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a b s t r a c t
Bubble size is among the most important factors that determine flotation efficiency. The bub-
ble used for flotation varies from nanobubbles (NBs) to microbubbles (MBs). In this study, the flo-
tation experiments were carried out, and then the flotation efficiency was calculated based on the 
collision-attachment efficiency and the number of NBs and MBs bubbles using the kinetic model. 
The flotation efficiency was highest for tailored bubbles, followed by MBs and NBs. We deter-
mined that flotation efficiency increased as the interaction between the attachment ability of 
NB and the flotation ability of MB. We also determined the optimal mixing ratio by adjusting the 
amount of NB and MB to increase flotation efficiency. We found that the most important determi-
nant of flotation efficiency was the ratio of MB and confirmed that NB acts as an auxiliary material 
that increases the attachment efficiency of floc and bubble. Also, when the amount of NB was too 
small flotation efficiency decreased, confirming that the flotation efficiency increased only when an 
appropriate ratio of NB was injected to increase the attachment efficiency.
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1. Introduction

Bubble size is one of the important parameters affect-
ing flotation efficiency [1]. The flotation process can be 
simply described using Eq. (1).

E E E Ef C S d� � � �� �1  (1)

where Ef represents overall flotation efficiency. EC is the col-
lision-attachment efficiency of bubbles and particles, ES is 
the efficiency at which bubble-particle aggregates (formed 
by the attachment of bubbles to particles) are separated 
from the water body, and Ed is defined as the efficiency at 
which bubbles and particles are detached from the formed 

bubble-agglomerates. Generally, Ed is close to 0 and can be 
ignored when conditions for flotation are well controlled.

Flotation that relies on microbubbles (MBs) is widely 
incorporated into traditional water treatment processes 
and is highly efficient at removing small particles (such as 
algae). The flotation process requires less coagulation time 
and solid–liquid separation time than a sedimentation pro-
cess, so it has the advantage of configuring a small facility 
area and a compact process [2,3]. To date, saturator-type 
MBs bubble generators are mainly used in flotation sys-
tems [4]. Recently, an ejector-type bubble generator that 
uses cavitation has been developed. The ejector-type device 
generates smaller-sized bubbles [5] and enables water treat-
ment using nanobubbles (NBs) [6]. Many researchers have 
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determined the range of bubble sizes that may be applied 
to water treatment systems. Although the standards devel-
oped are slightly different across each study, bubble size 
may roughly be divided into four categories: macro scale 
(>102), micron-scale (101~102), sub-micron scale (100~101), 
and nanoscale (<100) [7–10]. In previous studies, bubble 
size was measured according to pressure [11,12] and the 
effect of bubble size on flotation efficiency from particles 
was confirmed [13,14]. There are many practical limita-
tions to measuring the size of a NB. Although one study 
on nano-micro size bubbles has been conducted recently 
[15–19], a detailed study concerning how the size of the NBs 
affects flotation efficiency has not been conducted to date.

The bubbles used for the actual flotation system have 
a wide range from nano-sized bubbles to micro-sized bub-
bles [20]. Flotation characteristics can be roughly classi-
fied by dividing examined bubbles in the range applied to 
the actual flotation process into MB and NB and excluding 
excessively large or small bubbles. MBs have superior solid–
liquid separation efficiency bubble-particle agglomerates 
due to their having a higher rising rate than NBs. However, 
their attachment efficiency to ultra-fine floc is low due to 
an imbalance in hydrodynamic force [21]. NBs, in contrast, 
have a low hydrodynamic force during the collision-attach-
ment phase with floc. This helps to form bubble-particle 
aggregates by increasing the collision attachment efficiency 
of bubbles and particles [22]. At actual water treatment sites, 
a wide range of bubbles are applied to the flotation process 
with a Gaussian distribution, and bubble size distribution 
(BSD) can vary greatly depending on the bubble generator 
type and the target bubble size. Therefore, combining two 
different sizes of bubbles can maximize the advantages of 
MBs and NBs to increase colliding and solid–liquid sepa-
ration efficiency. Meanwhile, it has already been reported 
that flotation efficiency increases when NBs are included 
in the flotation system using MBs [23].

