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a b s t r a c t
This paper is concerned with the application of controlled robust optimization (CRO) methods in 
solving conceptual design problems of bulk carriers sailing in the ocean with many uncertainties. 
Although there are many publications in the literature on the optimization of uncertainties in ships 
sailing in the ocean environment, most of them have some limitations in deep engineering applica-
tions due to high computational costs or methodological limitations. The purpose of this paper is 
to demonstrate the feasibility of the CRO approach and to find robust solutions for optimizing ship 
design for long-term ocean voyages. In this paper, two problems in the conceptual design of bulk 
carriers for oceanic transportation are investigated. It should be noted that these two problems dif-
fer only in terms of the target number and uncertain parameters. Moreover, another robust optimi-
zation method is involved in the comparison of the single-objective problem. In order to make the 
Pareto solution uniformly distributed, a directed search domain approach is used in the optimization 
process. In this way, a sufficient number of solutions are provided for the designer’s analysis at dif-
ferent levels of robustness. The results also show that with the CRO method, the ship designer is 
able to handle optimization problems with multiple uncertain parameters, which is a useful reference 
for studying the characteristics associated with this type of ships located in marine navigation.
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1. Introduction

In engineering optimization, the complexity of multi-ob-
jective optimization has substantially increased in view of 
the involvement of uncertainties. Therefore, the application 
of optimization theory is restricted due to at least two fac-
tors: the multiple conflicting objectives and uncertainty of 
input data [1]. More specifically, the designer encounters 
various uncertain parameters even in the conceptual design. 
The design variables, objectives, and constraints have been 
assumed as deterministic optimization problems in most 
ship optimization problems. However, the uncertainty of 
those parameters and functions should also be considered in 

the optimization problem [2–4]. The study of robustness in 
multi-objective optimization has become a hot topic for the 
analysis of uncertainties in engineering problems [5,6].

There are two main approaches to deal with optimi-
zation problems with uncertainties. The first one is based 
on stochastic optimization. It gives a probabilistic descrip-
tion of uncertainties. Another approach, which has been 
recently developed, is robust optimization (RO). Generally, 
the uncertainty model in RO is set-based or determinis-
tic [7]. In RO, the uncertainty is often taken into account 
using objective functions such as the expected revenue, 
the variance, or the risk.
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In the single objective optimization, robustness has 
been addressed by different researches [8–13]. In contrast 
to the other papers focusing on the mathematical model-
ing or strategy of the algorithm, Diez and Peri [14] gave a 
more detailed illustration of the application of RO in the 
ship design problem. In this paper, the single objective 
is divided into the expectation and variance of the objec-
tive via considering the uncertain parameters as prob-
abilistically distributed. In addition, the expectation of 
constraints is also used to handle the uncertainties. Then, 
considering the single uncertain parameter each time, the 
robust solutions at various cases are analyzed. Thus, this 
paper shows a constructive way of combining the applica-
tion and mathematical theory in RO. However, for method 
dividing the original objectives, there are some obstacles 
when extending the existing method for the multi-objec-
tive optimization. It can be computationally expensive for 
practical problems with multiple objectives.

In multi-objective optimization, Deb and Gupta [15] 
extended the existing approach of finding robust solutions 
from single objective optimization to multi-objective opti-
mization via two methods. The first approach is letting the 
mean value of representative labour solutions be the objec-
tive. The paper implies that such an objective can repre-
sent the robust Pareto solution to some certain. The second 
method is adding a constraint for restriction of the objective 
variance. Although the second approach can control the 
robustness to some extent, it seems that it is still not clear 
for the designer to handle the extent of constraint. In addi-
tion, the connection between uncertain parameters and 
objectives is not considered. Therefore, the technique seems 
substantially restricted for engineering applications.

In another study, Ide and Schöbel [1] have presented 
several methodologies regarding robustness in the single 
objective and also multi-objective optimization. Additionally, 
some efforts have also been devoted to extending the RO 
methods in the single objective optimization for multi- 
objective optimization. Although this paper provides the 
guidance for application, its limitation lies in the lack of 
engineering practice, which is the further work in the next 
stage as explained in the paper.

In this regard, Jafaryeganeh et al. [16] applied an opti-
mization procedure with uncertainties for the internal 
layout of oil tankers targeting safety and economic feed-
back considering the incorporated uncertainty. Similarly, 
Priftis et al. [17] addressed the multi-objective optimi-
zation problem of ships under uncertainty with Holistic 
Optimization Design Approach.

