1 2

1

ν

ν

f e

e

f

xu x
m

f

m u x
x

/

/

,

22

y
T T
T Tw

, θ η( ) = −
−

∞

∞

  (10)

where νf is the kinematic viscosity of the fluid and the stream 
function ψ is defined in the usual way as u
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identically satisfies Eq. (1).
Substituting Eqs. (6) and (10) into Eqs. (2), (4), (5) and 

(9), we get the following nonlinear ordinary differential 
equations:
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subject to the boundary conditions

f(η) = 0, f ′(η) = λ, θ(η) = 1 at η = 0  (13) 

f ′(η) = 1, θ(η) = 0 as η → ∞ (14)

where prime denotes differentiation with respect to η, Pr is 
the Prandtl number, R is the radiation parameter and λ is 
the ratio of the wall velocity to the free stream fluid velocity. 
They are, respectively, defined as:
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The physical quantities of the skin friction coefficient 
and the Nusselt number are calculated, respectively, by the 
following equations:
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is the local heat flux.
Using the new similarity variables in Eq. (10) gives:

Re ,

Re

/
.

/

x f

x x
f

C
m

f

k
k m

1 2
2 5

1 2

1

2 1
0

2
1

1

=
+( )
−( )

′′( )

=
−

+










−

φ

Nu nf ++








 ′( )4

3
0

R
θ

 (19)

where Rex = ue(x)x/vf is the local Reynolds number. Table 1 
shows the thermo physical properties of fluid and nanoparti-
cles given by Oztop and Abu-nada [18].

2.1. Numerical modelling

Eqs. (11) and (12) along with the boundary conditions 
represented by Eqs. (13) and (14) constitute a two point 
boundary value problem. These equations are solved using 
shooting method, by converting them to an initial value prob-
lem. For this, we convert the non-linear ordinary differential 
equations (Eqs. (11) and (12)) into a system of first-order 
differential equations as follows:
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where u1 = f, u2 = f′, u3 = f′′, v1 = θ and v2 = θ′.
The boundary conditions (Eqs. (13) and (14)) become:

u1(0) = 0, u2(0) = λ, u3(0) = α1, v1(0) = 0, v2(0) = α2
.  (22)

Table 1
Thermophysical properties of fluid and nanoparticle (Oztop and 
Abu-nada [18])

Physical properties Fluid phase (water) Cu

cp (J/kg K) 4,179 385
ρ (kg/m3) 997.1 8,933
κ (W/m K) 0.613 400
α × 10–7 (m2/s) 1.47 1,163.1
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To solve Eqs. (20) and (21) as an initial value problem, the 
values of u3(0) and v2(0) are required. But no such values are 
given at the boundary. So the suitable guess values for u3(0) 
and v2(0) are chosen and the fourth order Runge–Kutta method 
with step size 0.001 is applied to obtain the solution. The com-
putations have been carried out for different values of m, 
Prandtl number Pr, the radiation parameters R, moving wedge 
parameters λ and solid volume fraction of the nanofluid φ. An 
accuracy of 10–5 is restricted for the sake of convergence.

2.2. Entropy generation analysis

The local volumetric rate of entropy generation for a 
viscous incompressible conducting fluid in the presence of 
thermal radiation is defined (Arpaci [21] and Woods [22]) as 
follows:
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In Eq. (23), HFI is the heat transfer irreversibility due to 
heat transfer in the direction of finite temperature gradients 
and FFI is the contribution of fluid friction irreversibility to 
the local entropy generation. The first term on the right-hand 
side of Eq. (23) is the local entropy generation due to heat 
transfer, the second term is the local entropy generation due 
to radiation, the third term is the local entropy generation 
due to viscous dissipation.

It is appropriate to determine dimensionless number 
for entropy generation rate Sgen′′′ . We obtained the entropy 
generation number by division of the local volumetric 
entropy generation rate to a Sgen′′′  characteristic rate of entropy 
generation SGo. The characteristic entropy generation rate is:
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Using the definition of ψ in Eq. (10), the velocity and tem-
perature derivative can be expressed as:
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Substituting Eqs. (23), (25) and (26) into Eq. (24), the 
entropy generation equation for Cu–water nanofluid over a 
moving wedge can be expressed as:
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is the Eckert number.
The Bejan number Be is defined to be the ratio of entropy 

generation due to heat transfer to the entropy generation:
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The Bejan number Be takes the values between 0 and 
1. The value of Bejan number is more/less than 0.5 shows 
that the contribution of HFI to the total entropy genera-
tion is higher/less than that of FFI. The limiting value of Be 
= 1 shows that the active entropy generation mechanism is 
HFI while Be = 0 represents no HFI contribution to the total 
entropy production.

3. Results and discussion

3.1. Effect of parameter variation on velocity 
and temperature profiles

Figs. 1 and 2 show the effect of the velocity ratio param-
eters λ on velocity and temperature profiles for R = 1, φ = 0.1 
and m = 1, respectively. These figures shows that there are 
regions of unique solutions for λ > –1 and dual solutions for 
λc < λ ≤ –1. The velocity profiles for unique solution increases 
with increasing value of λ. The first solution of velocity pro-
files exhibit the identical characters as that of the velocity 
profiles for unique solution and reverse nature is noticed 
for the case of the second solution. From Fig. 2, it is noticed 
that the temperature profiles for first solution decreases for 
an increase of λ and it decreases for the second solution also 
the unique solution of temperature profiles is similar to the 
profiles of the first solution.

