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ABSTRACT

The aim of this research is to apply mathematical models for the solution of the one-dimensional
convective—dispersive solute transport equation. For the derivation of the advection-dispersion
equation it is assumed that the flow in the medium is unidirectional and that the average velocity is
constant throughout the length of the flow field. Moreover, it is assumed that the porous medium is
homogeneous and isotropic and that no mass transfer occurs between the solid and liquid phases.
Unfortunately, the boundary conditions of the problem are not always intuitively apparent and in
many cases convey uncertainties. For that reason, the problem is solved by utilizing fuzzy systems
and fuzzy logic. The significance and the main advantage of this research is the introduction of
fuzzy logic in order to solve similar problems presenting uncertainties. Since the aforementioned
problem involves differential equations, a method of generalized Hukuhara derivative for total
derivatives was applied, as well as the extension of the corresponding theory, concerning partial
derivatives. So the fuzzy problem was transformed in a system of two classical differential equa-
tions, which were resolved with a Laplace transformation. The development of the fuzzy concen-
tration profile is presented, as well as the membership functions of concentration. The results have
given some beneficial conclusions for the effects of the uncertainties. In conclusion, it is expected
that this conception will help the researchers and the engineers to take the right decision in similar
problems. It is a special effort in this research to solve an advection-dispersion equation presenting
uncertainties in boundaries and to follow the effect of these uncertainties in time.

Keywords: Advection—dispersion; Homogeneous porous medium; Fuzzy system; Partial differential
equation; Concentration profiles

1. Introduction

Dispersion problems have been a subject studied by
many investigators who are concerned with chemical constit-
uents moving through soil by various transport mechanisms.
These mechanisms act simultaneously and incorporate

* Corresponding author.

processes such as convection, diffusion, and dispersion.
As the pollution is spreading to the subsurface environment,
the advection—diffusion problem has drawn the attention
of many sciences like hydrology, civil engineering, soil
physics, petroleum engineering, chemical engineering, and
biosciences.
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Advection—dispersion through a medium is described
by a partial differential equation of parabolic type and it
is widely known as the solute transport equation. While,
numerical solutions are often used in such problems, many
times analytical solutions are also employed, giving a bet-
ter understanding of the transport mechanisms as well as
estimating model parameters with inverse methods. The
advection—dispersion equation of pollution incorporates the
aforementioned transport mechanisms for the conservation
of suspended materials. Initially, the governing equation
was one-dimensional with a set of initial and boundary con-
ditions and has been solved considering uniform dispersion
and velocity, with terms accounting for linear equilibrium
adsorption, zero-order production and first-order decay. In
order to obtain analytical solutions, researchers have tried
to reduce the advection-diffusion equation into a diffusion
equation, eliminating the convective term [1-3], and conse-
quently used the Laplace transformation technique to obtain
the desired solutions. Apart from these pioneers, many
others have developed numerous analytical solutions to
describe the aforementioned one-dimensional convective—
dispersive solute transport [4-15]. Some one-dimensional
analytical solutions have been provided that approach better
real problems, by transforming the non-linear advection—
diffusion equation into a linear one for specific forms of the
moisture content and hydraulic conductivity vs. pressure
head [16]. Problems have been also presented, with vari-
able coefficients in a finite domain [17], with temporally
dependent coefficients [18], for varying pulse-type input
point source [19], using the variational iteration method and
the homotopy perturbation method [20], and with a sine
profile for the initial condition [21].

Since the described problem concerns differential equa-
tions, which present particular problems regarding fuzzy
logic, it should be mentioned that a number of studies have
been already carried out in that field, especially regarding
the fuzzy differentiation of functions. Initially, fuzzy differ-
entiable functions were studied by [22], who generalized
and extended Hukuhara’s study [23] (H-derivative) of a set
of values appearing in fuzzy sets. A theory on fuzzy differ-
ential equations is developed by [24,25]. Many studies have
been carried out during the last years in the theoretical and
applied research field on fuzzy differential equations with
an H-derivative [26-28]. Nevertheless, in many cases, this
method has presented certain drawbacks, since it has led
to solutions with increasing support, along with increasing
time [29,30]. This proves that, in some cases, this solution
is not a good generalization of the classic case. To over-
come this drawback, the generalized derivative generalized
Hukuhara (gH) was introduced [31-34]. The generalized
derivative gH will be used from now on for a more extensive
degree of fuzzy functions than the Hukuhara derivative.