Overall, after years of effort, researchers have made sig-
nificant advances in multi-objective optimization. However, 
there are still certain concerns about the limitations of exist-
ing methods regarding the applicability to engineering prob-
lems. These shortfalls include high computational cost and 
the lack of control of robustness. In fact, the robustness of 
different engineering problems, for example, warship design 
or merchant ship design, should be treated separately. Taking 
ship conceptual design as an example, the robustness of war-
ship is of great importance to maintain survivability while the 
merchant ship design needs a trade-off between the cost and 
robustness. Therefore, a profound analysis is needed regard-
ing not only the existence but also the level of robustness.

The present paper extends the control of robustness for 
multi-objective optimization application in ship conceptual 
design after comparing with the method by Diez and Peri 
[14]. Sen and Yang [18] suggested the ship design problem 
for the first time. Then, Parsons and Scott [19] modified 
this problem for multi-objective optimization. Afterwards, 
Diez and Peri [14] first introduced robustness to handle the 
uncertainty factors.

The reminder of this paper is organized as follows. First, 
an introduction to uncertainties and RO is presented in 
Section 2 – Robust optimization theory. Comparison between 
controlled robust optimization (CRO) and another robust 
optimization method is conducted by applying both meth-
ods in the bulk carrier conceptual design with single objec-
tive and single uncertain parameter in Section 3 – Single 
objective optimization comparison. A further application of 
CRO in the bulk carrier conceptual design with multi-ob-
jective and multiple uncertain parameters is presented 
in Section 4 – Multi-objective optimization application. 
Finally, the Conclusion is given in Section 5.

2. Robust optimization theory

2.1. Multi-objective optimization

There exists more than one objective in engineering 
problems. Let n be the number of objectives and m be the 
number of variables. Then, {F1(x),  F2(x),  F3(x),  …,  Fn(x)} is 
called the objective set. The multi-objective optimization 
can be formulated as follows:

Min

subject to

F F x F x F x F x

x D R
n

m

� � � � � � � � ��� ��� �
� �
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	 (1)

where the set D* means the feasible space, in which the 
elements satisfy all the constraints.

2.2. Robust optimization

2.2.1. Uncertainties involved in engineering optimization 
problem

When uncertainties are involved, the solutions to the 
optimization problem can vary with the variation of uncer-
tain parameters. This relationship is illustrated in Fig. 1. 
Recognizing the effect from various uncertain parameters 

 

Fig. 1. Uncertainties involved in engineering (Deb and 
Gupta [15]).
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on solutions in engineering problems, the research on 
uncertain parameters is needed.

According to Du and Chen [20], Marijt [21], Diez and 
Peri [14], uncertain parameters can be categorized as:

•	 Controllable uncertain parameters: This kind of uncer-
tain parameters represents those can be minimized by 
the designer or consumer via certain ways, for exam-
ple, increasing the precision of mathematical model, 
improving the algorithm to avoid calculation error or 
using high precision equipment to reduce manufacture 
tolerance.

•	 Uncontrollable uncertain parameters: When the designer or 
consumer cannot decide or change the extend of devi-
ation of the parameter, it can be classified as an uncon-
trollable uncertain parameter. This kind of parameters 
generally derives from environment changes or oper-
ating conditions. Taking ship conceptual design as an 
example, for the designer and carrier, the variation of fuel 
price and port handling rate is definitely out of their reach.

For the controllable uncertain parameters, some effi-
cient measures can be introduced to reduce the influence 
for the whole engineering solution. Therefore, researchers 
are more inclined to emphasize on the consequences caused 
by the uncontrollable uncertain parameters. Boulougouris 
and Papanikolaou [22] introduced risk-based approaches 
with the consideration of waves and external damage to 
the ship hull which are uncontrollable. The survivability 
under such conditions is studied. In turn in Diez and Peri 
[14], the influence of fuel price and port handling rate to 
the annual cost of future operation is discussed during 
the conceptual design. Similarly, when dealing with the 
application of robust optimization, the present paper 
mainly focuses on the uncontrollable uncertain parameters 
in ship conceptual design.

2.2.2. Dealing the uncertainties

Generally, there are three methods to quantify uncer-
tain parameters. Namely the deterministic, probabilistic and 
possibilistic quantifications [21].

