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a b s t r a c t
In this study, Langmuir and dose-response models for chromium(III) ion biosorption from aque-
ous environment in a fixed-bed system are presented. Conservation and momentum equations for 
adsorption of metals ions are solved using computational fluid dynamics method with COMSOL 
multiphysics software. Simulation results for dose-response model show good agreement with 
experimental data. Also, a parametric study was conducted to investigate the effects of poros-
ity, bed height, the input flow rate and the concentration of chromium(III) ion. Moreover, indi-
vidual systems, two-component and three-component chromium, copper, lead and cadmium ions 
are studied. The results show that cadmium ion has the lowest, and copper ion has the highest 
penetration curve breakdown.
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1. Introduction

Heavy metals ions in water are one of the most seri-
ous environmental problems in recent years, which are 
elements with atomic masses between 63.5 and 200.6  g/
gmol and specific gravities more than 5  g/cm3 [1]. With 
the rapid development of industries such as mining, the 
fertilizer industry, the battery industry, the paper industry 
and so on, a huge amount of such pollutants enters the 
environment through wastewater [2–4]. Unlike organic 
compounds, heavy metals ions are not biodegradable and, 
over time, accumulate in the bodies of humans and ani-
mals, which cause many diseases in humans [5]. Serious 
diseases such as various cancers have researchers taking 

suitable methods to remove heavy metals ions from waste-
water [6] so that, in addition to the adsorption of these 
metal ions, it is economical and the environment is not 
affected adversely in the aftermath. As a result, the sep-
aration of heavy metals ions from wastewater and con-
taminated groundwater is essential. Various traditional 
technologies are used to remove cations from water, such 
as filtration, ion exchange, reverse osmosis, and mem-
brane filters. Due to the overuse of chemicals, the use of 
these methods yields high cost, and they cannot be used 
in small-scale and household level [7]. These traditional 
methods also suffer from other disadvantages like incom-
plete toxic heavy metals ions removal, high reagent and 
energy supply and the production of toxic sludge.
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Biosorption, which is an adsorptive process and involves 
the use of different biomass or natural substances, has 
recently received more attention as an attractive alternative 
for up-taking heavy metals ions from wastewater as it off
ers several advantages over traditional techniques such as, 
eco-friendly nature, excellent performance and low cost [8,9].

A literature survey reveals that for the last decade, bio-
sorption has been widely investigated for the removal of 
different heavy metals ions from aqueous solutions [9–26].

The majority of biosorption studies reported in the lit-
erature have been carried out in batch reactors and gen-
erally, adsorption data obtained in such systems can’t 
address the practical challenges associated with most 
treatment systems [27]. Indeed, for a large scale of treat-
ment, biosorption processes are performed continuously, 
mostly in fixed-bed columns [8]. However, the literature 
review reveals that publications about biosorption of heavy 
metals ions in fixed-bed column mode are scarce [28,29]. 
From the process modeling viewpoint, the breakthrough 
curve (the effluent concentration-time profile) is used to 
describe the dynamic behavior of a fixed-bed column [30]. 
The removal effectiveness of the column, the adsorption 
capacity of the adsorbent and the position and shape of 
breakthrough curves are dependent variables influenced 
by operational conditions such as inlet concentration, feed 
flow rate and feed flow rate along with the bed depth and 
inlet diameter factors [31]. Very important and useful infor-
mation can be extracted from the dynamic equilibrium 
analyses in columns like the system size, contact time and 
adsorbent usage rate, which can be attained from break-
through curves [32,33]. Thus, it is evident that the model-
ing of the concentration time profile is highly needed in 
successful design and reliable operation of an industrial 
fixed-bed column for the biosorption process [12].

In this direction, recently, a number of research has 
applied various simple mathematical models for model-
ing and describing the biosorption of heavy metals ions in 
fixed-bed. Lim and Aris [34] found an increase of flow rate 
and initial concentration cause to reduce the saturation of 
the column. They also showed that Thomas model has a 
better agreement with adsorption of cadmium ion data in 
comparison with Yoon–Nelson and Adam Buharet models. 
Chowdhury et al. [35] showed good agreement between 
continuous systems and the Langmuir isotherm results. The 
Redlich–Kovich isotherm way was found to be chemically 
adsorbed. In column studies, BDST and Thompson models 
showed good agreement. Izquierdo et al. [36] reported that 
the results of discontinuous system are in good agreement 
with Langmuir isotherm for the maximum capacity sorbent 
of 85.78  mg/g. They also studied different concentrations 
of continuous systems and showed the maximum capacity 
of 56.7  mg/g in the column. Lodeiro et al. [37] applied the 
BDST model to simulate the adsorption process in a fixed-
bed, and also Adam Buhart-Yan and Beltran and Chu mod-
els were considered to study the match with experimental 
data. Their results demonstrated Yan model had a better 
agreement. Borba et al. [38] applied multi-component dif-
ferential equations to evaluate the hydrodynamic and 
adsorption process of nickel ions removal from aqueous 
environment by Saragvsam biosorption in the fixed-bed. 
Aksu and Gönen [39] showed good agreements of Langmuir 