Figs. 3 and 4 represent the velocity and temperature pro-
files at λ = 1.2 and λ = –1.2 for different values of radiation 
parameters R. From Fig. 3, it is observed that the radiation 
parameter has a negligible effect on the velocity profiles. 
When λ = 1.2 there is only a unique solution and the tem-
perature profiles are decreasing with an increase of radiation 
parameter, the different behaviour appears when λ = –1.2. 
The temperature profile of the first solution increases with 
an increase in R within the thermal boundary layer and the 
reverse is seen away from the surface. Also it is observed that, 
far away from the surface, the temperature profile for the sec-
ond solution exhibit the identical characters as that of the first 
solution. For λ = –1.2, the temperature inside the boundary 
layer for the first solution is high for large value of R, while 
outside the boundary layer, the temperature is low with large 
value of R. For the second solution the behaviour is similar, 
far away from the surface.
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The effects of volume fraction of nanoparticles ϕ on 
velocity and temperature profiles at λ = 1.2 and λ = –1.2 with 
R = 1 and m = 1 are shown in Figs. 5 and 6. It can be seen 
that the decrease in φ decrease in momentum boundary layer 
for the first and second solution. For the unique solution, the 
behaviour is opposite. Also it is noted that the increase of φ 
decrease in thermal boundary layer for first and second solu-
tion. The contrary behaviour has been observed for unique 
solution.

3.2. Effects of parameter variation on entropy generation 
number and Bejan number

Fig. 7 demonstrates the effect of m on the entropy 
generation number. It is observed that entropy generation 
increases with increasing m. The effect of the Prandtl number 
Pr on Sgen

′′′
 is shown in Fig. 8, which shows that an increase in 

Pr results is an increase of the entropy generation rate near 
the surface. But the inverse behaviour is observed away from 
the surface. Fig. 9 shows the effect of the Eckert number Ec 
on the local entropy generation number and it is noticed that 
entropy generation increases with increasing Ec. Similar 
trend is observed in Fig. 10, the values of Sgen

′′′
 increases with 

an increasing value of the dimensionless temperature differ-
ence Ω.

In Figs. 11–13, the Began number is displayed as a function 
of λ. From these figures, it can be seen that the Bejan number 
decreases near the velocity ratio parameter (–1 ≤ λ ≤ 0.2) and 
increases afterwards by decreasing values of Pr, Ec and Ω.

Fig. 1. Velocity profile for different values of λ when R = 1, ϕ = 0.1 
and m = 1.

Fig. 2. Temperature profile for different values of λ when R = 1, 
ϕ = 0.1 and m = 1.

Fig. 3. Velocity profile for different values of R when ϕ = 0.1 and 
m = 1.

Fig. 4. Temperature profile for different values of R when ϕ = 0.1 
and m = 1.

Fig. 5. Velocity profile for different values of ϕ when R = 1 and 
m = 1.
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4. Conclusion

In the present study, the effects of thermal radiation on 
entropy generation of Cu–water nanofluid flow over a mov-
ing wedge are investigated. The velocity and temperature 
profiles are obtained numerically and used to compute the 
entropy generation number. The effects of m, the Prandtl 
number Pr, the radiation parameters R, moving wedge 
parameters λ and solid volume fraction of the nanofluid 

φ on velocity and temperature profiles are presented. The 
influences of the same parameters on the entropy generation 
rate and Bejan number are also discussed. It is observed that 
there is an increase in the entropy generation number Sgen

′′′
 

with increasing m, Prandtl number Pr, Eckert number Ec and 
the dimensionless temperature difference Ω. The Bejan num-
ber decreases near the velocity ratio parameter and increases 
afterwards by decreasing values of Pr, Ec and Ω.

Fig. 7. Effect of m on the local entropy generation number.

Fig. 8. Effect of Prandtl number on the entropy generation 
number.

Fig. 9. Effect of the Eckert number on the entropy generation 
number.

Fig. 10. Effect of Ω on the entropy generation number.

Fig. 11. Effect of Prandtl number on the Bejan number.

Fig. 6. Temperature profile for different values of ϕ when R = 1 
and m = 1.
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Symbols

Cf — Skin friction coefficient
Nux — Local Nusselt number
Rex — Local Reynolds number
τw — Wall shear stress
qw — Local heat flux

Sgen
′′′  — Volumetric entropy generation rate

u, v —  Velocity components along x and y axes, 
respectively

T — Fluid temperature
f — Dimensionless stream function
Pr — Prandtl number
R — Radiation parameters
λ — Moving wedge 
φ — Solid volume fraction of the nanofluid
Ω — Dimensionless temperature difference
Ec — Eckert number
Be — Bejan number

Greek 

µnf  — Viscosity of the nanofluid
ρnf — Density of the nanofluid 
αnf — Thermal diffusivity of the nanofluid 
(ρcp)nf  — Heat capacitance of the nanofluid
µf — Viscosity of the fluid fraction
νf — Kinematic viscosity of the fluid

ρf — Density of the fluid fraction
ρs — Density of the solid fraction
kf — Thermal conductivity of the fluid
ks — Thermal conductivity of the solid fraction
σ — Stefan–Boltzmann constant
k* — Mean absorption coefficient
ψ  — Stream function
θ — Dimensionless temperature

Subscripts

∞ — Free stream condition
0 — Temperature at the wall
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