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a b s t r a c t
A fully developed turbulent pipe flow of non-Newtonian fluids was investigated numerically using 
the large eddy simulation (LES) method. The rheological and hydrodynamic behaviour of the pow-
er-law fluids was a primary focus for flow behaviour indexes of 0.75, 1, and 1.4 and at simulation 
Reynolds numbers of 4,000; 8,000 and 12,000. The calculations utilised a finite difference method with 
a numerical resolution of 653 grid points in the r, θ and z dimensions, respectively. They were sec-
ond-order accurate in space and time. According to the results, the shear rate profiles throughout the 
pipe radius for the pseudoplastic and dilatant fluids noticeably decreased and improved with a higher 
flow index. Additionally, the elevated flow index caused a notable rise in the fluid viscosity close to the 
wall, which raised the friction factor.
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1. Introduction

The industry has become very interested in the flow of 
non-Newtonian fluids since these fluids are used in many 
technical applications, including the production of cement, 
food, paper, and paint goods, as well as in the petroleum, 
pharmaceutical, and polymer processing sectors. A liter-
ature review shows that the turbulent flow of non-New-
tonian fluids has received significant attention in recent 
years. Numerous studies have been conducted on the 
flow of non-Newtonian fluids in axially stationary pipes, 
using theoretical, experimental, and numerical methods to 
describe the rheological behaviour and to evaluate the effects 
of the rheological properties of this type of fluid [1–15]. 

Pinho et al. [5] used water and four concentrations of a poly-
mer shear-thinning solution (sodium carboxymethyl cellu-
lose) to assess the mean axial velocity and the three normal 
stresses in fully developed pipe flow in the range of Reynolds 
numbers from 240 to 111,000. Malin [6] employed a modi-
fied version of the Lam-Bremhorst K-ɛ model in a turbulent 
flow to simulate numerically fully developed laminar and 
turbulent flow of power-law fluids at different Reynolds 
numbers for various power-law indices. Using the spectral 
element-Fourier approach, Rudman et al. [9] performed a 
direct numerical simulation (DNS) of shear-thinning fluids at 
flow behaviour indices of (0.5, 0.69, and 0.75)

More recently, Abdi et al. [16] used large eddy simula-
tion (LES) and an extended Smagorinsky model to perform 
fully developed turbulent forced convection of thermally 
independent pseudoplastic fluid via an axially heated rotat-
ing conduit. The simulation Reynolds and Prandtl values for 
the working fluid were set to 4,000 and 1, respectively, with a 
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rotation rate ranging from 0 to 3. The temperature along the 
pipe wall radius is shown to fall as the rotation rate rises pipe 
wall rotates dramatically due to a centrifugal force that sub-
stantially causes the mean axial velocity profile to rise when 
the apparent fluid viscosity in the pipe core region lowers. 
The higher-order statistics show that the rotation rate effect 
on the skewness and flatness coefficients is primarily limited 
to the region close to the pipe wall. Further away from the 
pipe wall, these profiles appear to be almost completely inde-
pendent of the centrifugal force caused by the rotating pipe 
wall.

Using a large eddy simulation (LES) and a conventional 
dynamic model, the current work was focused on a fully 
developed turbulent flow through an isothermal axially sta-
tionary pipe of the power-law fluids. This research examined 
dilatant (shear-thickening) and pseudoplastic (shear-thin-
ning) fluids spanning the range of 0.75 to 1.4 for different 
Reynolds values (4,000; 8,000 and 12,000). By examining both 
rheological properties and mean flow quantities, such as the 
apparent fluid viscosity, the shear stress, the shear rate, the 
mean axial velocity, and the friction factor, this study investi-
gated the impact of the Reynolds number on the rheological 
behaviour numerically and on the flow patterns of this type 
of non-Newtonian fluid.