While bubble generators having a variety of size distri-
butions have recently been commercialized, appropriate 
tailoring is required to optimize the bubbles used in actual 
water treatment sites. In this study, optimal flotation con-
ditions and flotation efficiency were measured according 
to the optimal BSD. Thereafter, Barton et al. [24] was used 
to derive the constant reaction rate. By substituting this 
into the contact zone model developed by Haarhoff and 
Edzwald [25], flotation efficiency was calculated regarding 
the attachment efficiency (α) and the collision frequency 
(β). Using this information, we then developed a bubble 
mixing ratio that will improve flotation efficiency.

2. Materials and methods

2.1. Theoretical approach and simulation methods

Barton’s kinetic theory is a model calculated as a 
kinetic constant or rate constant for the number of individ-
uals considering the interaction to form an aggregate by a 
reversible secondary reaction between particles. Eq. (2) is 
the basic equation that underlies this dynamic theory:

n n nf b
k ka b� � ���, Agg  (2)

where nf is the number of flocs, nb is the number of bubbles, 
and nAgg is the bubble-particle aggregates, ka is the kinetic 
constant of attachment, and kb is the kinetic constant of 
breakage. Eq. (3) expresses this as a secondary reaction:

dn
dt

k n n k nf
a f b b� � � agg  (3)

where ka is the same as αfbβfb and nagg is the number of 
removed particles as expressed by Eq. (4).

dn
dt

n n k n nf
f b b f f� � � �� �� �fb fb 0  (4)

where αfb, βfb, is the attachment efficiency and the collision 
frequency, and nf0 is the number of raw flocs. Eqs. (5) and 
(6) can be obtained by expressing Eq. (4) as a first-order 
reaction equation for nf and substituting it into the distri-
bution coefficient (γt) indicating the floc distribution con-
centration between the bubble and floc.
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where Cb is the mass concentration of bubbles, t is the reac-
tion time, and R is the flotation efficiency. In Eq. (6), floc 
and bubble once attached can be expressed as kb = 0 under 
the assumption that desorption does not occur. Once again, 
Eq. (6) can be expressed as Eqs. (7) and (8), and finally 
the equation of k = αabβabnb is obtained, in which where 
k is the constant reaction rate of the first-order reaction.
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where α and β can be calculated by substituting the equa-
tions calculated using the kinetic theory into the white-wa-
ter blanket filtration type models (WWBFM), which are the 
contact area models of flotation separation. The WWBFM 
model of Haarhoff and Edzwald [25] uses the concept of a 
single simple collector collision efficiency, and hydrodynamic 
interactions and interparticle effects are not considered. 
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To facilitate expression in the model, number concentra-
tion (nb) and volume concentration (Øb) are expressed in 
Eqs. (9) and (10). The basic formula of the model is Eq. (11). 
When single collector collision efficiency (ητ) is used to 
explain particle movement, ka can be expressed as Eq. (12).
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k v A na T b b b� � �fb  (12)

where ρb is the bubble density and db is the bubble diame-
ter. The projected area of the bubble (Ab) is replaced by 
(πd2

b/4). Eq. (13) is obtained by replacing nb with Øb using 
Eqs. (9) and (10). If this is again expressed as a first-order 
reaction equation of nf with respect to the contact time (tcz), 
it can be expressed as Eq. (14).
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Finally, substituting into the kinetic theory, Eq. (12) is 
expressed as ηTvbAbnb = βfb, and finally expressed as Eq. (15).
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The flotation efficiency is affected by the bubble size, 
which affects α, β, and nb. In this study, the effect of each 
of these three factors on flotation efficiency was calculated 
using the contact model and the dynamic theory and eval-
uated by comparing it with the actual flotation efficiency. 
We were then able to predict the optimal mixing ratio of 
bubbles through the calculated model and confirm that 
a proper mix of NB and MB improves flotation efficiency.

2.2. Bubble size measurements

As shown in Fig. 1, the produced MB was injected into 
the flotation column as the pressure of the pressurizing 
device. 5 atm pressured bubble diameter was calculated 
according to microscope charged coupled CCD camera 
(INFINITY 2-2C, Teledyne Lumenera, Canada). To measure 
the most accurate size distribution, the focus of the cam-
era lens was placed in the center of the column, and after 
the bubbles were injected, the shooting started in the area 
where the bubble cloud was created. After taking a video, 
it was divided into 1 frame units. The size of each bubble 
size was measured with an image capture module by low-
ering the exposure and shooting as clearly as possible. It 
was measured repeatedly and presented as an average value.