This publication concerns mathematical models for the
solution of the fuzzy one-dimensional convective-dispersive
solute transport equation. For the derivation of the advec-
tion-dispersion equation, it is assumed that the flow in the
medium is unidirectional and the average velocity is taken to
be constant throughout the length of the flow field. Besides,
it is assumed that the porous medium is homogeneous
and isotropic and that no mass transfer occurs between
the solid and liquid phases. Unfortunately, the boundary

conditions of the problem are not always intuitively evi-
dent. The uncertainty over them creates ambiguities to
the solution of the problem. The hydraulic parameters of
this problem are considered crisp as well as the geometric
parameters. The fuzzy problem can be translated into a sys-
tem of crisp boundary value problems, hereafter called the
corresponding system for the fuzzy problem. Subsequently,
the crisp problem is solved, the results are given in dia-
grams, and numerical examples are presented. The article
has the following structure: firstly, the problem is presented,
followed by the development of the mathematical model
formulating certain characteristics regarding generalized
fuzzy derivatives. Subsequently, the model is analyzed in its
fuzzy form and its applications follow. Finally, the conclu-
sions are drawn. The significance and the main advantage
of this research is the introduction of fuzzy logic in order to
solve problems with partial differential equations containing
uncertainties. In most of the current applications of fuzzy
logic in industrial systems and consumer products, a small
subset of fuzzy logic is used centering on the methodology
of fuzzy rules and their induction from observations. This
new conception concerning partial differential equations
will help the researchers and the engineers to take the right
decision in similar fuzzy problems.

2. Mathematical model
2.1. Crisp case

The partial differential equation describing one-dimen-
sional solute transport through a homogeneous medium is
as follows:

2
REC _pC_ oC "
ot ox’ Ox

where C is the solute concentration (ML=), D is the disper-
sion coefficient (L*> T™'), u is the pore water velocity (LT™),
x is the distance, and t is the time. The retardation factor
is equal to R =1 + pK, where p is the porous media den-
sity (ML) and K is the distribution coefficient (M L?). The
retardation factor indicates that the model is a linear and
reversible equilibrium adsorption. It is assumed here that
K, is negligible and R = 1. The initial and boundary condi-
tions are as following:

2.1.1. Initial conditions
C(x,0)=0 @)

2.1.2. Boundary conditions

C, O<t<t,,
c(ot)=
0 t>t,,
3
© 3)
ax X0

The solution of the above equation for these initial and
boundary conditions is given by [1,2] as follows:
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0<t<t,,
C(x,t)=
C,F(x,t)—C,F(x,t - t,) 0

where 4
1 X —ut = X+ ut

F(x,t)== erfc[ j+eDerfc( j .
2[ 2Dt 2Dt

2.2. Fuzzy case

2.2.1. Definitions
2.2.1.1. Definition

C,F(x,t)
t>t,,

A fuzzy set C on a universe set X is a mapping
C:X —>[0,1], assigning to each element x € X a degree of
membership 0< C(x)<1. The membership function C(x) is
also defined as ux(x) with the properties: (i) ux(x) is upper
semi continuous, (ii) ux(x) = 0, outside of some interval [c,d],
(iii) there are real numbers ¢ <a < b <d, such that p is mono-
tonic non-decreasing on [c,4], monotonic non-increasing on
[b,d] and px(x) =1 for each x € [a,b]. (iv) C is a convex fuzzy

set: ps (kx + (1 - X)x) > min{ué (kx),ué ((1 —k)x)}.

2.2.1.2. Definition

Let X be a Banach space and C be a fuzzy set on X.
We define the a-cuts of C as

xe X\é(x) >a, ac(0,1]

[Cw] = cl(supp(C(x)),

a=0

where cl(supp(é (x))) denotes the closure of the support of

C(x).
2.2.1.3. Definition

Let [C]eR s~ where R is the space of all compact and
convex fuzzy sets on X. The a-cuts of C, are: [C ] = [C;, C;J

According to representation theorem of [35] and the theorem
of [36], the membership function and the a-cut form of a
fuzzy number C, are equivalent and in particular the a-cuts

[CL = [C;, C;J uniquely represent C, provided that the two

functions are monotonic (C; monotonic non-decreasing,
C: monotonic non-increasing) and C, _, < C" _..