In the deterministic quantification, the variation is 
already known. In turn, the probabilistic quantification 
introduces probability density functions, whilst the pos-
sibilistic quantification is often applied in those parame-
ters with little cognition, and normally the fuzzy theory is 
involved to insure the rationality.

For the ship design considered in the present paper, 
uncertain parameters are unpredictable. Taking fuel price 
for example, the general range of variation is known, 
whereas the details such as probability density cannot be 
exactly determined by the designer. In Diez and Peri [14], 
the assumption of certain distribution is taken as the prem-
ise of dealing with uncertainties. While in the present paper, 
the fuzzy theory is adopted to deal with uncertainties [23].

2.2.3. Measurement of robustness

To get a robust solution, we need to re-define the 
multi-objective problem. Generally, the re-define work can 
be outlined as follows:

•	 Re-defining original objectives: The former objectives 
are re-defined as the variance or standard deviation of 
them [24], or expectation of objectives [25], or both of 
them at the same time [14,26].

•	 Adding constraints to problem formulation: The origi-
nal objectives are maintained, while some extra con-
straints are attached after that. One possible method is 
based on a restriction of the search domain. More spe-
cifically, the objective functions are minimized at the 
worst conditions, as considered the well-known min-
max method [27,28]. Another method is based on add-
ing a robustness measure, which is introduced by Erfani 
and Utyuzhnikov [29], as a new objective at premise of 
maintaining the original objectives and search domain.

•	 Changing constraints: One method of this type gives a 
probabilistic formulation with uncertainties involved 
instead of a deterministic description. It is gener-
ally used in the reliability-based design or risk-based 
design [22]. Another one is based on the comparison of 
the objective function f with a fixed function value fD. 
A constraint of the variance between f and fD is added, 
by which the authors expressed that the robust solutions 
can be obtained [15]. The handling of constraints is not 
the focal point, so there is no further discussion here.

A typical method is addressed for each kind of mea-
surements except the third one:

(1) Re-defining original objectives

The method of taking the expectation and variance of 
objective function as the new objective functions is used 
by Diez and Peri [14] in ship design. A brief introduction 
of the method is as follows:

Min
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where x  ∈   A is the deterministic design component vec-
tor and y  ∈   B is the uncertain design component vector 
(e.g., environmental conditions), and the original objective 
function f is split into two objective functions, namely, the 
expectation f1 and the variance f2 of f. The original inequal-
ity constraint gp is converted to sup(gp), and the equality 
constraint hq to the expectation µ(hq) of hq.

It is noted that in the application problem in Diez and 
Peri [14], the uncertain parameters are assumed evenly 
distributed.

(2) Adding constraints to problem formulation

As mentioned above, re-defining the original objective 
can cause the situation that is very time consuming as the 
number of objectives increase. We can maintain the objec-
tives and add the robustness measure as another objective 
[29,30].
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For this purpose, the generic multi-objective opti-
mization problem (1) is converted into the possibilistic 
multi-objective optimization problem using the following 
formulation:

Min

s.t.g
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The tilde indicates that the model is constructed within 
uncertainty parameters and the uncertainty is consid-
ered using the fuzzy theory. Then, to convert the problem 
in Eq. (3) into a deterministic formulation, the definitions 
from the fuzzy theory are used (Appendix). Thus, the 
problem in Eq. (3) is converted into:
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where the pm implies the fuzzy possibilistic mean value of 
an uncertain parameter. The optimal solution of problem 
in Eq. (4) is called the possibilistic mean Pareto optimality 
[29–31].

Finally, we add the robustness measure as another objec-
tive function. The general formulation was originally con-
structed by Erfani and Utyuzhnikov [31]. Let r be the number 
of uncertain design components. The robustness measure 
has the following form:

R
nr

F
PF
i

Jj

r

i

n

�
��
��1

11

�
�

	 (5)

where σPj denotes the variance of the uncertain parameter 
Pj and it can be calculated by the definition of variance of 
the fuzzy number in Appendix. Here σFi can be estimated 
by first-order Taylor series:
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where P is the uncertain parameter of the model. Thus, a set 
of robust solutions can be obtained via the optimization of 
the original objective functions and measure of robustness.

2.3. Controllable robust optimization

The requirement to robustness varies as different 
engineering problems have different trade-offs. For the 
designer, it is important to keep robustness controllable.