NB size distribution was measured using dynamic light 
scattering (DLS). The measurement was carried out through 
a stabilization process in which the NB generator was oper-
ated for a sufficient period to obtain the most consistent 
value. 1 mL of the sample collected from the experimental 
column was then sprayed with NB according to the anal-
ysis capacity and analyzed with dynamic light scattering 
using a Zen 3600, Malvern Instruments (UK). To reduce the 
experimental error and obtain a reliable value, this analysis 
was repeated, this time calculated by arithmetic mean.

Nanobubbles require more precise measurements than 
microbubbles. There are several ways to measure the size 
of an NB. Either a laser particle-size analyzer (LPSA), which 
measures particle size using laser dispersion, scattering, 

Fig. 1. Schematic diagram of apparatuses for measuring MB and NB size using charge-coupled device (CCD) camera and 
dynamic light scattering.
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and refraction, nanoparticle tracking analysis (NTA), which 
tracks the movement of nanoparticles by Brownian motion, 
or electrophoresis analytical equipment can be used. DLS 
is an instrument generally used to measure the size distri-
bution of nano ~ sub-micron particles, and some research-
ers have used it to measure the size of NBs [26–28]. In DLS, 
laser light scattered at various intensities according to the 
Brownian motion of sample particles is analyzed through 
photon intensity and autocorrelation function.

2.3. Experimental condition

An artificial sample was prepared by mixing kaolin par-
ticles with distilled water. Kaolin particles are widely used 
in water treatment experiments. For the calculation of the 
flotation rate (R, %) for the change of conditions, the rep-
resentative value (average) was determined by measuring 
turbidity (2100P, Hach, USA) of ten or more samples before 
and after the flotation experiments. Using this data, the 
flotation efficiency was calculated.

To examine the flotation efficiency of MBs and NBs, a 
laboratory-scale batch-type flotation separation test appa-
ratus was fabricated (Fig. 2). The volume of the air dissolv-
ing tank (saturator) was approximately 0.67 L, and it was 
made of stainless steel to take advantage of its high oper-
ating pressure. For the flotation separation experiment, the 
Jar test was performed on an artificial sample prepared in 
advance to determine the optimal coagulant injection rate. 
A series of flotation experiments were then performed. The 
size of the flotation column was 1.5 L (10 cm in diameter, 
17 cm in height). This was filled with 0.5 L of the artificial 

sample prepared in advance, as well as poly aluminum chlo-
ride (PAC, [Al(OH)m·Cl6-m]n) in the coagulant. To aggre-
gate the particles 30 ppm of PAC was injected, followed 
by rapid stirring at about 125 rpm for 1 min, further fol-
lowed by slow stirring at 40 rpm for 5 min. In some cases, 
sodium hydroxide (NaOH) was used as an alkali agent 
to supplement the alkalinity required for agglomeration.

Saturated water was injected according to the injection 
amount. To observe the floating of the particles, bubbles 
were sprayed under three conditions: NB, MB, and mixed 
bubbles. When injecting mixed bubbles, nanobubbles were 
injected first and then microbubbles were sequentially 
injected in order to clearly grasp the effect of nanobubbles. 
In the operation, saturated water (milky water) was sprayed 
in a saturator pressurized to the previously prepared flo-
tation column sample until the recycle ratio reached about 
20%. Saturated water was injected in a turbulent state to 
increase the number of collisions between bubbles and parti-
cles. After a sufficient contact time, flotation was maintained 
for about 5 min, and the experiment was conducted. Once 
the flotation finished, after removing the scum floating on 
the surface layer, clean subnatant was collected from the 
bottom of the column and analyzed. Thereafter, the float-
ing efficiency of the model and the experimental data was 
compared by adjusting the NB/MB ratio.

3. Results and discussion

3.1. Bubble size distribution

Bubble size is an important factor affecting flotation 
efficiency. Information regarding bubble size is required to 

Fig. 2. Schematic diagram of lab scale flotation device for particle separation.
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accurately assess flotation efficiency. In this study, the bub-
ble size was measured using a CCD camera to find out how 
the bubble size affects the flotation efficiency. The size of 
MBs calculated from repeated measurements ranged from 
23.61 to 83.94 µm at 5 bar. In general, NBs can also occur 
in MB generators, but the amount is negligible. However, 
it should be considered that the amount of NB generation 
may increase depending on the type of MB generator and 
operating conditions in the field.