2.2.1.4. Definition

gH-differentiability [37]: let C:[a,b] >R, be such that
[C(x)} :[C;(x), C;(x)} Suppose that the functions
C(x) and Ci(x) are real-valued functions, differentiable

w.r.t. x, uniformly w.r.t. a € [0,1]. Then the function C is
gH-differentiable at a fixed x € [4,b] if and only if one of the
following two cases holds:

* (C))(x) is increasing, (C)'(x) is decreasing as functions
of a, and (C; _)'(x) < (C' _)'(x)], or

* (C))'(x) is increasing, (C)'(x) is decreasing as functions

of a, and (C: _)'(x) < (C,_)'(®)].

(e g 4G (0 aayy _ AC ()

Notation 1: (Cu)~(x) === (C) (x) === In both
of the above cases, C! (x) derivative is a fuzzy number.

Notation 2: the first case concerns the Hukuhara
differentiability.

2.2.1.5. Definition

gH-differentiable at x: let C:[a,b] > R s and x, € [a,b] with
C (x) and C’(x) both differentiable at x,. We say that [37]:

o Cis (i)-gH-differentiable at x, if
@) [C;H(xo )L =[(C)x,), (C)(x,)], Vae[0,1] )
e Cis (i))-gH-differentiable at x, if

(i) [Coax) ], =[(CY(x), (€ () ], vare[0,1] (6)

2.2.1.6. Definition

g-differentiability:  let C:[a,b]—)Rf be such that
C(v) ] :LC;(x), Ci(0)] I Cix) and C(x) are differen-
tiable” Teal-valued functions with respect to x, uniformly

for a € [0,1], then C(x) is g-differentiable and we have [37]:

’

%gfmin{(c;) (x), (C;)'(x)},
supmax{(c;)’(x),(c;)’(x)} '

Bza

[C.()], = %

2.2.1.7. Definition

The gH-differentiability implies g-differentiability, but
the inverse is not true.

2.2.1.8. Definition

[gH-p] differentiability: a fuzzy-valued function C of two
variables is a rule that assigns to each ordered pair of real
numbers (x,t) in a set D, a unique fuzzy number denoted
by C(x,t). Let C(x,t): D € R, (x,t) € D and Cy(x.t), Ci(x.t)
being real valued functions and partial differentiable
w.r.t. x. We say that [34,38,39]:

C is [(i)-p]-differentiable w.r.t. x at (x,t,) if:

aéa(xo,to){aca(xo,to) 8C;(xo,t0)j|

4 8
0%, oy Ox Ox ®)
C is [(ii)-p]-differentiable w.r.t. x at (xyt,) if:
oC, (g ty) _ [ OCa(%,t) OC, (x0,t,)
o = i ’ )
X, ot X Ox
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aC, (xU,tO)
ot

Notation: the same is valid for
2.2.1.9. Definition

~ aC (xo,to) . .
Let C(x,t): D e R, and (‘;7 be [gH-p]-differentia-
X,
i,gH

ble at (x,t,) € D with respect to x. We say that [34,38]:

oC (x ,t
0C, (xurto) 4o [(i)-p]-differentiable w.r.t. x if:
0X; 4y
i,gl
O°C(xy,ty) Chlxoty) | o2/ .
{ e e | HC(t)is[0)-p]
&*C, (x,,t,) _ | differentiable

6 2, 2+ 2= ~
X gH {6 Caa(;orto), 0 Caa(xio/fo)} if C(x,t) is I:(ii)—p]

differentiable

(10)
aC, (x,,t
. M is [(ii)-p]-differentiable w.r.t. x if:
0X;
ii,g
[0°C: (x,,1,) O°Co(x,0t,) ]
o o’
62Cq2(x0,t0) _l if C(x,t) is [(i) - p] diff?rentiable (11)
2. 0°C, (x,ty) 0°Co(x00ty)
ot o’
if C(x,t) is [(ii) - p] differentiable
2.2.2. Fuzzy model
Eq. (1) in its fuzzy form becomes:
- . .
o&_pee o .
ot x Ox
with the new initial and boundary conditions:
C(x,0)=0,
- 8C(x,b) <
C@O,t)| =C,|1-r(l-a), 1+r(1- , >0, =0.
[C00], =€ [1-r(1-a), 1er(i-a)] 10, CED|
(13)