Fig. 2 illustrates the relationship between the design 
variable and objective function. Point A represents the solu-
tion that is most sensitive to the uncertainties, while point 
C represents the solution that is most insensitive to the 
uncertainties. Generally, point A can be obtained by most 
optimization methods, while point B can be derived from 
most robust optimization methods. It is CRO that can pro-
vide solutions represented by both three of the points.

An approximation method was first introduced by 
Utyuzhnikov et al. [32] and then applied to the construc-
tion of a dimensionless positively increasing convex func-
tion [29,32].

The convex function called tunable robust function 
(TRF) is constructed as follows:
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where T(i)(R) (l  =  0,  1,  2,  3,  4) is short for TRF (R) and LR 
(between 0 to 100) is the desired level of robustness. 
The free parameter d is defined by the designer.

Thus, the scaled function R (between 0 and 100) of robust 
measure [Eq. (7)] is mapped onto a dimensionless posi-
tively increasing function T(i)(R). The calculation of T(i)(R) is 
approximated piece wisely as [29]:
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where Tl = T(Rl) and Rl is the value of the scaled robustness 
measure at the boundary of the region as shown in Eq. (7). 
For the region R  <  R0, T(0)  =  1. The value of ΔlT is fixed as 
the boundaries of each region in Eq. (7) does not depend on 
the value of R. Thus, it can be obtained as follows:
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where n is the number of original objectives.
For eal  and ξ(l), the following formulations is given:
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Fig. 2. Different level of robust.
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where A can be chosen as 1/(R4 – R)to have the same dimen-
sionality with R–1, and for the region of R < R0, a0 = 0, b0 = 0.

Then, the CRO can be summarized in the following form:

Min
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By given the LR and the d, the designer can control 
the robustness of the problem and at the same time obtain 
the robust solution.

The above multi-objective optimization problem can be 
solved using the DSD method [30]. It can generate a well 
distributed Pareto set, which is very useful for the deci-
sion maker to choose an appropriate solution according to 
their requirements.

3. Single objective optimization comparison

3.1. Optimization case

The CRO approach is applied to a ship conceptual 
design problem by Diez and Peri [14] for a comparison with 
the re-defined objective method.

The problem is dealing with the bulk carrier design 
during the conceptual design phase. The design vari-
ables indicating the solution are the length L (m), width B 
(m), depth D (m), draft T (m), block coefficient Cb and the 
cruising speed Vk (m/s). The main particular vector of the 
model is x = (L, B, D, T, Cb, Vk)T.

Here, we consider the unit transportation cost CU (£/ton) 
as the only objective for the sake of comparison with the 
method by Diez and Peri [14]. The multi-objective optimi-
zation problem is further explained in Section 4 – Multi-
objective optimization application. Using CRO method, 
the problem is formulated as follows:

Min
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where Ccost indicates the annual cost of the ship and Ccargo 
implies the annual cargo of the ship. Both of them can be 

obtained via a model in Diez and Peri [14]. The calculation 
of the Froude number Fn, metacentric height GMT and dead-
weight DWT is also referred to Diez and Peri [14]. During 
the design phase, the uncontrollable uncertain parame-
ters are port handling rate Hu (ton/d), round trip distance 
Tu (nm) and fuel price Pu (£/ton). Unlike the assumption by 
Diez and Peri [14], these parameters are uniformly distrib-
uted. We construct them in a more practical way using the 
fuzzy theory in CRO (Table 1). The same upper and lower 
bound of the parameter are maintained without limiting 
the variance of the parameter.
For the test case shown in Table 1, one uncertain param-
eter is considered each time. Similar cases from Diez and 
Peri [14] are also shown in Table 2 for the sake of compar-
ison, where case *1 uses the robust solution introduced in 
Diez and Peri [14], and the case *2 exploits the deterministic 
solution also mentioned in Diez and Peri [14].

A comparison between CRO, robust method in paper by 
Diez and Peri [14] and the deterministic method is shown 
in Table 3. The main differences are in the formulation 
of objectives and the construction of uncertainty.

3.2. Comparison of results

After setting the LR as 40, 60 and 80, separately, the 
solutions of case *0 under requirements of 40% robustness, 
60% robustness and 80% robustness are calculated.

In Table 4, the data of six variables (L,  B,  D,  T,  Cb,  Vk) 
in cases *1 and *2 are derived from Diez and Peri [14], 
which indicate the solutions obtained by them.