2. Governing equations and numerical procedure

2.1. Governing equations

The present study was devoted to a fully developed tur-
bulent flow of pseudoplastic (n = 0.75), dilatant (n = 1.4) and 
Newtonian (n = 1) fluids through an axially stationary pipe 
with a computation domain of 20R (Fig. 1), by employing 
large eddy simulation (LES) with a standard dynamic model. 
Three simulation Reynolds numbers (Res) were considered in 
the present study (4,000; 8,000 and 12,000), which was based 
on the centerline axial velocity of the analytical fully devel-
oped laminar profile (UCL), which are defined respectively 
as Res = ρUCL

2–nRn/K and UCL = (3n + 1)Ub/(n + 1). Ub is the 
mean velocity, K is the fluid consistency index, and ReMR is 
the Reynolds number of Metzner and Reed and is defined as 
ReMR = 8ρDnUb

2–n/K(6 + 2/n)n.
The filtered equations can be expressed as follows:
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2.2. Numerical procedure

The governing equations were discretised on a staggered 
mesh in cylindrical coordinates with a computational length 
in the axial direction 20R. The numerical integration was 
performed using a finite difference scheme, second-order 
accurate in space and time. The time advancement employed 
a fractional-step method. A third-order Runge–Kutta explicit 
scheme and a Crank–Nicholson implicit scheme were used to 
evaluate convective and diffusive terms. The above mathemat-
ical model was implemented in a finite difference laboratory 
code. The grid 653 grid points in axial, radial and circum-
ferential directions, respectively, were found to provide an 
accurate prediction of the turbulence statistics, in agreement 
with the available data of the literature, and give a good 
compromise between the required CPU-time and accuracy.

3. Results and discussion

The rheological properties and mean flow quantities 
were examined, including the shear rate, apparent viscosity, 
and mean axial velocity. The friction factor was to explore 
the influence of the Reynolds number on the rheological and 
flow patterns of shear-thinning (n < 1) and shear thickening 
(n > 1) fluids. The study used LES with a standard dynamic 
model at three flow behaviour indices (0.75, 1 and 1.4) and 
three simulation Reynolds numbers (4,000; 8,000 and 12,000).

Fig. 2 compares the predicted profile of the turbulent 
axial velocity of a shear-thinning fluid with a flow index (n) 
of 0.75 at Reynolds Metzner and Reed number of 4,255 with 
that of DNS data performed by Rudman et al. [9] at Reynolds 
Metzner and Reed number of 3,935. No significant differ-
ences were observed between them, where the predicted 

Fig. 1. Computational domain.

Fig. 2. Validation of the results.
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profile was in good agreement with that of Rudman et al. [9] 
over the entire flow region.

3.1. Mean normalized shear rate and viscosity

The shear rate and apparent viscosity distributions of the 
shear-thinning and shear-thickening fluids along the pipe 
radius are depicted in Figs. 3 and 4, respectively, against the 
distance from the wall in wall units Y+. The flow behaviour 
indexes were set at 0.75, 1 and 1.4 at a simulation Reynolds 
number of 4,000; 8,000 and 12,000. As shown in Fig. 3 in the 
viscous sublayer (0 ≤ Y+ ≤ 5), the shear rate profiles were 
nearly linear, they remained constant along the near-wall 
region for the three Reynolds numbers. Beyond (Y+ = 5), the 
shear rate profiles began to decrease gradually with distance 
from the wall (Y+) towards the core region, where this reduc-
tion was sharp in the buffer region (5 ≤ Y+ ≤ 30) for all cases.

It was evident that the shear rate profile of the pseu-
doplastic (n = 0.75) lay above those of the Newtonian and 

dilatant (n = 1.4) fluids for all Reynolds numbers, where the 
decreased flow behaviour index resulted in an enhancement 
in the shear rate along the radial coordinate. On the other 
hand, the Reynolds number largely affected the shear rate 
distributions of the power-law fluids along the pipe radius, 
especially in the near-wall region, where the shear rate pro-
files of the Reynolds number of 12,000 lie above those of 8,000 
and 4,000. With increasing Reynolds number, the shear rate 
enhanced significantly along the pipe radius, especially in 
the viscous sublayer. It was worth noting that this trend was 
more pronounced as the flow behaviour index decreased. 
The shear rate of the shear-thinning (n = 0.75) fluid was 
more affected by the Reynolds number than those of the 
Newtonian and shear-thickening (n = 1.4) fluids.