In contrast, in the case of NB, the floating velocity 
equation cannot be used to determine the size of the NBs 
because it cannot confirmed by the naked eye. NB size 
measurement was performed using DLS. The distribution 
of NBs measured through DLS is shown in Fig. 3. The bub-
bles ranged in size from 350 to 530 nm, with bubbles of an 
average size of 460 nm making up the greatest proportion. 
Tables 1 and 2 show the MB size range and average size at 
each atmospheric pressure, as well as the specifications asso-
ciated with the nanobubble generator. Using these results 
above, we determined the optimal flotation efficiency for 
each bubble size in the flotation experiment.

3.2. Collision-attachment efficiency

Model results were derived by substituting the data 
obtained from the flotation experiment into WWBFM. In 
flotation, α and β acting between bubbles and floc play a 
large role in the formation of bubble-particle aggregates 
[22], and in turn have a significant influence on the flota-
tion efficiency. In the single bubble simulation, α showed a 

higher value as the size of the bubble increased, and gradu-
ally decreased as the size of the bubble increased. β showed 
the lowest value when the size of the bubble was small, and 
gradually increased as the size of the bubble increased. It is 
known from the literature that the smaller the bubble size, 
the higher the contact efficiency but the lower the collision 
[21,22]. Conversely, it was confirmed that as the bubble size 
increased, the contact efficiency decreased, but the collision 
frequency increased. Fig. 4 is αβ compare graph, which 
changes according to the bubble size, with nb. nb can be calcu-
lated using Eq. (9) and the value obtained by calculating the 
dynamics theory and the size of the bubble through exper-
iments, as well as the volume concentration of the bubble. 
Looking at the obtained changes in factors, we observed that 
αβ gradually increased along with the bubble size. nb was 
seen to decrease as the bubble size increases. This means 
that the smaller the bubble size, the smaller the collision- 
attachment efficiency and the greater the number of bubbles. 
As the size of the bubbles increase, the collision-attachment 
efficiency increases, and the number of bubbles drops.

Flotation efficiency can therefore be determined by ref-
erence to these three functions: nb, α, and β. It is used to 
interpret and evaluate the results obtained in the flotation 

Fig. 3. Bubble size distribution NB and MB, (a) measured and calculated values of MBs using rising velocity equation, 
(b) average of NB measurement using dynamic light scattering.

Table 1
Size distribution of microbubbles

Pressure of saturator (bar) Bubble size range (average) (µm)

5.0 25.61 ~ 83.94 (53.18)

Table 2
Specification associated with nanobubble generator and average bubble size

Pump Mixing chamber Bubble

Flow rate: 0.45 L/min Material: stainless Average bubble size: 459 nm
Head: 2.0 m Shape: cylinder Bubble volume concentration: 0.08513 mL/mL
Motor power: 100 W Volume: 1.4 L
Air flow rate 30 mL/min Height: 180 mm

Diameter: 100 mm
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experiment. To evaluate the flotation efficiency of NBs 
and MBs, we examined how each of these functions 
works according to the bubble size based on the results 
obtained from the experiment.

3.3. Flotation efficiency

The flotation experiment was carried out by first divid-
ing bubbles by size (NB and MB). Based on the calculated 
model results, we assumed that better flotation efficiency 
would be obtained if the experiment was conducted utilizing 
the strengths of NB and MB. The flotation efficiency was then 
analyzed and evaluated using the results of the modeling. 
The experimental values for flotation are shown in Fig. 5.

NB bubbles had the lowest flotation efficiency, with 
NB+MB bubbles showing the highest efficiency. This is like 
the results obtained in the literature introducing previously 
conducted studies showing better efficiency than micro-
bubbles when mixing nanobubbles and microbubbles [29].

This can be interpreted as a function of nb, α, and β as 
calculated through the previously discussed model. NB 
has many bubbles, but the collision-attachment efficiency 
between bubbles and flocks is small, so the flotation effi-
ciency is low. MB, in contrast, has a large collision-attach-
ment efficiency, but the number of bubbles is significantly 
lower. Here, it can be seen that no matter how large the 

number of bubbles is, if the collision-attachment efficiency 
between the bubbles and floc is lowered, the flotation effi-
ciency will eventually decrease. Finally, we hypothesize that 
the highest efficiency was shown when NB and MB bubbles 
were mixed is because the high number of bubbles in NB and 
the high collision-attachment efficiency of MB complement 
each other to improve this quality. NB and MB have a mutu-
ally reinforcing positive effect on each other’s flotation, and 
mixing the NB and MB may significantly improve flotation  
efficiency.