In order to compare the results on each level of robust-
ness, the solutions from the configuration characterized by 
a minimum unit cost expectation in case *1 and the solu-
tions in case *2 are displayed. The former configuration 
implies the robust solution as illustrated in Diez and Peri 
[14] while the latter one represents the deterministic solu-
tion. Similarly, the solutions in case *0 from the configuration 
characterized by the minimum TRF and unit transportation 
cost are chosen, which are referred to as the robust solu-
tion in CRO. This configuration represents a compromise 
between the robustness and unit transportation cost.

The comparison of each solution in the configura-
tion characterized by TRF and unit transportation cost is 
shown in the last line in Table 4.

As can be seen from the data in the last line of Table 4, 
the final results of cases *0 and *1 perform better than the 
result in case 3. This is obvious since both methods used 
in cases *0 and *1 involve robustness in the optimization 
process. It is also worth noting that the solution in case 
*0 performs slightly better than the solution in case *1.

Fig. 3 shows the entire Pareto set of case *0 under require-
ments of 40% robustness, 60% robustness and 80% robustness. 
Thus, the result enables the designer to choose an appropri-
ate solution from the entire set according to the requirements.

Table 1
Optimization case in controlled robust optimization

Case id Pj Unit Lower bound Upper bound Distribution Objectives(s)

*0 Hu ton/d 1,000 11,000 (8,000; 7,000; 3,000) Fpm,T RF



Q. Liao et al. / Desalination and Water Treatment 314 (2023) 295–303300

In addition, the results in cases *0 and *1 in Table 4 are 
also displayed in Fig. 3 for comparison. It is expected that 
the points representing the results of case *1 are all situated 
on the same line. Namely, the robust solution in case *1 is 

also a part of the robust Pareto set of case *0. This phenom-
enon implies that the CRO method can generate the robust 
solutions precisely.

4. Multi-objective optimization application

4.1. Multi-objective optimization case

It is important to emphasize that the ability of handling 
multi-objective problems with multiple uncertain parameters 
is an important element for a robust optimization method. 
In this section, the CRO is applied to the same engineering 
problem with two objectives and three uncertain param-
eters, which are introduced as the port handling rate Hu 
(ton/d), round trip distance Tu (nm) and fuel price Pu (£/ton) 
in Diez and Peri [14]. Here, the light ship mass is considered 
as another objective. The new problem is formulated as:
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Table 2
Optimization case in Diez and Peri [14]

Case id y Unit Lower bound Upper bound Distribution Objectives(s)

*1 Hu ton/d 1,000 11,000 Uniform µ(f), σ(f)
*2 Hu ton/d 1,000 11,000 Uniform f(x,µ(y))

Table 3
Three methods for optimization

Approach Objective(s) Construction of robustness

Controlled robust optimization Fpm, TRF Possibilistic
Robust method µ(f), σ(f) Probabilistic
Deterministic method f(x,µ(y)) Probabilistic

Table 4
Optimization case in controlled robust optimization

Variable 40% robustness 60% robustness 80% robustness

Case *0 Case *1 Case *2 Case *0 Case *1 Case *2 Case *0 Case *1 Case *2

L (m) 162.69 165.70 182.79 163.34 165.70 182.79 164.14 165.70 182.79
B (m) 27.04 27.75 30.60 27.22 27.75 30.60 27.23 27.75 30.60
D (m) 13.85 14.25 15.89 13.87 14.25 15.89 13.85 14.25 15.89
T (m) 10.39 10.76 11.90 10.38 10.76 11.90 10.36 10.76 11.90
Cb 0.66 0.65 0.67 0.65 0.65 0.67 0.65 0.65 0.67
Vk (m/s) 14.01 14.00 14.00 14.03 14.00 14.00 14.04 14.00 14.00
TRF 10.83 11.13 13.04 9.51 11.13 13.04 2.91 3.58 12.65
Fpm (£/ton) 9.49 9.26 8.72 9.49 9.26 8.72 9.49 9.26 8.72
TRF & Fpm 20.32 20.39 21.04 19.00 20.39 21.76 12.4 12.84 21.37

 

Fig. 3. Result of case *0 under different level of robust.
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where Wls indicates the light ship weight of the bulk carrier.
The multi-objective problem shown as case *3 is sum-

marized in Table 5.
For uncertain parameters, the triangular fuzzy param-

eters are substituted by their possibilistic mean value 
Hu = 5,000 ton/d, Tu = 5,000 nm and Pu = 5,000 £/ton. The data 
is derived from Parsons and Scott [19], which deals with 
the deterministic optimization. The robustness measure 
in Eq. (5) can be obtained by:
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where σF1 and σF2 are calculated using Eq. (6), while 
σHu, σTu and σPu are calculated using definitions from the 
Appendix.