Fig. 1 illustrates the boundary condition [C(0,f)]a.
Solutions to the fuzzy problem Eq. (12) and the initial and
boundary conditions Eq. (13) can be obtained, utilizing the
theory of [34,37,38,40,41], by translating the above fuzzy
problem to a system of second-order of crisp boundary value
problems, called the corresponding system for the fuzzy
problem. Therefore, eight crisp boundary value problems
systems are possible for the fuzzy problem {(1,1), (1,2), (1,3),
(1,4), (21), (2.2), (23), (24)}-

305

(1,1) system (1,2) system

o _poC_oC aC_pFC oc
ot o’ ox ot o’ ox
oct _o°C” _uac* oct _o°C” —u£
ot ox? ox ot o ox
(1,3) system (1,4) system
oc_pFc ac e FC ac
ot o ox ot o ox
oct  _o°C” —u£ oct  _o°C” _u6C+
ot o’ ox ot ox’ ox
(2,1) system (2,2) system
oct  _oCt _uac+ oct  _oCt _oc
ot o’ ox ot ox’ ox
oc_pFc e o FC o
ot o’ ox ot o ox
(2,3) system (2,4) system
oct  _o°C” —ug act  o'C” _oct
ot o’ ox ot o’ ox
oc_pFc e e FC ac
ot o’ ox ot o’ ox

Subsequently, the solution of the (1,1) system, is described
in detail.

ac_poc
ot ox* ox

C (x,0)=0,C (0,)=C,(1-r(1-a)), @ =0,
X

oC”

. 2s . (14)
oC 0°C oC
=D -u
ot o Ox
C*(x,0)=0, C*(0,) = Cy(1+r(1- ), w -0,
x
2.2.2.1. Solution of the system (1,1)
First case:
- 2~ -
o _pec o )
ot Ox Ox
Boundary conditions:
C(0,t)=C,(1-r(1-a)) t >0,
b gy, (16)
ox
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“(NIO(O,t)
0.8
0.6
04 CO(Oﬂ t)
0.2 \v
o ; =0.15 =015 0 (0.t
0.7 0.8 0.9 1 1.1 1.2

Fig. 1. Membership function of C(0,t).

Initial conditions:
C (x,0)=0 x>0. 17)

By setting F = C- in Eq. (15) we obtain the following
Laplace transformation:

o’ _
L Dg— @_ﬁ d——ud—F sF (18)
ox ox ot dx? dx

with boundary conditions:

f(O,s)—% k=1-r(1-a) 1
al?(oo,s)_o (19
o

The solution of Eq. (18) becomes [12,13]:

F( ) A(s)exp[ZD—\/x_ D ]

B(s)exp{zD \/x_ D ] (20)

The first derivative w.r.t. x is:

af(x) =A(s) f,(s)exp| ———= uz
ox ! p2D J— M

B(s)fz(s)exp(;;;+\/x5 :D+5J (21)

The variable B(s) should be equal to 0, in order to satisfy
OF(0,s) _ 0.
Ox

the boundary condition Eq. (19):
So Eq. (20) becomes:

x 2

2D\/_4D

F(x,s) = A(s)exp (22)

For the first condition for x = 0:

CO kl

F(0,5) ==, F(0,5) = A(s) = (23)

and Eq. (22) becomes:

F(x,s)= Coky

p{zD_\/x— 4D J

C.k exp( jl [—\/_ 4;+s] (24)

Applying now the inverse Laplace transformation [12,13]
to Eq. (24) the following equation is obtained:

_ Gk, x—ut ’g X +ut
F=C = ) {erfc[zﬁ}re [ZFH (25)

Second case:

+ 2+ +
oct _octac

= 26
ot o’ ox (20)
Boundary conditions:
C'(0,t)=C,(1+r(1-a)) t>0,
A=) g0, 7)

ox

Initial condition: C*(x,0)=0 x>0.
In Eq. (26) G = C' is set and the following Laplace
transformation is taken:

—D——— G 28
dx? dx ° @8

2 2~
B{Dac_uac_ac}_ 4°G  dG

with boundary conditions:

G(0,5) =22 °k2 Lk,

=1+r(1-0)
0C(2,) _, 9)
Ox
Applying the same process as in the first case:
C.k x—ut = X +ut
G=C"=—"2|erfc +ePerfc
2 [ (zﬁ J {zﬂ H (30)
Finally, the fuzzy solution is:
-~ CA x—ut = x+ut
C=—"""|erfc +ePerfc 31
2 { [NDJ (NDtH b

In Eq. (31) the fuzzy number A is as follows:

[4] =[1-r(1-0), 1+7(1-a)] (32)
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2.2.2.2. Fuzzy derivatives
2.2.2.2.1. First Derivative of C vs. x

In order to find the first derivative of C w.rt. x, [42] is

applied:

oC CAa erfc(xut}+e“gerfc[x+utj
o 2 ox 2Dt 2Dt

The derivative becomes:
tY u +ut
X—u u = x+u
exps—| ——| t+—ePerfc 34
p{ [2\/Dtj} D (2\/1) ]]( )

Now: — uZ—C = Afl(x,t), is set where:
X

(33)

ox 2| bt

a(:_cOA[ 2

f(xt):—u&— 2 (x utj +£€D fc[x+utj
Y 2| Vb 7| \24Dr 2JDt '(3%

filx,t) 2 p{ {;\/itj }—ue“gerfc[sziZJ (36)

uC,/ 2 \Dtn
N oC . ,
The above relationship —ua—zAfl(x,t), is obtained
X

according to theorem 1 of [43], in which it is mentioned:
For any: A, u € R and any fuzzy number i we have:

A () = (hopr) .

2.2.2.2.2. First derivative of C vs. t

~ ~ 2
oC C,A X x—ut ~
g — exp{—| — = Af,(x,t), or (37)
ot 2 [t Dtn p{ (2\/Dtj H /.
£(x0) tY
L (x, X X—u
= expq— (38)
C,/2 JDtn p{ [Zx/DtJ }
2.2.2.2.3. Second derivative of C vs. x
2
x—2ut exp _(x—ut] +
o’C _C,A| DtVDtn 24Dt .
s = 5 . = Af,(x,1) (39)
: {u} egerfc[x+ut]
D 2/Dt
where:
2
x—2ut p{_(x—ut] }+
Dt~ Dt 2/ Dt
fi = o PV , or (w0)

fiut), _ x—out (x—ut]z .
C,/2"  Dipix T| \2vDr

(41)

2.2.2.3. Existence statement of Eq. (12)
2.2.2.3.1. Boundary conditions
The solution of Eq. (12) for system (1,1) is Eq. (31):

C= COA erfc(x_utj+elgerfc[x+ut]
2 24Dt 24Dt )|

This equation for x = 0 and ¢ = constant becomes:

Plelat) olati - o

So Eq. (31) satisfies boundary condition for x = 0. The first
derivative of Eq. (24) w.r.t. x is Eq. (34):

ol (2] | e )|

which for x — < and f = constant becomes:

2 _[x—ufj .
oC _C,A| Dt 2Dt
536 2 “ e% erfc[x+utj

D X—>0 2 Dt e

The first member is:

3]

The second member is written as:

C(0,t) =

o€ _CGAl 2 |
ox 2 \Dtr

2
N Dtrn

erfc[“ut

= x+ut u NDt).,, u0
—l|eP ||, erfc e e
D 2Jpt),,, D [EDJ DO

The L'Hoépital rule is applied:

oz el i)

X0

—(u/D)ff%‘x—mo
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Finally: Z—C =0. So Eq. (24) satisfies the boundary
x

X0

condition for x — co.