and Freundlich isotherms and experimental data of phenol 
adsorption by the activated sludge in a fixed-bed. Silva et 
al. [40] showed that Langmuir isotherm has a better agree-
ment in comparison of Freundlich isotherm in discontinu-
ous system for adsorption of copper ions by the Saragasvm 
adsorbent. In the same approach, Han et al. [41] studied the 
effects of column height, flow rate, the concentration of meth-
ylene blue in the input stream applying Thomas model to 
find the optimal operating condition. The effects of different 
heights on the bed on thrust curves were also obtained using  
BDST model.

Computational fluid dynamics (CFD) is a simulation 
tool that uses numerical analysis and data structures to 
model fluid flow situations. The main advantage of CFD 
method is its high ability to solve efficiently different phys-
ical domains simultaneously, also in a coupled way [42]. 
Since CFD technique can be of great help to environmental 
engineering and processing, over the last few years or so, 
application of CFD method in such areas has been increased  
[43,44].

Generally, several modes of transport and processes such 
as permeation, convection, diffusion, mass transport, fluid 
flow and physical and chemical adsorption occur simulta-
neously in a continuous fixed-bed column during biosorp-
tion of heavy metals ions [42] and the aim of CFD method 
is to empower the academic community and engineers to 
model effectively the channel-fluidic phenomena in such 
adsorption processes [42,45,46].

The literature review of CFD method in modeling such 
areas shows that in 2015, Oliver et al. [47] used CFD simula-
tions to observe mixing inside the electrochemical reactors 
for Cr(VI) ion reduction from wastewater. They observed 
that the array for the rotating ring electrodes with 4 ver-
tical fins operating at 130 rpm has the highest flow/power 
ratio, and the lowest mixing time. Martínez-Delgadillo et 
al. [48] examined the impacts of kinds of electrochemical 
reactor inlet on performance by means of CFD simulation. 
Their results show that the electrochemical reactor gives 
the best performance whilst it operates with the Tangential 
inlet. In another study, by conducting experiments along 
with applying a CFD model, the performance of an elec-
trochemical reactor with the ring electrodes rotating was 
assessed at different speeds at which the electrochem-
ical process was utilized in order to eliminate Cr(VI) ion 
from wastewater [49]. Recently, Karpinska and Bridgeman 
[43] provided a complete review on CFD modelling of 
activated sludge systems.

Considering the critical role of removing heavy met-
als ions, to the authors’ knowledge, there is a lack of com-
putational modeling tools to investigate the heavy cations 
biosorption mainly in continuous fixed-beds system. In this 
paper, a CFD model with COMSOL multiphysics software 
is expressed for uptake of heavy metals ions viz. chro-
mium, copper, lead and cadmium ions. Applying the liter-
ature experimental data of chromium ion (III) biosorption 
in a fixed-bed system with olive stone [8], the adsorption 
models were evaluated and, using an appropriate model, 
a multi-component system adsorption was studied. Also, 
the important design parameters such as effects of poros-
ity, bed height, the input flow rate and the concentration of 
chromium on the breakthrough curves were investigated.
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2. Governing equations

Based on the recent modeling approaches, researchers 
have applied the equations and a variety of conditions, as 
well as traditional, modern, and some smart conditions for 
modeling processes. The purpose of numerical methods is 
to study the heavy metals ions adsorption models inside 
the fixed-bed system and evaluate the effects of opera-
tional parameters in order to achieve the most optimized 
design which takes a lot of time and high costs in labora-
tory. Herein, the transport phenomena modeling for the 
fixed-bed is solved using CFD technique with COMSOL 
software (Version 4.4) based on the Finite Element Method 
(FEM), for sorption systems including one-, two- and multi-
metal mixtures of cations. It includes a coupled system of 
partial differential, ordinary differential and algebraic 
equations illustrating the dynamics of the multicomponent 
ion exchange in a flow-through fixed-bed.

2.1. Model geometry

The geometry of the model in this work is as two sym-
metrical dimensions. To do this, a rectangle with a width 
of 1.5 cm and height of 23 cm was drawn.