After scaling RF into R,  T(i) (i  =  1,  2,  3,  4) in Eq. (7) 
needs to be constructed by Eq. (8) for obtaining TRF, 
where β = 1.5, n = 2 and A = 1/100 [29].

In this section, three levels of robustness are considered, 
which is LR = 40, 60, and 80. The results for different levels 
of robustness are shown in Fig. 3. Only two objectives are 
displayed for the clarity and emphasis, excluding the TRF.

Fig. 4 implies that with higher requirements on robustness, 
the solutions perform worse on the other objectives. There 
is a compromise between robustness and performance that 
the designer needs to consider according to the circumstances.

 

Fig. 4. Results of case *3 with different levels of robustness.

Table 5
Multi-objective optimization problem with uncertainties

Case id y Unit Lower bound Upper bound Distribution Objectives(s)

*3
Hu ton/d 1,000 11,000 (8,000; 7,000; 3,000)

F1
pm, F2

pm, TRFTu nm 1,000 5,000 (4,000; 3,000; 1,000)
Pu £/ton 50 150 (100; 50; 50)

Table 6
Results of Min (TRF + F1

pm + F2
pm) in case *3

Variable id Variable 40% robustness solution (1) 60% robustness solution (2) 80% robustness solution (3)

1 L (m) 153.7157 154.4043 156.3888
2 B (m) 25.6193 25.734 26.0648
3 D (m) 15.0224 15.0579 15.2193
4 T (m) 10.5157 10.5405 10.6535
5 Cb 0.75 0.75 0.75
6 Vk (m/s) 15.6897 16.3166 16.7664

TRF 8.3397 5.0022 3.8474
F1

pm (ton × 103) 5.84 6.00 6.27
F2

pm (£/ton) 8.82 9.21 9.46

 

Fig. 5. Difference of design variables under different level of 
robust.
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For better comparison, the solutions in case *3 from the 
configuration characterized by minimum TRF, F1

pm, F2
pm are 

chosen. This configuration implies the comprise between 
the robustness and two other objectives. The details of 
these solutions with different level of robustness are pre-
sented in Table 6.

Next, the variation of six variables is considered as the 
requirement changes. The difference is shown in Fig. 5. 
As can be seen from the figure, while the requirement of 
robustness increases, most variables of the solution also 
increase. This is sensible because the larger size of the ship 
hull, the more space remains for the cargo.

5. Conclusion

In this paper, a CRO approach has been introduced to 
tackle bulk carrier conceptual design problems. The com-
parison of CRO with another robust optimization approach 
proposed by Diez and Peri [14] in the singe objective case 
has been carried out. Three sets of solutions with different 
levels of robustness have been obtained. There is a good 
correspondence between the solutions obtained with both 
approaches. This confirms the ability of CRO in generating 
the robust solutions with good quality.

The application of CRO in handling the multi-objective 
optimization problem in bulk carrier conceptual design has 
also been conducted. This is possible because in CRO the 
number of objectives does not exponentially increase and 
the CRO is able to process the multiple uncertain parame-
ters simultaneously. The solutions under requirements of 
40%, 60% and 80% robustness have been obtained. Thus, 
the ship designers can analyze the results and choose the 
appropriate solutions according to their preferences.
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Appendix A1: Elements in fuzzy theory

Suppose A is a triangular fuzzy number shown by 
membership function A = (a, b, c), where b and c are the left-
width and right-width of the fuzzy number centered at a.

To dealing with uncertain parameters via the fuzzy 
theory, the following definition needs to be applied.

Definition 1

(Possibilistic mean value of fuzzy number) Following 
Carlsson and Fullér [23], if A is a fuzzy number, its pos-
sibilistic mean value M(A) is the arithmetic mean of its 
lower and upper possibilistic mean value.

For triangular fuzzy number A = (a, b, c), its possibilistic 
mean value is given by:

M A a c b� � � �
�
6

	 (A1)

Definition 2

(Variance of fuzzy number) If A is a fuzzy number, the 
variance Var(A) of it is given by Carlsson and Fullér [23].

Var A
b c� � � �� �2
24

	 (A2)
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