The flotation separation test in this experiment was 
conducted in stationary conditions in the flotation column. 
In the flotation system in the field, however, influents with 
flocs and bubbles could flow into turbulence through the 
existing bubble layer. Therefore, the attachment efficiency 
and collision frequency need to be modified properly for 
application to the flotation process in the field.

3.4. Tailoring NB/MB ratio to improve flotation efficiency

The flotation experiment confirmed that the mixing of 
NB and MB had a significant effect on flotation efficiency. 
Therefore, the optimal mixing ratio between NB and MB 
needed to be determined. The numerical fraction of the 
NB to MB ratio (F) can be defined as Eq. (16).

F
n
n

= nb

mb

 (16)

where nnb is the number of nano-bubbles and nnb is the 
number of microbubbles.

After the calculated bubble ratio, then compared the 
predicted results with the experimental results. In order 
to obtain a high level of flotation, the optimal mixing ratio 
had to be determined. The flotation efficiency of the mixed 
bubbles was predicted based on the values of nb, α, and β 
which were calculated through the kinetic theory. However, 
that flotation efficiency may differ depending on the prop-
erties of the target particles, and that the mixing ratio can 
be applied differently depending on the test target. When 
the distribution of bubbles was compared while adjust-
ing the ratio of NB and MB, Fig. 6 is a graph expressing 
the distribution according to the bubble size shown while 
adjusting the ratio of NB and MB. And the predicted 
and experimental results using the model are shown in 
Fig. 7. It shows that the measured NB and MB distributions 
vary with the NB and MB ratios.

In the model, the higher the NB ratio, the lower the flo-
tation efficiency, and the higher the MB ratio the higher the 
flotation efficiency. The experimental results in contrast, 
showed somewhat different results from these. The highest 
flotation efficiency among the bubble mixtures tested exper-
imentally was observed when the ratio of NB to MB was 
3:7. As the ratio of MB increased, or more NB was injected 
than MB, the flotation efficiency gradually decreased. 
When mix and inject NB and MB, the flotation efficiency 
increased along with the amount of injected MB.

The model and experimental results differed because too 
little NB, which acts during the collision-attachment process 
with the actual floc, was injected, so the bubbles may not 
have been mixed well. We hypothesize that the anticipated 

Fig. 4. Variation of αβ and nb in terms of bubble size.

Fig. 5. Variation of flotation efficiency depending on NB and MB.



Y.-H. Choi et al. / Desalination and Water Treatment 308 (2023) 18–2524

effect of NB, that is, increasing the attachment efficiency 
between floc and bubbles, is thus not properly brought 
about. Through comparison, we confirmed that MB had a 
significant effect on flotation efficiency in the mixed MB & 
NB bubbles, but that flotation efficiency was improved only 
when NB was injected at an appropriate ratio or more. We 
also confirmed that NB can compensate for the low attach-
ment efficiency of MB, if there is no MB even if the number 
of cells in NB is large and the attachment efficiency of sin-
gle cells is high, the efficiency does not increase. Through 
these prediction results, it was confirmed that bubble 
mixing is another way to improve the flotation efficiency.

4. Conclusion

We evaluated the collision and attachment character-
istics of NBs and MBs, and variations in the number of 
bubbles under the various collision-attachment efficiency 
between bubbles and floc for bubbles of various sizes using 
a model. Based on the simulation results of the collision-at-
tachment efficiency, the terminal flotation efficiency was cal-
culated in the various size ranges of bubbles. We then pre-
dicted the optimal bubble mixing conditions and compared 
this prediction with experimental results.

As the average bubble size increases, collision frequency 
increases and the attachment efficiency decreases. Overall 
flotation efficiency is affected differently depending on the 
functions of nb, α, and β, with NBs having a high nb, but 
flotation efficiency remained low due to a low levitation 
force. MB, in contrast, has a low nb but a higher flotation 
efficiency than NB due to its high levitation force.

Our experiment revealed that flotation efficiency was 
assessed as follows: NB (58%) < MB (73%) < NB+MB (90%). 
This is attributable to the high attachment efficiency of the 
NB and the high levitation force of the MB. As a result of 
the prediction in the model, if the bubbles are mixed and 
used, NB and MB complement the weak parts and can 
improve the flotation efficiency.

When the amount of MB was higher than that of NB in 
the bubble mixture, efficiency improved. However, as we 
compared the experimental results with the model results, 
we confirmed that in the event that MB were excessively 
injected, efficiency would decrease, and that flotation effi-
ciency can be increased only by proper mixing with a 
certain amount of NBs injected.
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