2.2.2.3.2. Initial condition

Eq. (31) for t =0 and x = constant becomes:

A {erfc( ]+ e erfc( ):‘ = A {erfc(oo) + eDerfc(oo)} =
2 0 0 2

So Eq. (31) satisfies the initial condition.
Remark 1: Eq. (31) for x — e becomes:

&(x,0)=

C,(1-r(1-a)
€] ~[cc] "
= =[0,0]
o " c0(1+r(1 I
Remark 2: Eq. (31) for t — e becomes:
) B Co(l—;(l—cx)f(x,t)/ ]
L) iraa )
5 feet) |
-[¢,(1-r(1-a),C,(1+r(1-a)], or
%:[(1—r(1—o¢),(1+r(1—a)]

0

where

f(x,t)‘Hw = {erfc(

erfc(—o) + erfe() =2

x—ut]+egerfc[x+ut] 3
2JDt 2Dt )|,

2.2.2.4. Satisfaction of Eq. (12)

The following equation should be valid:

- e -
ﬁzDﬂ—ug,or (42)
ot ox’ Ox

Af, (x,t) = Af,(x,t)+ AD, (x,t) 43)

In the above equation we apply to the right part of
the equation the theorem 1 of [43]: For any a,b € R with
a,b 20, or b <0 and any fuzzy number ii ]Rf we have:
(a +b)-ii = a-ii + b-ii. Now the above equation becomes:

A7 (1) = A{f 1)+ DF (1))

providing that the functions f(x,t), f,(xt) are either both
positive or both negative. In the following figures the
functions f,(x,t), f,(x,t), f,(x,t) are illustrated as functions of x,t.

x-utY] u = X +ut
{ [2\/D—tj }—De erfc[Z\/D_tj (45)

(44)

fl(x t) 2
uC, /2 m
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(46)

flnt) {

ex
C,/2 t/Dtn

B

[f3(xt)] x —2ut [x—utjz +[uJ2elgerfc[x+ut]
C,/2 ) prpm P 2Dt D 2Dt
(47)
_Zexp{_(x—ut] }Jr
fl(x,t)+Df3(x,t)=—u% \/D—tn 2\/D_t

EED erfe (x-t—ut]
2Dt
+DC x—ut (x—ut] +[u ze%e fc(x+utj(48)
pDix T| \2vDt D 2JDt

_ut exp _(x—ut]z _G| o« exp _[xutjz
Dt/Dtn 24Dt 2| tVDtn 2Dt
= fz(x,t)
As it can be seen from the above figures the func-
tions f,(x,t), f,(x,t), are positive defined in R. In order to

simplify and clarify f,(x,) we pose now non dimensional
coordinates & = ut/x and 1) = D/ux and we obtain:

f(Em) = 2 £ 8,(n,8)

where:

zae +lelerfc[1+(t’]
o= e (172 2 e

Figs. 2 and 3 illustrate the above functions f1(x,t)/uC /2
and f2(x,t)/C /2 vs. x and Fig. 4 illustrates the above function
f,(Em) vs. &. It is to be noted that for large values of n and
& €[0,0.5] the above function takes positives values. For small
values of 1 and for £ € [0,1] the function f(z,t) = f,(E1) takes
also positives values. As & is equal to ut/x it means that there
is an upper bound for the ratio t/x < 0.5/u in the first case for
large values of ) and t/x <1/u in the second case for small val-
ues of 1. Beyond these limits the function f,(z,t) takes nega-
tive values. The above limits define a linear relation between
the coordinates t and x according to [44-47], and the func-
tion f,(z,t) is proved to be positive, subject to certain limits.

As can be seen from the above figures the functions
f,(x.t), f,(x,t), is positively defined in R, while the function
fi(x,t) is positively defined only inside certain limits of x, .
That means that the derivatives Z—C,E are valid fuzzy num-

x

bers in R, and according to definition 2.2.1.8 we have:

aéa(x,f){ac;(xff) GCJ(“)],

ox ox | ox
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defined only inside certain limits of f,(x,t) and according to
definition 2.2.1.9 we have:

°C (x,t) | 0°C (x,t) O°Ci(x,t)
ox? o> | o

since C(x,t) is (i-p) differentiable. That means that the fuzzy
solution of the above problem is valid only inside certain
limits.

3. Application

Two cases were examined, and the values assigned to
different parameters are given in the following Table 1:

In the first case, concentration values are evaluated at
t = 0.055, 0.274, 0.55, and 1 y or ¢ = 20, 100, 200, and 365 d.
Fig. 5 illustrates the time dependent solute profiles at the
above times. Fig. 6 illustrates membership functions of
concentration for times ¢+ = 100, 200, and 365 d at position
x = 1 km. Finally, Fig. 7 illustrates the concentration vs.
time at positions x = 0.5 and 1.5 km. The fronts of the con-
centration attained in Fig. 5 are the positions x,,, = 0.6 km,
X004 = 1.5 km, x,,,, =3 km, and x,,, = 4 km. As it can be
observed at Fig. 6 the reduced concentration C/C; at time
t=365 d and in position x = 1 km attains the values 0.69, 0.82,
0.94 (at level a = 0). Consequently, the initially uncertainty
of 15% about the true value remains the same. In Fig. 7 the
reduced concentration profiles vs. t, attain the value 1 + 7,
where r = 0.15 is the spread.