As seen in Fig. 4, the apparent viscosity of the 
shear-thinning (n = 0.75) and shear-thickening (n = 1.4) flu-
ids were identical and equal to the apparent viscosity at the 
wall (ηw) in the near-wall region for all Reynolds numbers, 
where no significant noteworthy differences are observed 
between the three Reynolds numbers. It can be said that the 
apparent viscosity of the power-law fluids seemed indepen-
dent of the flow behaviour index and the Reynolds number 
along the viscous sublayer. Beyond the buffer region (Y+ > 5), 
the apparent viscosity profiles began to deviate from each 
other significantly further away from the wall, where there 
was a clear trend of gradually increasing and decreasing in 
apparent viscosity of the pseudoplastic (n = 0.75) and dilatant 
(n = 1.4), respectively with the wall distance (Y+) towards the 
core region. The decreased flow behaviour index (n) resulted 
in a considerable enhancement in the apparent viscosity far 
away from the wall.

It was apparent in Fig. 4 that the viscosity profiles of the 
Reynolds numbers 4,000; 8,000 and 12,000 collapsed with each 
other over the entire flow region, where there was no effect of 
the Reynolds number on the apparent viscosity distribution of 
the three flow behaviour indices observed. It can be said that 
the apparent viscosity of the power-law fluids was nearly inde-
pendent of the Reynolds number along the radial direction.

Fig. 5 illustrates the apparent viscosity profile scaled 
by the viscosity at the wall (ηw) of the shear-thinning and 

Fig. 3. Shear rate profile vs. Y+. Open symbols: n = 0.75; solid line: 
n = 1; closed symbols: n = 1.4; Red: Res = 4,000; Blue: Res = 8,000; 
Orange: Res = 12,000.

Fig. 4. Apparent viscosity profile vs. Y+. Open symbols: n = 0.75; 
solid line: n = 1; closed symbols: n = 1.4; Red: Res = 4,000; 
Blue: Res = 8,000; Orange: Res = 12,000.

Fig. 5. Apparent viscosity against the shear rate. Open sym-
bols: n = 0.75; solid line: n = 1; closed symbols: n = 1.4; 
Red: Res = 4,000; Blue: Res = 8,000; Orange: Res = 12,000.
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shear-thickening fluids against the shear rate scaled by the 
shear rate at the wall ( γw). As seen in Fig. 5 the apparent vis-
cosity of dilatant (n = 1.4) increased progressively with the 
shear rate for all Reynolds numbers, as the Reynolds num-
ber decreased as the apparent viscosity enhanced rapidly. 
On the other hand, the apparent viscosity of the pseudo-
plastic (n = 0.75) fluid was inversely proportional to the 
shear rate: the shear rate increased as the apparent viscosity 
decreased considerably for the three Reynolds numbers. It 
should be noted that the apparent viscosity of the shear-thin-
ning fluid attenuated or diminished rapidly as the Reynolds 
number decreased.

3.2. Turbulent axial velocity profile

The turbulent axial velocity profile of the pseudoplastic 
(n = 0.75), dilatant (n = 1.4) and Newtonian fluids along the 
pipe radius scaled by the friction velocity against the dis-
tance from the wall in wall units Y+ is presented in Fig. 6, at 
simulation Reynolds numbers of 4,000; 8,000 and 12,000. The 
dash lines represented the universal velocity distributions in 
the viscous sublayer (0 ≤ Y+ ≤ 5) and in the logarithmic layer 
(30 ≤ Y+ ≤ 200). Results showed that in the viscous sublayer, 
the predicted turbulent axial velocity profile of the three flow 
behaviour indices (n) was almost identical and agreed with 
the universal linear law U+ = Y+ up to approximately (Y+ = 5) 
for all Reynolds numbers. It can be said that the turbulent 
velocity was almost independent of the flow behaviour index 
and the Reynolds number in the near-wall region. Beyond 
the buffer region (Y+ > 5), the turbulent axial velocity pro-
files began to deviate significantly from each other with 
distance from the wall (Y+), where this deviation became 
more distinct the further away from the near-wall region. 