2.2. Equations and definition of physical models

In the fixed-bed system, a small element with Δz height 
is selected as the volume control. It is assumed that the flow 
is one dimension and is cross-sectional along the bed. The 
balance of adsorbent material in the bed uses partial dif-
ferential equations for the solute in the liquid phase inlet 
and adsorbed in solid phase z→0 [42,50]:
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For video capture influence (∂ ∂q ti / ), these data is as fol-
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Equation of continuity within the pores of the particles 
can be stated as follows:
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The initial and boundary conditions include:
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Langmuir isotherm equation and dose-response for a 
number of components are as follows [42,50]:
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Substituting Eq. (8) into Eqs. (3) and (4) yield semi- 
dimensionless Eqs. (10) and (11), respectively, as follows:
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As a result, initial and boundary conditions are as follows:

t c c z c c R z� � � � � � � � �0 0 0 0 0: , ; , ,bi bi pi pi 	 (12)

z
c
z

u
D

c C z L
c
zL

�
�
�

� �� � �
�
�

�0 0: ; :bi
bi oi

bi 	 (13)

r
c
r

r
c
r

R k
D

c cp

p
R Rp

�
�

�
� �

�

�
� ��

�
�
��0 0 1: ; : ,

pi pi fi

pi
bi pi�

	 (14)

The simulated parameters are provided in Table 1.
Finite element method discretizes the domain of gov-

erning equations, and a big linear equation system is gen-
erated, which can be shown as:

FP = S 	 (15)

Matrixes F and S are known here, and matrix P is 
unknown. One approach to calculate this matrix is the cal-
culation of F–1, but it will not be cost effective, because it will 
have lots of non-zero components and besides many calcu-
lations, a huge memory is needed to store them. The method 
of matrix decomposition to L and U members (upper and 
lower triangular matrixes), or in other words using direct 
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solvers, is used to overcome this problem. In this topic, 
researchers have presented various algorithms such as 
MUMPS, UMFPACK, LU, PARDISO and SuiteSparseQR 
which all do try to create U and L members with the least 
non-zero components. Herein, PARDISO technique was 
applied in order to solve equations, and matrix F was 
divided into two matrixes named L and U through graph 
theory. The coefficients matrix has the minimum of non-
zero components during the decomposition, with the pur-
pose of the faster calculations as well as low memory. In the 
calculations, the numerical solver of Parallel Sparse Direct 
Solver (PARDISO) version 5.0.0 was used as linear solver. A 
PC with 2.67 GHz Intel®Core (TM) i5 CPU M 480 and RAM 
4.00 GB (2.98 GB usable) 64-bit operating system was used for 
running. The triangular mesh elements within the volume 

were utilized and arrayed to give satisfactory resolution for 
boundary layers nearby the fluid-solid interfaces. Various 
numerical tests were executed at different mesh resolu-
tions to eliminate enhancement in mesh size and quality of  
modeling results.

3. Results and discussion

In this study, the experimental data [8] match with the 
dose-response and Langmuir models have been reviewed. 
The results show that the model can well simulate the 
adsorption of the chromium(III) ions in the ground filled 
with olive ash. Fig. 1 shows the correspondent to the exper-
imental data at concentrations of 10, 25, 50 and 75  mg/L 
with chromium(III) Langmuir adsorption and dose-re-
sponse models.

The effects of the concentration parameters, porosity and 
adsorption of chromium(III) ions in the input fixed column 
with olive core ash were investigated. To evaluate the ini-
tial concentration effect on the column performance, differ-
ent values (10, 25, 50 and 75  ppm) were used, while other 
terms were fixed. Breaches Chart shows that initial increase 
of concentration will increase slope. Slope increase is due 
to that by increasing the initial concentration, mass transfer 
driving force increases. Also, increasing the driving force 
causes the increase in the initial concentration in the pores 
of the adsorbent which can also increase the adsorption 

Table 1
Dose-response model parameters for four investigated concen-
tration levels

Ci (ppm)Parameter

75502510

1.1350.7191.0651.561a
54.1670.87168.7395.3b
0.2710.2360.2810.263qo (mg/g)
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Fig. 1. Comparison of experimental data [8] fit with Langmuir adsorption and dose-response models at different concentrations.
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rate to be equalized. In other words, quickly reaching satu-
ration increases with reduction in the initial concentration. 
Also, this chart can be verbal that the penetration rate is 
controlled by the concentration gradient (Fig. 2).

With constant circumstances, the effect of porosity was 
investigated. Fig. 3 shows that with the increase in poros-
ity, reaching to the point of failure increases, because by 
reducing the particle size, porosity reduces and the surface 
areas of the particles increase. Therefore, by increasing the 
surface area, the more adsorption sites for the adsorption 
of solute molecules occur which increases the adsorption 
time in adsorbed filling sites. Thus increasing the particle 
size increases, the thickness of the surface layer around the 
particles to be settled which increases the time of the parti-
cles to reach the surface of adsorbent.