In the second case, concentration values are evaluated at
t=0.1,04, 0.7, and 1 y. Fig. 8 illustrates the solute profiles
at the above times. Fig. 9 illustrates membership functions

Table 1
Values of parameters D and u

0 B = v & —
0.01 0.1 1 10
Fig. 3. Function M Vs. X.
C,/2
5
| f}(g’n)
C,/2nx’
4 oo 8 —-n=5 |
. \ —n=1
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N
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Fig. 4. Function L'n)z VS. X.
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oC, (x,t) |oC,(x,t) oC;(xt)
ot | ot T a |

.
and C(x,t) is (i-p) differentiable. The second derivative %

Ox
/t . RS
f3(); 2) is positively

is a valid fuzzy number and the function
0
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Fig. 5. Profiles of concentration for times t = 20, 100, 200, and
365 d.
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Fig. 6. Membership functions of concentration for times ¢ = 100,
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Fig. 7. Concentration vs. time at positions x = 0.5 and 1.5 km.

of concentration for times tu =0.1, 04, 0.7, and 1 at posi-
tion x = 0.3 km. Finally, Fig. 10 illustrates the concentra-
tion vs. time at positions x = 0.2 km and 0.6 km. The fronts
of the concentration attained in Fig. 9 are at the positions
X1y = 0.15 km, Xpgy = 0.5 km, Xozy = 0.58 km, X, = 0.69 km.
As it can be observed at Fig. 9, the reduced concentration
C/C, at time t = 1 y and in position x = 0.3 km attains the
values of 0.59, 0.69 and 0.80 (at level a = 0). Consequently,
the initially uncertainty of 15% about the true value remains
the same. In Fig. 10 the reduced concentration profiles
vs. t, attain the value 1 + r, where r = 0.15 is the spread.

4. Conclusion

The [37] theory of the gH derivative, as well as its
extension by [33] to partial differential equations, allows
researchers to solve practical problems, which are useful in
engineering. It is now possible for engineers consider the
fuzziness of various parameters during calculations.

The advection—dispersion equation in case of the cor-
responding system (1,1) has a fuzzy solution with certain
restrictions: The first derivative with respect to x, as well as
the first derivative with respect to ¢ are (i—p) differentiables
and fuzzy numbers in R, but the second derivative with
respect to x is (i-p) differentiable fuzzy number inside certain
limits. So, it can be concluded that the advection—dispersion
equation has a fuzzy solution inside certain limits.

0.4

0.2

0.0

Fig. 8. Profiles of concentration for times t=0.1,0.4,0.7, and 1y.

0; u[cﬁu]“ ID=0.21km2/yearA /\ =
0:6 Jéu:O.llkm/ ear \/ /\
-
|
Ll TR e

Fig. 9. Membership functions of concentration for times t = 0.1,
04,and 1y.

1.2

0.8 | , _Xmeokm

0.6 [ L/ )

0.4 ‘j: ,-l """""" C;:u /Co
Cis /G =Cu /G,
02 f &/ e C.,/C,y

yr

0

0 2 4 6 8 1C

Fig. 10. Concentration vs. time at positions x = 0.2 and 0.6 km.

The profiles of reduced concentration vs. x tend asymp-
totically to zero, while the profiles of reduced concentration
vs. t tend asymptotically to 1 + r, where r = the spread of
approximately 15%.

It is to be noted that the initial spread of r of 15%
continues unchanged through the whole domain of
the solution. Consequently, it is important for practi-
cal cases (solute transport in soil physics, particularly
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for predicting pesticides diffusion, nitrates, heavy met-

als,

and other solutes transport), that engineers take the

right decision, distinguishing the deviations of the crisp
value of concentration from the fuzzy ones, which here is
accepted initially 15% and remains the same in the solution
domain.
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