In the logarithmic layer (30 ≤ Y+ ≤ 200), the profiles of the 
shear-thinning (n = 0.75) fluids lay above those of Newtonian 
and shear-thickening (n = 1.4) fluids for all Reynolds num-
bers, where this trend was more pronounced as the Reynolds 
number increased.

It can be said that the turbulent axial velocity was affected 
largely by the flow index and the Reynolds number out of the 
buffer region (Y+ > 30), where the decreased flow behaviour 
index led to an enhancement of the apparent viscosity, con-
sequently in the turbulent axial velocity in the logarithmic 
region for the three Reynolds numbers. Moreover, as the 
Reynolds number increased, the turbulent velocity enhanced 
considerably in the logarithmic region, where this improve-
ment was due to the increase in the inertia force.

3.3. Friction factor

The friction factor of the pseudoplastic (n = 0.75), dila-
tant (n = 1.4) and Newtonian fluids at simulation Reynolds 
numbers of 4,000; 8,000 and 12,000 are shown in Table 1. 
The friction factor enhanced gradually with the increase 
in the flow behaviour index. There was a clear trend of a 
decrease in the friction factor with an increasing Reynolds 
number. It was worth noting that the increased Reynolds 
number induced a marked reduction in the friction factor for 
the three flow behaviour indices, where this was ascribed to 
the attenuation in the viscous force near the wall region.

4. Conclusions

The numerical analysis of a fully developed turbulent 
flow of pseudoplastic and dilatant fluids in an axial pipe 
using LES with a conventional dynamic model was pre-
sented. This was carried out for three distinct flow behaviour 
indices (n = 0.75, 1 and 1.4) at three simulated Reynolds num-
ber levels (Res = 4,000; 8,000 and 12,000). This research exam-
ined how the Reynolds number affected hydrodynamic and 
fluid rheological characteristics to characterise this fluid’s 
rheological behaviour and flow patterns in such a situation. 
The results showed that the Reynolds number rose, and the 
shear rate of the shear-thinning and thickening fluids was 
mainly influenced by the Reynolds number over the whole 
flow zone, which led to an improvement in the shear rate 
profile along the radial coordinate. When Re had no apparent 
influence on the viscosity of the three flow behaviour indi-
ces, it was concluded that the apparent viscosity of the pow-
er-law fluids was almost independent of Re. The turbulent 
axial velocity in the logarithmic region for the three Reynolds 
numbers increased in apparent viscosity due to the lowered 
flow behaviour index. This tendency became more obvious 
as the Reynolds number rose. Lastly, an increasing Reynolds 
number significantly attenuated the friction factor for the 
three flow behaviour indices.

Table 1
Friction factor

Res 4,000 8,000 12,000

n 0.75 1 1.4 0.75 1 1.4 0.75 1 1.4
f.E-1 0.0845 0.107 0.125 0.065 0.0837 0.0977 0.0539 0.0716 0.0833

Fig. 6. Axial velocity profile vs. Y+. Open symbols: n = 0.75; 
solid line: n = 1; closed symbols: n = 1.4; Red: Res = 4,000; Blue: 
Res = 8,000; Orange: Res = 12,000.
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Symbols

Ub — Average velocity, m·s–1

Uτ — Friction velocity Uτ = (τw/ρ)1/2, m·s–1

UCL —  Centreline axial velocity for analytical fully 
developed laminar profile UCL = (3n + 1)Ub/
(n + 1), m·s–1

R — Pipe radius, m
n — Flow index
K — Consistency index, Pa·sn

Y+ — Wall distance Y+ = ρUτY/ηw
f — Friction factor f = 2τw/(ρUb

2)
Res —  Reynolds number of the simulations 

Res = ρUCL
2–nRn/K

Greek symbols

γ  — Shear rate � � S Sij ij
η — Apparent viscosity � �� �K n 1

ρ — Density
τij — Subgrid stress tensor � �ij t ijS� �2

Subscripts

z, r, θ — Axial, radial, tangential velocity
C — Centreline
L — Laminar
s — Simulation
w — Wall

Superscripts

 — Statistically averaged
(  )+ — Normalised by Uτ
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