The effects of the inlet flow rate (2, 6 and 12 mL/min) are 
given in Fig. 4. As can be seen in this figure, by increasing 
the flow rate of inputs, slope of breaches also increases. The 
failure point reduces with an increase in rate curves, which 
is due to reduced pollution retention time in the column in 
a way that the time to balance in high flow rate is too low. 
As a result, at high flow rates, the contact time between 
adsorbent and adsorbate decreases. In addition, at high 
flow rates, the rate of mass transfer increases, which leads 
to quicker saturation.

Finally, the systems with a few minor metals were stud-
ied. Metals ions adsorption for copper, lead, cadmium and 
chromium ions, independently, are reviewed in two-com-
ponents and multi-components. Input flow rate, initial 
concentration, porosity and temperature, respectively were 
selected as 2  ×  10–6  m3/min, 0.1923  mol/m3, 0.335, 25°C, 
respectively. Fig. 5 shows the adsorption of these metals 
ions independently.

Figs 6 and 7, respectively, show two-component and 
three-component adsorption systems. As the charts from the 
simulation of adsorption process fueled by olive core ash 
shows, cadmium ions are the strongest and copper ions are 
the weakest adsorbed, because copper ions have the high-
est failed time and cadmium ions have the least failure time 
in the breakthrough curve. After cadmium ions, chromium 
ions, lead ions, and copper ions, respectively, have less time 
to failure in breakthrough curve which can be seen in two-
part and three-part systems. The results of the simulation in 
a single component system also complies with the results of 
multi-component systems and results are expressed almost 
the same.

Active adsorption sites form the core ash of olives. 
These active sites proposed to strong and weak adsorbents 
will be filled by adsorbents. In competition between strong 
and weak adsorption capacities, strong adsorbent immedi-
ately enter into operation and start filling active sites. But 
weakened adsorb the active sites later and weaker. Because 
of this in the multi-component systems, it is observed that 
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copper or lead ions do not even reach their initial concen-
trations in the output, because their metal ion rivals are 
strong adsorbents and saturated active sites sooner.

4. Conclusion

In the current study, chromium(III) ions biosorption by 
olive stone in a continues fixed-bed column was simulated 
using CFD method. According to the discussions on the 
simulation results, the following conclusions and recom-
mendation can be drawn:

•	 Effect of porosity (range between 0.3 and 0.7), the input 
flow rate (range between 2 to 12  mL/min) and the ini-
tial concentration of chromium (range between 10 to 
75 ppm) was investigated. The results show that lowering 
the initial concentration and lowering input flow rate as 
well as porosity within the studied ranges, is desirable.
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•	 Multi-components biosorption process including cad-
mium, chromium, lead, and copper biosorption was 
analyzed. The results show that cadmium ions are 
quickly adsorbed and after that, chromium ions, lead 
ions, and copper ions, respectively, have less time to 
failure in breakthrough curve, that is, they are more 
likely adsorbed in the active sites, correspondingly.

•	 The simulation results by dose response model show 
that there is a high consistency and well agreement with 
the experimental ones, which indicates that to address 
challenges with conducting experiments in the labora-
tory such as being time consuming and high costs, the 
applied computational model, viz. CFD, can be used as 
an effective tool in biosorption processes for analyzing 
different parameters.

Symbols and abbreviations

a	 —	 Constant
bi	 —	 Langmuir constant, min–1

Cbi	 —	� Concentration of solute i in the fluid phase of 
the column, kg/m3

cbi	 —	� Scaled concentration of solute i in the fluid 
phase of the column Cbi/Coi

Coi	 —	 Initial concentration of solute i, mg/L
Cpi	 —	� Concentration of solute i in the fluid phase 

within the pores, kg/m3

cpi	 —	� Scaled concentration of solute i in the fluid 
phase within the pores Cpi/Coi

Dpi	 —	� Pore diffusion coefficient of component i, 
m2/s

DL	 —	 Axial dispersion coefficient, m2/s
kfi	 —	� External mass transfer coefficient of solute i, 

m/s
L	 —	 Bed height, m
m	 —	 Mass of sorbent, g
qo	 —	� Maximum concentration of the solute in the 

solid phase, mg/g
qmi	 —	� Adsorption equilibrium constant defined by 

Langmuir equation of component i, mg/g
Rp	 —	 Radius of particle, m
R	 —	 Radial distance in the particle, m
Rp	 —	 Radius of particle, m
r	 —	 Scaled radial distance in the particle R/Rp
t	 —	 Time, s
u	 —	 Velocity, m/s
Vef	 —	 Volume of the effluent, mL

Greek

εp	 —	 Particle porosity
ρp	 —	 Density of particle, kg/m3

Subscripts

j	 —	 Integer value
p	 —	 Pore phase
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Fig. 7. The three-component heavy metals adsorption systems by the fixed-bed.
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